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Abstract. In this paper we investigate the almost everywhere convergence of two dimensional
Marcinkiewicz-like means of two variable integrable functions which is given by

n—1

1
nf= - ];)S(xl(\n\,k),(xzqn\.k)f

(M o) Sn<M \n|+1) and give a sufficient condition for functions o : N — N? in order to have the
a.e. relation t&f — f for all f € L'(G?2,) with respect to two dimensional bounded Vilenkin-like
systems. Finally, we give an application of the main result with respect to triangular summability
of Vilenkin-like-Fourier series.
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1. INTRODUCTION

In 1939 for the two-dimensional trigonometric Fourier partial sums S; ; f Marcin-
kiewicz [14] proved that for all f € LlogL([0,27]?) the a.e. relation

1 n
Y Siif (1.1)
j=1

holds as n — co. Zhizhiashvili [18] improved this result for f € L([0,2n]?). Dy-
achenko [3] proved this result for dimensions greater than 2. In 2003 Goginava [10]
proved this result with respect to the d-dimensional Walsh-Paley system. The case
d =2 is due to Weisz [17]. In 2012 Gat [7] proved this result for generalized Mar-
cinkiewicz means with respect to the two dimensional Walsh system and in 2016 [8]
for bounded two-dimensional Vilenkin systems. The aim of this paper is to generalize
this result of Gat with respect to two-dimensional generalized Vilenkin-like systems.
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Besides, we give an application of the main result of this paper, that is, Theorem 3
with respect to triangular summability of Vilenkin-Fourier series.

Denote by N the set of natural numbers and P the set of positive integers. Denote
m:= (my : k € N) a sequence of positive integers such that my > 2,k € N and G, a
set of cardinality my. Suppose that each (coordinate) set has the discrete topology and
measure . which maps every singleton of G, to mik (U (Gp,) = 1), k€ N. Let G, be
the compact set formed by the complete direct product of G,,, with the product of the
topologies and measures (). Thus, each x € G, is a sequence x := (xp, X1, ...), Where
Xk € Gy, k € N. Gy, is called a Vilenkin space. G, is a compact totally disconnected
space, with normalized regular Borel measure y, u(G,,) = 1. The Vilenkin space
G, is said to be bounded if the generating system m is a bounded one. Throughout
this paper the boundedness of G, is supposed. In this paper C,C,, denote absolute
constants (the latter may depend on p), which may vary from line to line.

A base for the neighborhoods of G, can be given as follows

I(x):=Gp, L(x):={y=0i,ieN)eG,:y =xfori<n}
forx e G,,neP.
I:={l,(x):neN,x€G,}
is the set of intervals on G,,.

Denote by L”(G,,) the usual Lebesgue spaces (||.||, the corresponding norms) (1 <
p < o), 4, the G algebra generated by the sets I,(x) (x € G,,) and E, the conditional
expectation operator with respect to 4, (n € N).

Let LO(Gm) be the space of measurable functions on the Vilenkin space G,,. We
say that an operator T : L'(G,,) — L°(G,,) is of type (L?,LP) (for 1 < p < o) if
ITfll, < Cpllfll forall f € LP(G,,), where the constant C,, depends only on p. We
say that T is of weak type (L', L") if u(|T f| > A) < C||f||1 /A for all f € L'(G,,) and
A>0.

Let My := 1 and My := miMy, for k € N be the so-called generalized powers.
Then every n € N can be uniquely expressed as n =Y ;> meMy, 0 < np < my, ny € N.
This allows one to say that the sequence (ng,n1, ...) is the expansion of n with respect
to m. We often use the following notations. Let |n| := max{k € N : nj # 0} (that is,
M, <n<Mp) and nk) = Z;":k n;M;. Next we introduce on G,, an orthonormal
system called a Vilenkin-like system.

For k € N and x € G, denote by r; the k-th generalized Rademacher function:

ri(x) := exp(2mx—k) (x€Gp,1:=v—1,keN).
my
We introduce a so-called Vilenkin-like (or yo) system (see [5], [2]). Let functions
Wi, 0, O 2 Gy — C (n,j,k €N)
satisfy :
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(xi is measurable with respect to 4 (j,k € N), (1.2)

| =0/ (0) = o =0 =1 (j,keN), (1.3)

o= [T oy = [, n® := ¥ niM; (n € N). (1.4)
k=0 k=0 i=k

Let )y := YnOy, (n € N). The system X, := {), : n € N} is called a Vilenkin-like (or
ya) system (see [5], [2]). We also introduce the two-variable functions:

Xn(0:X) := X D) Xn (%), 10 (3:X) 1= ra(¥)Fa(x) (1 € N,y,x € Gp).

This will not cause misunderstand by clearly making a difference between , (x) and
%n (v, x). The following lemma is an easy consequence of properties (1.2), (1.3), (1.4).
We also need the fact that the generalized Rademacher functions form an orthonormal
system (see e.g. [1,5]).

Lemma 1 ([5]). Lett,n,l € N,u € G,,. Then we have that
| ) du(x) # 0
Ir+1(’4)

implies n(+1) = (+1),

Example A, the Vilenkin and the Walsh system

Let Gy, := Zy, be the my-th (2 < my € N) discrete cyclic group (k € N). That
is Z,, can be represented by the set {0, 1,...,m; — 1}, where the group operation is
the mod m; addition and every subset is open. The group operation on G, (+) is
the coordinate-wise addition. G, is called a Vilenkin group. The Vilenkin group for
which my = 2 for all k € N is the Walsh-Paley group. In this case let o (x) := 1,
where j,k € N,x € G,,. The system ) := (X, : n € N) is the Vilenkin system, where
X =TT o™ = [Ty 7. In the case of the Vilenkin group, m; =2 for all k € N,
we get the Walsh-Paley system. Properties (1.2), (1.3), (1.4) are trivial fulfilled. For
more on Vilenkin and Walsh system and group see e.g. [1] and [6]. For this special
case the result of this paper can be found in [8].

Example B, the group of 2-adic (m-adic) integers
Let Gy, = {0,1,...,m; — 1} for all k € N. Define on G,, the following (com-
mutative) addition: Let x,y € G,,. Then x+y =z € G,, is defined in a recursive
way. xo+ yo = fomg + z0, where (of course) zo € {0,1,...,my— 1} and 7y € N. Sup-
pose that zg,...,zx and fo,...,#x have been defined. Then write xg11 + yk+1 + 1 =
try1Mis1 + Zk+1, Where zg1 € {0, 1,...,my1 — 1} and #31 € N. Then G,, is called
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the group of m-adic integers (if my; = 2 for all k € N, then 2-adic integers). In this

case let
J
Xj_ X
of (x) := <exp<2m( = +---+0)>> .
myniy—1 mpmij._1...1ny

Let X, := [T 73 (x’,j(k). Then the system , := (¥, : n € N) is the character system of
the group of m-adic (if my = 2 for each k € N then 2-adic) integers. Conditions (1.2),
(1.3), (1.4) are trivially fulfilled. For more on the group of m-adic (if m; = 2 for each
k € N then 2-adic) integers see e.g. [2] or [13]. For the case when my = 2 (k € N)
the a.e. convergence of the ordinary Marcinkiewicz means were discussed by Blahota
and Gat in [2]. That is, the results of this paper are new on the two-dimensional group
of m-adic integers. Not only with respect to the general case o : N> — N? but also for
o (n) = ap(n) = n. Besides, the same can be said in the situation of the Example C
below.

Example C, a system in the field of number theory
Let

Xn(X) :=exp <2mi ix, ,)

M =
forn € N and x € G,,. Then

=ex 1 m@ 3 Xi = x
Xn(X) = p<2ﬂ7< +ZM}<+IZ i l>> Wi () 0ty (),

=0 Mk (=0

where ocz(k)( ) =exp (2751 e Zl o Xi ,). Then, y := (Y, : n € N) is a Vilenkin-
like system (introduced in [ ]) which is a useful tool in the approximation theory of
limit periodic, almost even arithmetical functions [5] and [4]. Again, properties (1.2),
(1.3), (1.4) are trivially fulfilled. This system (on Vilenkin groups) was a new tool in
order to investigate limit periodic arithmetical functions. For the definition of these
arithmetical functions see also the book of Mauclaire [15].

Define the Fourier coefficients, the partial sums of the Fourier series and the Di-
richlet kernels with respect to the Vilenkin-like system % as follows

n—1
_ / fndu,  Sof =Y F)1,
Gm k=0

n—1 n—1
.X) = ZXk(y)Q_Ck(x): Zx]((yax) (HEN, y7XEGM7f€L1(Gm))‘
k=0 k=0
It is well-known that

- /G FODa(y,x)du(x), (nEN,y € G, f €L (Gn)).
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It is also well-known [5] that

M,, ifye In(x)

DM,I (y,x) - {O7 ify ¢ In(x)

mj—1

Du3) =200 L w0 Y A0

p=mj—n;

1.5
S, f(x) M/ fdu=E,f(x) (fe€L'(G,),neN), (1)

— my—1 ) )
Dy (y,x) = %n(¥)%n (%) (Z;)"-"M’JFM’ Y r,‘(y)f,’(X)>,

=m—n;

yeL(x)\L+1(x),t €N.

Next, we introduce some notation with respect to the theory of two-dimensional
Vilenkin-like systems. Let /i be a sequence like m. The relation between the se-
quence (7i1,) and (M,,) is the same as between sequence (m,) and (M,,). The group
G, X Gy is called a two-dimensional Vilenkin group. The normalized Haar measure
is denoted by u, just as in the one-dimensional case. It will not cause any misun-
derstood. In this paper we also suppose that m = . The two-dimensional Fourier
coefficients, the rectangular partial sums of the Fourier series, the Dirichlet kernels,
the Marcinkiewicz means, and the Marcinkiewicz kernels with respect to the two-
dimensional Vilenkin-like system are defined as follows:

Pl o= /G o O, () ().

n—1lny—1
n1 nzf Z Z f k17k2 X/q )sz <y2)7
=0kr=
Dnhﬂz(yvx) =Dy, (y X )Dﬂz(yz x2)
n|—]n2—l
= Z Z Xk (yl)xkz(y2)xk1 (xl)xkz(xz)v
1=0 k=0

1}171
onf ==Y S;if,
n =

ln—l
j=0

(y=0("y"),x=(x",22) € Gy x Gp,n €N).
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It is also well-known that

0 f0)= [ SR (ox)dux) =: £+ Kil).

2. RESULT

Now, turn our attention to the generalization of Marcienkiewicz means with re-
spect to two dimensional bounded Vilenkin-like systems. The two-dimensional gen-
eralized Marcinkiewicz kernels and Marcinkiewicz means, with respect to the two-
dimensional Vilenkin-like system are defined as follows: Let o0 = (o, ) : N> — N2
be a function. (From now functions o, 0, play the role of indices. We know that in
the first part of the article the function o, appeared in the definition of the Vilenkin-
like (or you system), but this will not cause any misunderstanding.) Define the fol-
lowing generalized Marcinkiewicz kernels and means respectively:

n—1

My (y,x) == - Y. Do, (n) ) "% Day (g 1y 0, 7).
=0

1/ 2
lgf::f*Mg (fEL (Gm),nE]P)).
This concept of Marcinkiewicz-like kernels and means is due to Gat [7].
The main aim of this paper is to give a class of functions o for we have the a.e.
convergence relation ¢ f — f for each integrable two variable function with respect

to two dimensional bounded Vilenkin-like systems. To investigate this the following
properties play a prominent role (xO Car(B) denotes cardinality of the set B),

Car{l e N:o(|n|,]) = aj(|n|, k), <n} <C (k<n,neP,j=12), (2.1)

max{o;(|n|,k): k<n}<Cn (neP,j=1,2). (2.2)

We emphasize that the function o has the properties (2.1) and (2.2) everywhere in this
paper. Our first aim is to prove that the operator t¥ := sup,p | #7 | is of weak type
(L',L"). In order to do this we need a sequence of lemmas. The second lemma is the
base of the proof of Theorems 1 and 2. The Walsh-Paley version of Theorems 1 and
2 are due to Gat [7]. That is, we generalize a result of the first author. Moreover, tech-
niques of papers [7] and [8] will also be used in the proof of the forthcoming lemmas.

Denote for k € N,x € Gy, Ji(x) = I (x) \ Ir+1(x) and recall also that
n) = anMk, nO=pn alt+D =9 (n,s € N).
k=s

Besides, for x,y € G%“A,n,s,j,k € N let

‘I)(A,"(Hl) + JMs +k, y,x) = Dy, (4,040 4 jMy+4) (yl >xl)D(x2(A,n(S+')+st+k) (y2,x2).
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Lemma2. Lett' >, A,scN,s<Aandy € G%T Then,

silefl
/ sup } Z Z DA, n V) 4+ M +k, y,x)‘d,u(x) gC(MAMtl)%.
TaO)xJ2(?) [n|=A " j=0 k=0

Proof. For fixedt = (t!,1?), s, A we discuss the integral

ny—1M;—1

/ sup ‘ i Z ‘I)(A,n(sﬂ)+st+k,y7x)’d,u(x)
I 0132 07) [nj=A " j=0 k=0

Check the function Z?‘:_Ol Z/,l/[:*‘al ®(A, nY) 4 jM 4k, y,x) on the set Ji (y') x J2 (3?).
Since we have x* € J,2(y?), then by (1.5) we have |D;(y*,x*)| < CM,. for each j € N
(this inequality is due to the fact that the Vilenkin space is bounded) and consequently
by (1.5) Dy et ot 1) 0% 2| < CMp.

On the other hand, again by (1.5) for x' € J,1(y') we have

Dal(A,n<S+‘>+st+k)(yl7x1) = X[ ()

0 (A a0+ 4 jM+k)|

-1

- 1 (s+1) 4 -
X[(xl(A,n(S+l)+st+k)](tl) &) LZ_:O[(X1 . + M+ hlM

m, —1

+ A (XI)M’]] |
i:mtl 7((11 (A, n(s+l)+.l.Ms+k))tl

The function

PN m, —1 - -
Z [al(A7n(S+l)+jMv+k)]wa+ Z r[ll<y1)f[ll(xl)Mt'
w=0 i=m,1 — (o (A,-VI(SH)""J'Ms""k)),l

depends only on x[ll as x varies (and not on the other coordinates of x!), so its absolute
value is bounded by CM,:. Besides,

ng—1M;—1 ’
11 2 52
Z Docl(A,n(”UJrstJrk)(y ,X )D(XZ(A’n(wl)JrjMﬂLk)(y ,X7)
j=0 k=0
—1 M;—1
1 1.1
Z D Al 4 M, +k)(y X )Dal(A‘,n(;r+1)+th+l)(y ;X)
Jh=0k,/=0

2 2.2
X Dy, 2 (A6 4 M +k)(y X )Daz(A./n(Hl)—}—th-i-l)(y X).

Therefore, apply the Cauchy-Bunyakovsky-Schwarz inequality:
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ng—1M;—1
[ osun [ XY @@t My 2l )| dut) | du(e)
T2 () [ 110" |n|=A| j=0 k=0
—1M;—
/ / sup Z Z@An”l)—i-JM
Ja(y O n|=A | j=0 k=0
2

+h,yt v at )

d,,<x1>] du(:®)

ng—1 M;—1

-1 S

= 1 I\p 1.1

= / M.t / sup Z Z Doy ants 4 jpa 1) (V5% ) Doy (anto+0) gy 11y (V5 X7)
) 1y [nl=A =0 k,1=0

J,z(y) tl(y)

2 . 2\P 2 .2 1 2
X Dy, (4 61+ jM,+k) 0,x )D(xz(A,n(S“HhMﬁl)(y X7)du(x) | du(x”)

ng—1 M;—1 -
= su . ,X
/ / ) ‘n‘_athOklZOX[al (A’n(As+l)+st+k)]( ) (y )

061 Ans+|)+hM —I—l)] (y . )

fl—l mtlfl
(Z oy (A,n 6+ 4 M, +k)M Z r (yl,xl)>
))+iMs+K] 1

a=m, —[o (A,nl+!

-1 mp—1 _
(Z o (A, nTY - hM + 1), M rh (yl,xl)>
)+hM +l]1

b= m,| 7[(x1(A7n(‘“>

1

2\ 2 .2 1 2 . pl
D(XQ(A,V!(‘Y+])+].MV+]()(X )DOCQ(A.,I’l(S'*'I)#»hMS%»l)(y y X )d,u(x )] dy(x ):B .

Since n(s+1) depends only on natural numbers ngy |, ..., na_1, 74, then the supreme
SUP,,cn:[n|—a abOVe also depends only on ng, ng11, ..., na—1, na. Thus, by [n] =

mp—1my_1—1 m3+1 lméfl nsflel
/Jl

_1
Bi<f oML X
T (y na=1 ny_1=0 nm =0 ny=0 ) jh= Okl 0

1 (,1)()71,)61)

X[al (A7n(‘+1)+jMS+k)} (th) (y

-1 m, —1
X (Z o (A, nCt) 4 M+ k)M, + ) r (yl,x1)>
)+ jMs+K],1

w=0 a=mj; —[oy (A,nls+!

1 J—
, X )X[al (A,n(s+])+th+l)]
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t171 mg | —1 o
X (Z o (A, + M+ 1), M, + Y rh (yl,x])>
v=0 b=m,; —[ot; (A,n0+ D)) +hM+1],

1
2

X D(XZ(A,n(5+1)+J'MS+k) (yl 7x] )EQZ(A7n(~T+1)+hMS+I) (yzaxz)d.u(xl )] d.“(xz)

1 ma_ Mmyr1—1mg—1 ng—1 Ms—1

o B EEY

na=1ny_1=0 ns4+1=0 ny=0 j,h=0 k,I=0

/JI(Y')

t

1 mt1—1
(Z o (A,n Y 4 jM + k)M, + Y r (yl,x1>>
)+ jM+k] |

w=0 a=m,; —[o; (A,n(+D)

-1 mt171 __
x <Z o (A, n ) 4 M+ 1), M, + Y rh (yl,x1)>
)+th+l]l

v=0 b:mrl 7[0(1(A,n(‘?+1)

1 1\ 1.1 1
d
XX[ocl(A,n(S+1>+jMx+k)](t1)(y o )X[(xl(A,n(S“)JrthJrl)](tl)(y X )dp(x)

=

2 2\P 2 .2 2
XDuz(A,n<s+1>+st+k) (r,x )Daz(A7n<s+1>+th+1) (r",x )] du(x”)

1 ma—1 ma_ M1 —1mg—1 ng—1 Mg—1
=/ MYy Y )X Yyy
J2(¥?) ma=1lng1=0  ny41=0 ny,=0 j.h=0k,I=0

—11—1
(2 Y o (A, Y + M+ k)Mo (A, ST + M+ 1),M,

w=0 v=0
1 I\
x /Jt](yl)X[Ocl(A,n(“Hl)JrjMerk)](tl)(y Y )X[(xl(A n+) +hM +1)] (y . )d’u( )
11,1 mt|—1
+Y Y o (A,n0) 4 jM + k), M,

w=0b=m | —[o; (A,n0+D) +hM+1],1

I 1yb 1 1 1
X /Itl(yl)X[(xl(A7n(S+l)+‘st+k):|(tl)(x )X[al(A7n(.v+l)+hMS+l)](t|)(x )rtl(y X )d:u<-x )
mllfl 1
- Y Y ou(A,n Y hM 4 1),M,

a=m 1 — [0t (A D)4 iM+k] 1 v=0

X/Jl(yl)x[(xl(An(S+l)+jM+k)] (y x)X[(xl(A,n(S+l)+hMJ+l)](l ( )”n()’ X )d.u( )

t
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mtl—l mtl—l

+ )» )»

a=m,; —[ot (A,n0+ D)+ jM+k],1 b=m,1 —[ot (A,n0H))+hM+1],)

1

I\~ 1 .1
/J;1(yl)X[ocl(A,n(SH)-&-jMS-i—k)](Il)(y - )X[al(A,,,<x+1>+th+,)]<rl>(y ,X)

rtal (ylv-xl)rfl (y17xl)d:u(xl)> X D 0 (A, n6+D) 4 M +k) (yzvxz)

1
2 4

D, 2 52 2 . 2, )

Doy ants sty (VX )] du(x”) =: ZB g _. g2
g=1

Before we estimate B, (that is, any of B?4) let us determine the possible number of
k, I's such that the integral

1 1\s .
/J,l(y‘)X[‘Xl(A7n(”1>+st+k)](tl)(y L o (y,x)

<t (yhxh ) (v xdp(xt) #0.

(Recall that in the case of B>! we have a = b = 0, in the case of B>? we have a = 0
and in the case of B> we have b = 0.) Suppose the integral,

[0(1 (A,n(”l)+th+l)]

! ! (yl,xl)

1
n(y o (A0, +1)] "

[ -

xrd (v, 2 ) (v ) dp(xt) #0

for some a,b € {0, 1, ..., m;, —1}. Then use Lemma 1 and (1.2)-(1.4). Consequently,
the (r' 4 1), (1" +2)™, ..., coordinates of o (A, n**1) 4 jM+k) and oy (A, n(+) +
hM;+1) should be equal. The absolute value of this integral is not greater than 1,/M,:.
Since by (2.1) we have that for every k, there exist a bounded number of /’s for which
o (A, nHD) + jMy 4 k) = o (A, n®+D - hM, +1). This gives that for every k, there
exist at most CM,1 number of ['s for which this integral is not zero. Consequently, by

! )z[

-1
Y lou(A, nStY M+ k)] M, < CM,1, 1D st jat, 10 (v2,22)| < CM,»
w=0

we have

1
1 mg—y Mmyr1—lmg—1 ng—1 M—1

B21<CJ2( M'[Z Y - Y Y Y% ZMIM M dy(x2).

na=1n4_1=0 ng11=0 ny=0 j h=0 k=

(Keep in mind that the Vilenkin space is bounded. That is, m; < C for all j € N.)
By the very same steps we get the identical upper bound also for B>?, B>* and B>*.
Then, also for their sum. That is,
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1
mA—lmA,171 Mg — 1myf1

Bzgc/(z)M[‘ﬂ[Z Y Y Y (MM MMM, )] du
Ja(y

na=1 ng_1=0 ng+1=0 ny=0
3
<cMaM? MMMM <C(MuM )2
= t2 Z‘I M = ( A t]) .

This means,
ng—1M;—1

sup du(x)
/J,l(Y')sz( 2) |n|=A Z

®(A, n" Y 4 M+ k, y,x)

Jj=0 k=0

<C (M AM ) 2 .
This completes the proof of Lemma 2.

Lemma 3. Leta € N,y € G2, Then,
ng—1 M;—

a—1 oo
sup sup —— D (A, n "tV 4 jM+k,y,x) | du(x) < C.
Z Z /J,l(yl)xf,z(y 2) A>a |n|=A Ma Sz,'l ; Z ’ ) 1dx)

t1=072=¢!
Proof. The inequality in Lemma 2 immediately gives the following result:
a—1 oo A ng—1
Z / sup sup —
A= 2= /41 0" xJ2 (2 ) A>max(a,i2—c) |n|=A My s=1! j=0
M;—1
Y (A, 4 M+ k,y,x) | dp(x)
k=0

oo

<CZZ i; ;A“ MM;!

=012=t! A=max

oo

a—1 oo
=c) Y Y @Aa-dt+nwamt

t1=012=¢! A=max(a,2—c)

N—

a—1 o
<CY, Y (max(a,r®) —r" ) (MaM o)

t1=072=¢!

D=

a—1 oo |
<CY Y (max(ar’) =t )(MaMy) )
t1=012=t!

a—1 a—1 . N a—1 ) ) L
SCZ Z(a—t Y (MM, )2+CZ Z (2 =t ) (MaM')>

11=072=! 1'=02=a+1
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This estimation used the fact that My, (4,12) < CM oy (2 —) Which from the bounded-
ness of the system (i.e. the Vilenkin space). This inequality shows that if we want
to complete the proof of this lemma, then we have to discuss also the case when
SUP;2_ .~ s>, - This follows that ¢ should be at least @+ c. That is, we have to prove
that the following integral is bounded

A ng—1

a—1 o 1
Z Z /Jl(y')xj,z(ﬁ) sup supfzz

1=012=a+c 12—c>A>aln|l=A MA 1 j=0
M,—1
Y oA"Y + M+ kx o)

du(x)

=B,

The method we are going to use in order to discuss B> is the same as we used for
the investigation of B'. The only difference is that in the situation of B! we used
the estimation [Dg,, (4 414 jag, 1) (y?,x%)| < CM,> and in the case of B*> we use the
formula of the Dirichlet kernel D,, (1.5) and the estimation

!Daz(Aﬁ(m)ﬂMﬁk) (?,x%)| < CM,. The other steps of this process are the same. That
is,

12

3 a—1 —c 1 A 1
B <C Z / M,?
=0t2=a+c Ja( ),2 A= tl
my—1my_1—1 My —1 %
[ Y Y Y MamuPMmy ] du(x?)
na=1 na—i=o Ng41=0

o 2—c A
—CZ ) ZCZM;‘M;‘M (MM MAMEM,)?

=012=a+cA=as=t!

oo 2_
t“—c A MAM

<CZ y Yy M)

=012=a+cA=a s=t!
a—1 o 12— | 11 |
<cY Y Y@A-t'+nMimMiM,
t'=012=a+cA=a

i 1o
<CZ Y -t'+1) M%Mtzz <C.
=012=a+c
This completes the proof.
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In the sequel we step further and with the application of Lemma 3, we prove the
main tool with respect to the maximal generalized Marcinkiwicz kernel in order to
prove that the maximal operator r := sup,,cp [t5 f| is quasi-local (for the definition of
quasi-locality, see e.g. [16, page 262]) and then it is of weak type (L',L').

Lemma 4. Letu € G%,a € N,y € I,(u') x 1,(u?). Then we have

o
/G ey S M0l <.

Proof. Fort' <a—1,1>>t"and x € J, (y') x J2(y?) by (1.5) and (2.2) it is clear
that

|D(A,n Y 4 M, + &, y,x)]

1.1 2 2
= |D0c1(A,n(S“>+st+k)(y X )Docz(A,n(”U—i-st-i-k)(y X)) < CleMmin(ﬂ,A)-
This gives,

a—1 oo 1 [1 ng—1 |Mg— 1)
sup sup — CIDAnH' + M+ k,y,x)| du(x)
[lgotzgl/Jl(yl)XJ (%) A>a n| AMASZ(’),ZE) kzé
a—1 oo 1 1!
<C / sup — Y MMM 02 4 du(x
tgoﬂgt‘ 1101 %J2(2) A>a—e Ma 2 Z ' Mmin(r2,4) ( )
a—1 a—c 1
<C sup Mz +C
Eoﬂg MyMp g>q CM ! Zmz_za' . ,le M,
a—1 a—c )
<C Z Y M, lMt1+cZ Y mam;'<c.
=072=¢! t1=02=a—c
This by equality
. | A 1M1 a1) L
M (y,x) = — Z Z Z DA, + M+ k,y,x)
5=0 j=0 k=0
and by Lemma 3 immediately follows that
Y/ sup M (3, 3)|du(x) < C.
0,2 1T %I 2 (0) {n:|n|=A>a—c}

Now, we prove for each y € I,(u') x I,(u?) the almost everywhere relation

G2\ (I(u") x Ia(uz))
C (D U 710" xJ2(y ) (U U 700" xJ2(y ))

H1=012=¢! 0rl=¢?

=T () U (y).
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Let x = (x!',x?) € G2\ (I,(u") X I,(u?)). Then, either x' ¢ I,(u") or x* ¢ I,(u*) (or
both). Say, x! is not element of I,(u'). Then, x' € J,1 (u') = J,1 (') for some ¢! < a.

If x> € I,(u?) = 1,(y*) and x> # y*, then x € J' (y). If x! € J,1 (u') = J,1 (y') and x? is
not element of I,(u?) = I,(y?), then, x' € J,1 (u') = J, (y!) and x? € J,» (u?) = J2 ()
for some !, < a.

For t? > t' we have x € J!(y) and for ¢! > t> we have x € J?(y). This procedure
can be done if x!,x? different from y! and y respectively. The set of the points
x = (x',x%), where either x' = y' or x> = y? is a zero measure set, so this can be
supposed and the a.e. relation G2\ (I (u') x I,(u*)) C J'(y) UJ?(y) is proved for
each y € I,(u') x I,(u?). Therefore, the proof of Lemma 4 is complete. O

Corollary 1. Lety € Gy,n € P. Then,

M (v, )l <C.

Proof. By Lemma 4, we have fG,z,,\(I‘n‘(yl)xl‘,,‘(yz)) |M%(y,x)|du(x) < C. Besides, by
the conditions (2.1) and (2.2)

n—1

1) 1
IMY (y,x)| < ;/;)Dou(\n\.k) ("5 ) Dy g,y 0% 2%) < ¢ ];)M\n|M\n| < CM},.

Consequently,
/ IM%(3. ) dux) < C.
I\n\ (yl ) Xl\n\ (yz

Hence,

My )l <C.
t

Now, let’s check the quasi-locality of the maximal operator & is quasi-local (for
the definition of the quasi-locality, see e.g. [16, page 262]).

Lemma 5. Let f € L'(G?) such that supp f C I,(u') x I,(u?), [ fdu(x) = 0 for
some u € G2, and a € N. Then, S\ a2y 2 (X)du(x) < C[f][1.

Proof. 1f |n| < a— ¢ for some fixed constant ¢ > 0 depending only on a; and 0,
then we have by (4) that o (|n|,k), 02 (|n|,k) < M, for every k < n. Consequently,
the kernel M%(y,x), which is a linear combination of the product of Vilenkin-like
functions ¥ with k < M,, which is 4, measurable. This implies that

10 = [, FOOMECdut) =) [ =0

L (ub)x 1, (u?)
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That is, [n| > a — ¢ can be supposed. By the theorem of Fubini, by Lemma 4 and by
the fact that for kernel [M%(y,x)| = [M%(x,y)| we get,

e
/Gznvs(u) /

= sup |1, fldu(x)

GI\Z (1) |n|>a—c

= sup
Ga\IZ(u) |n|>a—c

<[ @ sup [M(39)ldu()|du(x) < C [ | x)|dux) = Clfl 1.
12 (u) G\ (u) |n|>a—c 1%(u)

m

du(y)

o JME: )au0)

This completes the proof of Lemma 5. g

Theorem 1. The operator t* is of weak type (L', L") and it is also of type (L”,LP)
forall1l < p < oo

Proof. Now, we know that the operator & is of type (L*,L>) which is given by
Corollary 1 and it is quasi-local by Lemma 5. Consequently, to prove that operator
1% is of weak type (L',L') is nothing else but to follow the standard argument (see
e.g. [16]). Finally, the interpolation lemma of the Marcinkiwicz gives that it is also
of type (LP,L”) for all 1 < p < oo. Consequently, by the above written by standard
argument, we have the following theorem. U

Theorem 2. Let o satisfy conditions (2.1) and (2.2). Then, we have t& — f for
each f € L'(G2)) a.e. with respect to every bounded Vilenkin-like system.

Proof. The proof of Theorem 2 is just a standard consequence of the fact that the
maximal operator % is of weak type (L',L!), the fact that it holds for each two-
dimensional Vilenkin-like polynomial (linear combinations of ) (x' )y, (x?)) and the
fact that the set of two-dimensional Vilenkin-like polynomials is dense in L!'(G?).
This density property comes from the behavior of the one dimensional kernel function
Dyy,. That is, it is either M,, or zero. O

Finally, we give an application of Theorem 2. Before this a corollary is given:

Corollary 2. Let (a,) be a lacunary sequence of positive reals, i.e. a1 > anq for
some q > 1 (n € N) and o satisfy conditions (3) and a,j(n,k) < Ca, (k < a,, j=1,2)
(modified version of condition (2.2). Then for every integrable function f € L'(G?2)
we have

1 a,—1
— Y Se () .anmi) f(X) = f(x)

an 1=

fora.e. x € G2,
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Proof. The proof of this corollary runs as follows. Let b, be defined as M;,_; <
an < My, (thatis, b, = |a,|+ 1) and

- a(n,k), for0<k<a,, )
0 (by, k) = (n,k) _ Y (j=1,2).
k, lfan§k<Mbn

Then, & satisfies conditions (2.1) (trivially) and (2.2) since for k < a,, @;j(b,,k) =
oj(n,k) < Ca, < CMp,. By Theorem 2 it follows that for the maximal operator
12f := sup[tdf] we have u{t%f > A} < C||f|/A for all f€ L'(G2) and A > 0.
Since

14! My, 1 Ml My, 1 Ml
. S n S _ n S
@ kz o (nk), 00 (nk) S = an M, L S (b k)8 (bk) S an My, k;an kS

and consequently, [t f| <C |th fl+C \t‘db f1+Clrid 7], then (id denotes the “identical
function”, i.e. id(n,k) = (k,k)) t*f < Ct%f 4+ Ct,f. The ordinary maximal Mar-
cinkiewicz operator is of weak type (L!,L") (see e.g. [6]) and this by standard argu-
ment [16] completes the proof of this corollary. g

In the sequel we give an application of the Corollary above. The triangular partial
sums of the 2-dimensional Fourier series and the triangular Dirichlet kernels (with
respect to the Vilenkin-like system %) are defined as

k—1k—i—1 k—1k—i—1

Arao. VAN
=Y Y G, Dee ) =Y Y ().
i=0 j=0 i=0 j=0
The Fejér means of the triangular partial sums of the two-dimensional integrable
function f (see e.g. [11]) are

lnl

LSS

For the trigonometric system Herriot proved [12] the a.e. (and norm) convergence
(SnA f — f (f € L"). His method can not be adopted for the Vilenkin system, since
for the time being there is no kernel formula available for these systems. The first
result in this a.e. convergence issue of triangular means is due to Goginava and Weisz
[11]. They proved for the Walsh-Paley system and each integrable function the a.e.
convergence relation GZA” f — f. This result for the whole sequence of the triangular
mean operators in the Walsh case is given by the first author [9]. In the Vilenkin
situation there is nothing proved yet. By the corollary above, (Corollary 2) we prove
for bounded Vilenkin-like systems:

Theorem 3. For every lacunary sequence (ay) (that is, an+1 > qay, q > 1) we have
the a.e. convergence GaAnf — f for each f € LI(GE,Z).
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To demonstrate the proof of this, see some calculations below [9] between the
triangle and the one dimensional Dirichlet kernels.

—i—

1
Xi(ylaxl)Xj(yzvxz)

S| =

K (' y?at o ZD Lytald) =

n—1k—1k

LY.

k=1i=0 j=0

—1 k

Y0 D00

k=

nlkl

ZZX:)’ x! )Di—i y s

nk 1i=

nlnl n

1
Z Y X0 x)Di0% ) = — . Dai(6 2D (67, x%)
i=1 k=i i

1)11

SM—A
|
._.._

—_

=~ Di(y',x")Dy—i(y*, )
i=1

which is a generalized Marcienkiwicz kernel discussed in this paper (see Corollary
8:
o (||, k) =k, ax(|nf,k) = a, — k).
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