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Abstract. We state sufficient conditions for the existence and uniqueness of Stepanov-like pseudo
almost periodic and Stepanov-like pseudo almost automorphic solutions for a class of nonlinear
Volterra integral with infinite delay of the form

+oo
x(t) = f(t,x(t),x(t —r(t))) — /t c(t,s)g(s,x(s),x(s—r(s)))ds.

Our approach is based on Bochner’s transform, some analytic techniques, and a Banach fixed
point theorem. Then we apply these results to a nonlinear differential equation when the delay is
time-dependent and the force function is continuous

K () = ax(t) + o' (t — r(t)) — q(t,x(2),x(t — r(£))) + h(z).
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1. INTRODUCTION

The existence and stability of almost periodic solutions of some models are among
the most attractive topics in the qualitative theory of differential and integral equa-
tions due to their applications in physical science, mathematical biology, population
growth... Hence, in the literature, several studies have been conducted on Bohr’s
almost periodicity and Bochner’s almost automorphic to establish sufficient condi-
tions for the existence and uniqueness of various types of differential and integral
equations. For instance, one can see [1-3,6,20] and the references therein. In partic-
ular, it can be noted that several qualitative studies of various differential and integral
equations have been carried out in recently published articles [7, 17-19,25]. The no-
tion of pseudo almost periodicity functions which is the central issue in this paper is
a new concept introduced a few years ago by Zhang [27] as a generalization of the
classical notion of Bohr’s almost periodicity. Also, the notion of almost automorphic
(Stepanov) was then defined firstly by N’G uérékata and Pankov [24] as an extension
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of the classical and well-known almost automorphic concept. It should be mentioned
that the study of the existence of almost periodic solutions of the integral equation
with a discrete delay was initiated in [16], where Fink and Gatica established the
existence of a positive almost periodic solution to the following equation

W)= [ flsxtoas (1.1

which arises in models for the spread of epidemics. Since then, many works related
to the sufficient conditions on the delay and the function f in order to establish the
existence of almost periodic solutions to equation (1.1).

In 1997, Ait Dads and Ezzinbi [11] studied the existence of positive almost peri-
odic solutions for the following neutral integral equation

K@) ==+ (1) [ flsx(5))ds. (1.2)

Later, Ait Dads et al. [10] established the existence of positive pseudo almost periodic
solutions in the case of infinite delay for the equation

t
x(t) = / a(t,t —s)f(s,x(s))ds, teR. (1.3)
Afterwards, Ding et al. [15] developed the above results to the following integral
equation with neutral delay

x(1) :ch(t—[3)—|—/_tooa(t,t—s)f(s,x(s))ds+h(t,x(t)), teR. (1.4)

Equations similar to (1.4) arise in the study of [28] where the authors established the
existence and uniqueness of almost periodic and pseudo almost periodic solutions of
the integral equation given by

x(r) =a(t)x(t —o(t)) + /_;B(t,t —5)f(s,x(s),x'(s))ds, tER, (1.5)

where G(¢) is almost periodic (respectively pseudo almost periodic). Recently, the
authors in [12] consider two variants of Eq. (1.5), a variant where the delay o(¢)
is compact almost automorphic in time and another variant where the delay is state-
dependent. Also, the existence and uniqueness of periodic solutions of a more general
model were established via three fixed point theorems by Islam [21].

Hence, one of the still topical subjects in the study of integral equations and/or
differential equations is that if the force functions and/or the coefficients possess
a specific property, are we going to find the same characteristics in the solution?
Roughly speaking, if the considered functions are Stepanov-like pseudo almost peri-
odic, will the expected solutions of the differential or integral equation be of the same
type? The aim of this work is to study the existence and uniqueness of Stepanov-like
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pseudo almost periodic and Stepanov-like pseudo almost automorphic solutions for
the following integral equation

~+oo

x(t) = f(t,x(2),x(t —r(t))) —/t c(t,s)g(s,x(s),x(s—r(s)))ds, (1.6)

where f:RXRXR —R, g:RXxRXxR — R and ¢ : R — R are continuous
functions, r(-) is a time-dependent delay. To the best of our knowledge, there are
no papers published on the S”-pseudo almost periodic solutions and/or $”-pseudo
almost automorphic solutions of this class of Volterra equation.

Our main contributions in this paper are:

(1) The existence and uniqueness of Stepanov-like pseudo almost periodic solu-
tion for system (1.6) are proved.

(2) A new proof for the composition theorem in the space PAPS? is given based
mainly on the Banach’s transform.

(3) The existence and uniqueness of Stepanov-like pseudo almost automorphic
solution for system (1.6) are proved.

(4) The existence and uniqueness of Stepanov-like pseudo almost periodic solu-
tions and Stepanov-like pseudo almost automorphic of a class of logistic dif-
ferential equation are established.

The organization of this work is as follows. In Section 2, we present some defin-
itions and lemmas that will be used later. In Section 3, we state our main results.
More precisely, we give sufficient conditions for the existence and the uniqueness
of SP-pseudo almost automorphic and SP-pseudo almost periodic solutions of the in-
tegral equation (1.6). Our approach is based mainly on Bochner’s transform, using
analytic techniques and Banach’s fixed point theorem. Finally, in Section 4, we study
the validity of our theoretical result, therefore we give an illustrating application. It
should be mentioned that the main results of this paper include Theorems 1, 2, 3 and
4.

2. PRELIMINARIES: SPACES OF FUNCTIONS

Throughout this article (E, || - ||z) and (F,|| - ||r) denote Banach spaces and C(E,F)
the Banach space of continuous functions from E to F. We denote by BC(R,E) the
Banach space of bounded and continuous defined functions on R with the sup norm
defined by

1F1l = sup £ (£)]]- 2.1)
teR

Definition 1 ([4]). A set D of real numbers is said to be relatively dense if there
exists a number ¢ > 0 such that any interval of length ¢ contains at least one number
of D.

Definition 2 ([4]). A function f € C(R,E) is called (Bohr) almost periodic if for
eache > 0theset T(f,€) ={t: f(t+7)— f(¢)} is relatively dense, i.e. for any € >0
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there exists / = I(€) > 0 such that every interval of length / contains a number T with
the property that

Ift+7)—f@)ll<e, 1€R.
The collection of all such functions will be denoted by AP(R,E).

Definition 3 ([260]). A function f € C(R x E,F) is called (Bohr) almost periodic
in ¢t € R uniformly in y € K where K C E is any compact subset if for each € > 0
there exists / = [(€) > 0 such that every interval of length / contains a number T with
the property that

IFE+Ty) = fy)ll<e teR yek.
The collection of such functions will be denoted by AP(R x E,TF).

Lemma 1 ([5]). Let f € AP(R x E,F) and ¢ € AP(R,E) then the function
[t — F(t,0(1))] € AP(R,F).

Definition 4 ([27]). A continuous function f : R — [ is called pseudo almost
periodic if it can be written as f = h+ ¢ where h € AP(R,E) and ¢ € PAPy(R,E)
where the space PAPy(R,E) is defined by

Pan(R.B) = { € BB MU = tim - [ s =0}

The functions 4 and ¢ in above definition are respectively called the almost periodic
components and the ergodic perturbation of the pseudo-almost periodic function f.
The collection of all pseudo almost periodic functions which map from R to E will
be denoted by PAP(R,E).

Definition 5 ([13]). The Bochner transform f”(z,s) witht € R,s € [0, 1] of a func-
tion f : R+ E is defined by f*(¢,s) := f(t +s).

Definition 6 ([13]). The Bochner transform F” : R x [0, 1] x E + [E of a function
F :R xE > E is defined by F’(t,s,u) := F(t +s,u) foreacht € R, s € [0, 1], and
uek.

Definition 7 ([13]). Let p € [1,[. The space BSP(R,EE) of all Stepanov-like
bounded functions, with exponent p, consists of all measurable functions f: R — E
such that > € L*(R,L”((0,1),E)). This is a Banach space with the norm

t+1 1/p
£z 2= 1 hrny =sup ([ Ir@)Pae)

Definition 8 ([14]). A function f € BSP(R,E) is called Stepanov-like almost peri-
odic if f* € AP(R,L”((0,1),E)). The collection of these functions will be denoted
by APSP(R,E).
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Definition 9 ([14]). A function f: R X E — F,(t,u) — f(t,u) with f(-,u) €
BSP(R,), for each u € E, is called Stepanov almost periodic function in ¢ € R uni-
formly for u € [ if for each € > 0 and each compact set K C [E there exists a relatively
dense set P = P(g, f,K) C R such that

1
sup </0 |f(t+s+7,u) —f(t—i—s,u)Hds)l/p <&, (2.2)

teR
for each T € P, u € K. We denote by APS”(R x E,FF) the set of such functions.
Definition 10 ([13]). Let p > 1. A function f € BS?(R,E) is called S”-pseudo
almost periodic (or Stepanov-like pseudo almost periodic) if it can be expressed as
f=h+0, 2.3)

where h? € AP(L?((0,1),IE)) and ¢” € PAPy(L”((0,1),E)). In other words, a func-
tion f € LP(R,E) is said to be SP-pseudo almost periodic if its Bochner transform
f? R — LP((0,1),E) is pseudo almost periodic in the sense that there exist two
functions 4,¢ : R — I such that f = i+ ¢, where hi* € AP(LP((0,1),FE)) and ¢” €
PAPy(L?((0,1),E)) that is,

T , ’
TlﬂﬁL (/, lo(o)| dc> dr = 0. 2.4)

The collection of such functions will be denoted by PAPS? (R, E).

Definition 11 ([23]). A continuous function f : R — [E is almost automorphic if
for every sequence of real numbers (s,),cn there exists a subsequence (s,),en such
that

g(t)= ngrfwf(t +55) (2.5)
is well defined for each r € R, and
lim g(t —s,) = f(1) (2.6)

for each ¢t € R. The collection of all almost automorphic functions which map from
R to E is denoted by AA(R,E).

Definition 12 ([5]). A function f: R xE — E (¢,x) — f(z,x) is said to be
almost automorphic in ¢ € R for each u € E when it satisfies the two following con-
ditions:

(1) For all x € E, the function f(-,x) € AA(R,E).

(2) For all subset compact K of E, for all € > 0 there exists & = 6(k,€) > 0 such
that, for all x,z € k, if d(x,z) < 3 then we have d(f(x,t), f(z,t)) < € for all
teR.

The collection of such functions will be denoted by AA(E x R,TF).
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Lemma 2 ([5]). Let f € AA(R X E,F) and u € AA(R,E), then we have
[t — f(t,u(t))] € AA(R,F).

Lemma 3 ([9]). If the functions x(-) € PAPS?(R,R) and r(-) € APS?(R,R) then
we have x(- —r(-)) € PAPSP(R,R).

Definition 13 ([14]). A function f € BSP(R,E) is called S”-almost automorphic if
f? € AA(L?((0,1),E)). The collection of such functions will be denoted by
AASP(R,E).

Definition 14 ([14]). A function f € BS?(R x E,IF), (t,u) — F(t,u) where F (-, u)
€ LP(R,E) for each u € E, is called SP-pseudo almost automorphic in ¢ € R uni-
formly in u € E if t — F(t,u) is SP-pseudo automorphic for each u € K where K C E
is a bounded subset. The collection of such functions will be denoted by PAAS?
(RxE,F).

3. MAIN RESULTS

3.1. Stepanov-like pseudo almost periodic solutions

In this section, we consider the following integral equation

x(t) = f(t,x(t),x(t —r(r))) — /t+mc(t,s)g(s,x(s),x(s —r(s)))ds, (3.1

where f:RXRXR =R, g: RxRXxR— R, c,7: R — R are continuous functions.
We give sufficient conditions which guarantee the existence of S”-pseudo almost peri-
odic solutions for equation (3.1).

(H1) f:R xR? — R is §”-pseudo almost periodic, i.e. f” = h’ + ¢?, where
hb € AP(R x R2,LP((0,1),R)) and ¢” € PAPy(R x R?,LP((0,1),RR)) such

that
_ | T [ pi+l ) »
Jim [ i < /I 10(0,u)| d6> dr =0, (3.2)

uniformly in u € R?.
(H2) fis Lipschitz i.e. aL}, L} > 0 such that Vxq, x2, y1, y2 € R,

| (t,x1,x2) = f(1,y1,32)| < Lilxi —yi| 4+ Li[x2 = yal. (3.3)

(H3) g: R x R? — R is SP-pseudo almost periodic, i.e. g” = g’l7 —i—gg, where
g% € AP(R x R2LP((0,1),R)) and g5 € PAPy(R x R?,L”((0,1),RR)) such

that
1 T [ i+l ) ’
lim do )" dr = 4
Jim [ ([ Metele) =0 64

uniformly for all u € R?.
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(H4) g is Lipschitz i.e. ELi,, L§ > 0 such that Vx|, xp, y1, 2 € R

|8(t,x1,22) — g(1,y1,32)| < Lylxr — 1|+ Lilxa — yal. (3.5)
(H5) There exists a constant A > 0 such that c(z,s) < e*~%) forall s > r.
(H6) The function ¢ +— r(t) € APSP(R,R) NC'(R,R) with
0<r(t)<7 r(t)<r <1, forall teR. (3.6)

Lemma 4. Assume that (H1)-(H3) hold, if x(-) € PAPSP(R,R), then the function
B:R — R defined by B(-) = f(-,x(-),x(- —r(-))) belongs to PAPSP(R,R).

Proof. Let f = h+ ¢ where hi* € AP(R x R, L”((0,1), )) and the function ¢” €
PAPy(R x R?,LP((0,1),R)). Similarly, let x°(-) = x%(-) +x5(-) where the function
xb € AP(R,LP((0,1),R)) and x5 € PAPy(R,L”((0,1),R)) that is

1
P
P
Jim / < 2(0)Pdo | dr =0, 3.7)
for all t € R. By Lemma 3 we get x(- —r(-)) € PAPSP(R,R), then
(= () =X (=) + 3= (), (38)

where X2(- — 2(:)) € AP(R,L?((0,1),R)) and x5(- — #*(+)) € PAPy(R,L"((0,1),R))

that is
1 T t+1 » ,l,
lim — — =0. .
Jdim o [ < /, v2(6— (o) dc> dr =0 (3.9)
Since f?: R — LP((0,1),R) we decompose f” as follows
FPEAC) A= r(e))
r

=10 ( 27 ()ox1 (= r(0)) + £ (), 27 (= r(0)) =B (7 (),20 (- = (1))
=10 (X ] (), 20 ¢ = r(0)) + £ (2 ()2 (= r(0)) = £ (), (- = (1))
07 (x1 (), (- = (1))).

Let us prove that #°(-,x5(-),x4(- — r(-))) € AP(R,LP((0,1),R)). First, the function
x(:) € AP(R,LP((0,1),R)) and x2 (- — (+)) € AP(R,LP((0,1),R)). Then the func-
tion u?(-) = (x2(-),x2(- — r(t))) € AP(R,L”((0,1),R?)). Indeed, Ve > 0,3¢ > 0,
Va € R, 3t € [a,a+ /] such that

p </01 et (¢ +7) — ulf(t)Hids> %

ek </o (max (e +) —x’f<t>|aIx’f(m—rb(r))—xl;a—rb(r))))pds>

1eR
<e.

1
P
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Since the function i” € AP(R x R?,L7((0,1),R)) and u}(-) € AP(R,LP((0,1),R?))
then, we can apply the composition theorem of almost periodic functions 1, thus
hP(-,ub(-)) € AP(R,LP((0,1),R)). Now, set

G ()= L ()= () = P (), (=1 ())). (3.10)
G’(-) € PAPy(R, (LP((0,1),R)). Indeed, let T > 0, we have

lim — (/ G (0)|” dc) dr
T —+oo 2T
1
< L b(o ")’
T1—1>r—Ii-lo<>2T (/ ‘ (G)| dc) a
1
. b b P g
+T131+1wﬁ/ (/ (6 — #(0)) — (o — (o)) d6> dr
Ly (T »
< lim —/ </ }x26‘d0'> dt
T—+ 2T J_1 \Jo
L2 (T [ 1 ’
of bio— b ()
+ lim L[ < /O (6~ ()] dc) dr.

Using (3.7) and (3.9) we get —/ </ ‘Gb ‘ d6> dr =

Moreover, using the composition theorem of ergodic functions (cf. [22]) we have
0°(-,ub(-)) € PAPy(R,LP((0,1),R)) such that

1
lim /\q)bcu (6))|"do "4 =0 (3.11)
T—o0 2T ! - '
O

Lemma 5. Assume that (H3)-(HS5) hold. If x(-) € PAPSP(R,R), then the function
~+oo
O:t— / c(t,s)g(s,x(s),x(s—r(s)))ds € PAPS?(R,R) for all s € R.
t

Proof. Using Lemma 4 and the hypothesis (HS), we obtain that the integral is

convergent and consequently 7 — / c(t,s)g(s,x(s),x(s—r(s)))ds is well defined.

t
Otherwise, since [s — g(s,x(s),x(s —r(s))] € PAPSP(R,R), one can write

g§=8+& (3.12)

with g; € APSP(R,R) i.e. for each € > 0, there exists £ > 0 such that every in-
terval of length ¢ contains a T such that ||g; (¢ +T) — g1 (¢)||s» < € and the function
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g2 € PAPy(R,LP((t,t+1),R)) such that

1 (T [ g+l ) ’
lim — =0. 1
FHLZT/T<Z‘ @ﬂ@|mﬁ dr=0 G-13)

Q(r) = /ZJFQo c(t,s)g1 (s)ds+/t+wc(t,s)g2(s)ds =0 (t) +0O,().

Now, we shall study the SP-almost periodicity of ®@(-). We have

+o0
e“’”*”gl(s)ds—/ M=) g (5)ds
+7 t
oo oo
[ PnErnae- [ (s
t t

BV
< [ Nai(s+7)~ g (s)1ds.
t

Then

oo

[©1(7+7) =04 (1)] <

1 1
According to Holder inequality ( +-—= 1) one has for all T € R,
P q

—+oo
O+ =0 < [ e Mai(s+1+0) —gils+)lds

2 i T aps 2
< () (/ e 2 ]gl(s+t+’c)—g1(s+t)|pds>
Ag 0

Using Fubini’s theorem, we get for all Tt € R

x+1 P
sup </ ]@1(t+1)—®1(t)]1’dt>
xeR
1

x+1 Tt s P
( > sup (/ / e |gi(s+i+1)— gl(s+t)|pdsdt>
xeR

2 i oo x+1 >
<(= / e sup [ |gi(s+1+1) —gi(s+1)[Pdeds
Aq 0 xeR Jx

As g1 is S” almost periodic, for £ = Ce > 0 we have

x+1 P
sup (/ |g1(t++s+’t)—g1(t+s)\pdt>p <€ =Ce, (3.14)
xeR X
A A x+1 »
where C = < 2p> ( 2q> . Then sup (/ |®(+7) —G)l(t)\”dt) ’ < &. This
xeR X

proves the SP-almost periodicity of ®. Now let’s show the ergodicity of ®@;(-). Since
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0,(-) € BC(R,R), it remains to show that

p ? _
HMZT/ (/ |©2(0)| d0> dr = 0. (3.15)

1
Let g € [1, o[ such that — + — =1 then, by Holder’s inequality and Fubini’s theorem
P 9

/TT </,t+l |®2(6)|pd0)})dt
< Gn)! [/TT </ - |®2(6>|”dc) dt] :

1 T t+1 —+oo 2
< fel2 () [2T/ </z /o Mo ga(s)ds

which gives
1
lim 7/ / 19:(c)|Pdo ) dt
T—+00 2T 210
1 T 1+1
< lim ]@2]4 [/ (/
T—+oo 2T J_T t

On the other hand, we get

we obtain

%
dG> dt] ,

1

w)e]

—+oo
/ Mo g, (5)ds
o

r+1
Mo—s) <
m+w2T/ (/ / g2(s)ds d")‘lf—“ﬂ’ (3.16)
with
g T a9 (00dsl do ) d 217
1=im [ (| e mewlc)e e
and
i o Mo—s) dsldo ) d 318
N | N PR
Further

1 T 141 - T .
< Ii — B .
1< Tlir}rlm 5T /_T </t e /(s e |g2(s)|dsd6) dr

Now, we have [s — ¢ ] and [s — |g2(s)|] are two continuous functions on [, ],
furthermore [s — |g2(s)|] keep a constant sign, so 3 & € |6, T such that,

= Tgrﬁmzli"/T (/t+1 <eh6 |82(§)\/GT eMdS> dc) dr
- T1i+m 2Tk/ (/t+1 |82(8)] {1 —e)‘(TG)DdG) dr.
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1 T t+1
Now as 1 —e ™79 < | one has I < lim ——— </ |82(E.»)|d0> dr. Since
t

T—+0 2T A
& €]o,T], then &= (1—a)o+ T, where o € ]0,1[. Hence,
I= li ((1— T . A
Tiriozm/ (/ (Jg2((1—)o+ o )|)d6>dt (3.19)

On the other hand, since t <o <7+ 1, we get
(I—a)+ol <(l—a)o+ol <(1—a)t+(1—a)+aT.
Besides, 1 — o < 1, thus
(I—a)t+ol <(l—-o)o+al < (1—o)r+al +1.
Setz=(1—a)o+al and u = (1 — o) + aT. We obtain,

1< T1_1>rJ1r1m ZTK/ (/ g2 ( )du) dr. (3.20)

According to the hypothesis g, € PAPy(R,LP((¢,t +1),R)) we conclude that I = 0.
Meanwhile, by applying Fubini’s theorem we obtain
doc) dt

. r+1 M)
J= Tlinjw 72T / </ / e g2(s)ds

oy A [
AT /_T (/T lg2(s)e {e ¢ ] ds) dr.

Thus, J < J; +J, with

Ji= 1im & /T /+°°y (5)] M= dsdr 3.21)
P e 2T _TJr 24 S '
and
1 T o0 2
= lim =5) dsdr. 22
I Am s /J/T lg2(s)| e dsdr (3.22)
Let & = s —1, then
7»’ et
gz!m/ / o |82|m[ 47&}
J1 < dédr = i 1— =0.
! T‘)+°° 2T A T— S T;Too 2TA\3 ¢

Similarly, it is easy to see that J, = 0 which implies that / = 0. Then we have

T L e
ol 3 [ ([

Consequently,

dG) dt] ’ =0. (3.23)

1 T t+1 o » %
lim — do | dr=0. 3.24
Am S (/t |©2(0)| G) (3.24)
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o0

Therefore the function @ : ¢ — / c(t,s)g(s,x(s),x(s — r(s)))ds belongs to
t

PAPS?(R,R). O

Now, we are able to establish the existence and uniqueness of the Stepanov-like
pseudo almost periodic solutions of (3.1).

Theorem 1. We assume (HI1)-(HS5) hold. If m < 1 then, (3.1) has a unique S?-
pseudo almost periodic solution with

ot 2\ [ 2\? 2\e [ 2\P, . 1
mems (07 () (5) () () 0.
Proof. Define the operator on PAPS?(R,R) by
F(x)(t):f(t,x(t),x(t—r(t)))—/erc(t,s)g(s,x(s),x(s—r(s)))ds, teR. (3.25)

Using Lemma 3 and (H1) we get that the function # — f(z,x(¢),x(t — r(t))) is con-
tinuous. Furthermore, by Lemma 4 and the hypothesis (H5) we get that the integral

+
defined by t — / c(t,s)g(s,x(s),x(s—r(s)))ds exists. Thus, I'x is well defined.
Moreover, from Lémmas 4 and 5 we deduce that

I : PAPS”(R,R) — PAPS”(R,R).

1 1
Let x, y € PAPSP(R,R), according to Holder’s inequality < +-= 1) , we get
P 4

ITx(e) = Ty()] < 1£(0,x(6), 300 = (1)) = (1,0, = 7(0)))
[ et (053069, = (51 = gs.6), x5 = r(s)) ) s
= (6,305t = () = (60,3~ r(0)))]

.\ (;) (7 bttt nato -

+

— g(s+1,x(s+1),x(s+1— r(t)))|pds> E.

Then using Fubini’s theorem and Minkowski’s inequality, we get

E+1 %
sup < / ITx(r) —Fy(t)]”dt)
EeR \’/€

1

£ ’
< sup ( / L) —5(0)] L2 el — () — (1 r(r))\)”dr>

EeR
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1
2 6 o *M’S E"+1 1
+ | — /e2 su L,ly(t+s)—x(t+s
<7“51) < 0 &elg 3 ( g’y( ) ( )

+ Ly(t+s5—r(s)) —x(t+s—r(s))|)" dr ds) ;

1

£ ’
< sup ( / L) — 5(0) L2 el — () — (1 r(r))\)"dr>

EeR

1
2 q &0 —Aps §l+1 1 ’ ,

+1 =] X / e 2 su L,|y(t")—x(t
<7WI) < 0 &'e]rl)% g ( g| ©) )l

1

+ Lely(t' = () —x(' = r<r>>\)”df'ds> ;

1
P

€
< sup ( / L ) = O]+ L2l — r(0)) — (1 r(r))\)”dr)

EeR
() )
+ Lyly(t — (") —x(t' — () |)pdt'>

“/2\r
ap) Il

1

1 E+1-r(E+1) i

- 0) P ROROITY
EeR \/&-r(€)

==

§’+1 1 I /
(sup (L () —x(t")
EerV/E

1

P

< L},Hx—yusp +L! 2
y 8 7\,q

1 1
2\e [/ 2\7 _1 E+1—r(&+1) P
+12 () <> 1—7(¢)) 7 xsu </ x(p) — Pd >
(ag) oy) (1270 WP\ e PRI
1 2 *y— 1 SHl-r p
<Llk=ylly+ L (1= Fsup ([T 1x(p) =y dp
1 1
() () el
£\ \g Ap Ylis»

1 1
2\Na /2 \7r | E+1—7 »
+L2<> () 1—r) " 7su (/ — Pd>
g) (&) a=rrsme (L k@) —s@)ap

<mllx—yllsr,
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where

1 1 1 1
_ L7201 _ =5 71 2N ZN 2 (2N (2N ~»
m = max (Lf,Lf(l r') v, L, (kq " Ly i " (1—7r") .

Since m < 1, the operator I : (PAPS”(R,R),|| - |ls») —> (PAPSP(R,R),]| - ||sr) is a
contraction. Therefore, by applying the Banach fixed point theorem, there is a unique
x. € PAPSP(R,R) such that I'(x, ) = x., which corresponds to the unique S”-almost
periodic pseudo solution of equation (3.1). U

3.2. Stepanov like (pseudo) almost automorphic solutions

In this section, we establish the existence of pseudo almost automorphic solutions
of equation (3.1). For this study, we make the following assumptions:

(H1) f:RxR?> — R is S”-pseudo almost automorphic, i.e. f* = h” + ¢”, where
the function h* € AA(R x R LP((0,1),R)) and the function ¢* € PAP,
(R x R%,L7((0,1),R)) such that

T—+ 2T J_T

1 T [ pi+l »
lim — < / |¢(o,u)ypdc> dr =0, (3.26)
t

uniformly for all u € R?.
(H2) f is a Lipschitz function, i.e. 3Ll L?- > 0 such that Vx1, xp, y1, y2 € R,

|f(t,x1,22) = f(8,y1,32)| < Lylxr — y1|+ L} [x2 = yal. (3.27)

(H3) g:R xR*> — R is SP-pseudo almost automorphic, i.e. g’ = gll’ +g12’, where
g% € AA(R x R2LP((0,1),R)) and g5 € PAPy(R x R?,L”((0,1),R)) such

that
) 1 T t+1 » ﬁ
im /_ ) ( / lg2(c,u))| do) dr =0, (3.28)

uniformly for all u € R?.
(H4) g is Lipschitz , i.e. EIL;,, Lﬁ > 0 such that Vx1, x2, y1, 2 € R,
|8(t,x1,22) — g(1,y1,32)| < Lglxr — y1| +Li|x2 —yal. (3.29)

(H5) There exists a constant A > 0 such that ¢(z,s) < =) for all s > ¢.
(H6) The function 7 — r(t) € C'(R,R) with

0<r(t)<7, r(t)<r <l. (3.30)

Lemma 6. Assume that (H6) holds. If x(-) € PAAS?(R,R) then x(- —r(-)) €
PAASP(R).
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Proof. Since x(-) € PAASP (R, R) then x(-) can be written as x = x; + x,, where
xb(-) € AA(R,LP([0,1],R)) and x5(-) € PAPy(R,L([0,1],R)), such that

1 /T 1+1 ) 5
lim — =0. 31
Jim [ ] ( /, 62(0)| d6> dr =0 (3.31)
Let

x(=r() =x1(=r() +x(=r()) —x(-—r() =¥i()+¥2(), (332
where W () =x1(- —r(+)) and ¥2(-) = x(- — r(-)) —x1 (- — r(+)). Note that the func-
tion W5(-) € PAPy(R,LP((0,1),R)) (cf. [9]). Hence, it only remains to show that
xb(-—rb(- )) € AA(R,LF((0,1),R)). Since x2(-) € AA(R,LP((0,1),R)) then for any
sequence (s},)cr there exists a subsequence (s,)ncr and a function g € L7 (R,R)
such that

41 >
( / 1 (5 +50) — g(s)|pds> —0 (3.33)
t n—reo
and
1+1 »
</ lg(s —s5,) —x1 (s)|pds) — 0. (3.34)
t n—ro0
Thus we could find

</tt+1 |x1(5+5n—”(S+Sn))—g(s—r(s))|1’ds>
< </tf+1 |x1(s—|—sn—r(s—|—sn))_g(s_r(s+sn)|pds>/la

([l s - sto-roppas)

Let (gn)nen be a sequence such that g, — g as n — oo in BS?(R,R) which is domin-
ated by some integrable function w, then

</tt+1 (s —r(s+su) —g(s—r(S))\pdsy <I+J+K,

where ]

(/ g(s—r(s+s,)— gn(s—r(s+sn)|pds> ’ : (3.35)

1

1 P
( [ sl rts ) - &@—wnwmﬁ (3.36)

and

K= (/tt+1 lgn(s —r(s)) —g(s—r(s))|” ds) " (3.37)



226 SALSABIL HAJJAJI AND FAROUK CHERIF

Let us show that I = 0. For that, letting s’ = s — r(s+s,) one obtains

o 1 t+1—r(t+1-s,) N N ?
I=(1=r(s+s,)) 7 g(s") —gn(s)|" ds
t

—r(t+sy)

<=y ([ ) st ar)’

<= ([T ) -a P as) o

n—oo

In addition, by applying the dominated convergence theorem we get J = 0. Moreover,

let s = s —r(s), then

K= (1-r6) 7

<= ([T ) -t a)’

t+1—r(t+1) , T %
/ |2(s") — &n(s)| dS>

t—r(t)

1

<(1=r)) 7 (/{M l8(s") —gn(s’)\”ds'> " 0.

n—oo

What is left to show that

1

1+1
</ ]xl(ersnr(s+sn))g(sr(s+sn)|pds>p ?0.
t n—yoo

For this purpose, we set s — r(s+s,) = s', then
1

</tt+1 1 (s + 50— r(s+s5)) _g(s_r(s+sn)|pds) ,

1 t+1—r(t+1—s,) »
= (1 —r’(s+sn)) Z </ }xl(s’—i-sn) —g(s’)’pds'>
t

—r(t+sy)

<(-r) ( [ bt ) —g(s’)V’ds’)’l’

-7

* -1 il !/ N | P / P
<(1—=r%))» / lx1(s" +s0) —g(s)|["ds’ | — 0.
t n—oo
Similarly, we can get
1

</ [§(s —su - rls —s) =1 <s—r<s>>rf’ds)” 0.

n—soo

Consequently,
A (-=1"(-)) € AA(R,LP([0,1],R)).

(3.38)

(3.39)
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Therefore the function
x(-—r(-)) € PAASP(R).
O

Lemma 7. We assume that (H1)-(H2) hold. If x(-) € PAAS? (R, R), then the func-
tion B : R — R defined by B(-) = f(-,x(:),x(- —r(-))) belongs to PAASP (R, R).

Proof. By (H1), we have f* = h” +¢® where h” € AA(R x R?,L”((0,1),R)) and
0> € PAPy(R x R?,L7((0,1),R)) such that

) 1 T t+1 » %
7&&JT/‘<[ |M¢@y&ﬁ dt =0, (3.40)

uniformly for all u € R2. Similarly, x* = x} + x5 where () € AA(R,LP((0,1),R))
and x5(-) € PAPy(R,L”((0,1),RR)) such that

) 1 T t+1 » %
TgTwﬁ = (/l lx2(0)] dc) dr=0, (3.41)
for all r € R. Then, by Lemma 6, we get x(- — r(-)) € PAAS?(R,R), i.e

(=) =2 =17 () +25( =),
where x?(- —r?()) € AA(R,LP((0,1),R)) and x5(- — r*(-)) € PAPy(R,L7((0,1),R))

such that
1
P
T / ( / xa(o (6))\”610) dr =0, (3.42)

for all # € R. In addition, f* : R — LP((0,1),R). Now decompose f” as follows
SPERP ()= ()
=80, =1"() +fb( »x P (=1 () = (AR C), A=)
= ()X (=" ()) + : HOREACTC
+0" (7 ()2 (= (1))

We start by demonstrating that h?(-,x2(-),x0 (- —*(+))) € AA(R,LP((0,1),R)). Since
() e AA(R LP((0,1),R)), i.e. there exists a subsequence (s,),cn and a function
yo(-) € L7 (R,E) such that

1
(/Hym@+%yjmgww> —0, (3.43)

n—oo

and

t+1
</+ ]yl(s—sn)—xl(s)|”ds> — 0. (3.44)
t

n—oo
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Similarly, x5 (- —*(-)) € AA(R,LP((0,1),R)), i.e. there exists a subsequence (s,)nen
and a function y?(- — *(-)) € L7 (R,E) such that

loc
1

t+1 P
</+ ]xl(s—l—s,,—r(s+sn))—yl(s—r(s))]pds> 30, (3.45)

and

</zt+1 yi(s = sn—r(s=sa)) —x1(s = r(S))I”ds> T0. (346)

Then uf(-) = (x2(-),x5(- — *())) € AA(R,LP((0,1),R?)). Indeed, let (s})ycn @ se-
quence has a subsequence (s,)uen and a function wh(-) = (V5(-),y0 (- — r*(-))) €
(R,R?) such that

loc

([me“+%%wmem>P

o ([T a5 s 5, rs+5) = a5 r L)

L

EY ( tt+1max(|x1(s+sn)—yl(s)|p,|x1(s—|—sn—r(s+sn)—yl(s—r(s))|p)ds>p

We deduce from (3.43) and (3.45) that

1

r+1 !
lim < t ! max(|x1(s+s,,)—y1(s)p,|x1(s—|—s,,—r(s—i—sn)—yl(s—r(s))|p)ds> =0.

n—soo

Moreover, since h* € AA(R x R?,LP((0,1),R)) and by applying Lemma 2, it is easy
to see that the function 4°(.,u%(.)) € AA(R,LP([0,1],R)). Now set

G*() = P27 () 2" (= rstsu())) = f7(x] (), 20 (- = 1"()). (3.47)

G*(-) € PAPy(R,L((0,1),RR)). Indeed, T > 0 using the fact that f is Lipschitz and
Minkowski’s inequality we get

T%+°°2T/ (/ |Gb ‘pdc) a

p ?
<TH+M2T </ |x*(0) — x4 (o) dc) dt

+ lim — </ ‘x c—r xll’(c—rb(c))|pd0>pdt

T%+W2T

< i Ly do ) d
—TiTmﬁ_ /O}xzo\ G| dr
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li Pd %dt
+T_i>1}riooﬁ /\xz —1"(0))[" do :

By (3.41) and (3.42) we obtain

1

2T/ (/ 1G4 (o) \"dc)pdr—o. (3.48)

It remains to show that ¢°(-, b( N, xb(-—=rb()) € PAPO(U’((O, 1),R)). We have
already shown that the function u?(-) = (x%(-),x2(- — (")) € AP(R,L*((0,1),R?)).
Since the function ¢* € PAPy(R x R?, L? (0, 1), )) hence by applying the compos-

ition theorem of ergodic functions (cf. [22]), we get ¢°(-,u(-)) € PAPy(LP([0,1],R)
such that

1

P
Tlgroioﬁ (/ |0 (0,u} (o |dc) dr = 0. (3.49)
O

Lemma 8. Suppose that assumptions (H3)-(H5) hold. If x(-) € PAASP(R,R) then
—+oo
the function © defined by © : t — / c(t,s)g(s,x(s),x(s — r(s)))ds belongs to
t
PAASP (R, R).
Proof. Using Lemma 7 and hypothesis (HS5) one can easily check that the in-

—+oo
tegral ¢ — / c(t,s)g(s,x(s),x(s — r(s)))ds is well defined. Since the function

t
[s—> g(s,x(s),x(s—r(s))] € PAASP(R,R), we can write g = g; + g» Where
gt € AA(R,LP((0,1),R)) and g4 € PAPy(R,LP((0,1),R)) such that

' 1 T [ prtl ) 5
Jim [ ] < /, 122(0)| d6> dr = 0. (3.50)

Q) = /t+wc(t,s)g1(s)ds+/t+wc(t,s)g2(s)ds =0;(t)+Oy(¢). (3.51)

We have already shown that [t — 0,(¢)] € PAPy(R,L?([0,1],R)) (see Lemma 5).

So to prove the SP-pseudo almost periodicity of the function 6(-), it suffices to show

that [ — 0;(7)] € SAA(R,R). Let (s),),en a sequence of real numbers and g is SP-

almost automorphic function then there exists a subsequence (s,),cn and a function
re Ll (R,E) such that

loc

Then

1 P
(/0 \gl(sn+s+t)—g“f(s+t)]pds> ’H—;O, (3.52)
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and 1
1 »
(/ |g1(t +5—sn) —gl(t+s)!”ds) — 0. (3.53)
O n—oo
Set
~+oo
0;(1) = /t c(t,)g’ (s)ds. (3.54)
Then we have
o0 +o0
101 (u+s,)—07(u)| = / c(u+sn,s)g / c(u,s)gi(s)ds
u-+s,

o0 —+oo
e )gl (sn+s8)d / s)ds

—/ & Hg1(su-+5-+1) = g1 (5+1) ds.

1 1
Using Holder’s inequality < +-= 1)
P q

NI :
ortuts) 05001 < ()" ([7e Flartou s - itsrpras)

Then
</ 161 (1t + 1) — ()|Pdu>”
2 t+1 aps %
S(l) (/ / e 2 |gi(sp+s+u)— g’f(s—i—u)]pdsdu)
q
2 '+ / NP du! %
<[ — — sp4+u)—gi(u u
<) (B) ([t -sicorrar)
Since
41 »
lim (/ lg1(sn+u)— |pds> =0, (3.55)
n—y+oo t
we obtain
1+1 »
lim (/ 101 (1t + 5,) — |pdu> 0. (3.56)
n——+oo t

On the other hand, we have

oo oo
107 (1 —s,) — 01 ()] < / ek(”*“‘)gjf(s—sn)ds—/ Mg (s)ds

~+o0
< [ g5 —s) — g (s)lds




SP-ALMOST PERIODIC AND SP-ALMOST AUTOMORPHIC SOLUTIONS 231

e —As| %
:/o e Mlgi(stu—s,) —gi(s+u)lds.

11
Using Holder’s inequality < +-= 1) we get
P q

1 1
2N\ [ e g »
oite—s)~0u00 < ()" ([ e Flerts st —gis )

Now using Fubini theorem we get

(" it~ el<u>|Pdu)'l’
<(n ) ([ [ e *hitsrn—arulraa)
() () ([ et - swrpar)

Using the fact that
'+1 %
Jim ( /t g7 (W —s2) — &1 (u')|” du’) =0, (3.57)
we get
t'+1 %
i < /, 167 (14— 5,) — B (u)|pdu) —0. (3.58)
Therefore, @ : 1 — /t+wc(t,s)g (s,x(s),x(s —r(s)))ds € PAASP(R,R). O

Theorem 2. Assume that (HI)-(HS) hold. If m < 1, then (3.1) has a unique S?-
pseudo almost automorphic solution with

1 1 1 1
_ t2a-m s D (2 (2 2 (A (2 0oy s
m = max <Lf,Lf(1 r)y e, L (hq) <7»p> Ly (Kq) <7Lp (1—7r") .

Proof. Let us consider the operator I" defined on PAAS? (R, R) by

o0
['(x)(t) = f(t,x(2),x(t —r(z))) —/t c(t,s)g(s,x(s),x(s—r(s)))ds, teR.

By Lemma 6 and (H1) we obtain that the function t — f(z,x(¢),x(t — r(t))) is con-

tinuous. Furthermore, using Lemma 7 and (HS), we get that the integral defined by
o0

t— / c(t,s)g(s,x(s),x(s —r(s)))ds exists. Thus, I'x is well defined. Moreover,

from Lémmas 7 and 8 we deduce that

I : PAAS?(R,R) — PAAS?(R,R).
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Let x,y € PAASP(R,R), by making a change of variables and according to Holder’s
1 1

inequality < +-= 1> we get
2}

E+1 %
sup ( / ITx(r) —Fy(t)]”dt)
EeR \’/€
1

£ ;
< sup ( / L) —5(0) L2 el — () — (1 r(r))\)”dr>

EeR

1
2\« © _ps E+1
+<7»q)q </o e ? sup : (Lyly(t+s) —x(t+35)]

EcR

+ Lﬁb’(t—i—s—r(s)) —x(t+s— r(s))\)pdt ds) ’

1S »
< sup ( / L) — (0 L2 bxlo — () — (1 r<z>>\)”dr)

EeR

1
2\ = hes 5+l 1 / /
+ | — X /e 27 su L,|y(t") —x(t
(7“‘I> ( 0 E,,’e%l)R < ( g’y( ) =)

LI () —x(t' - r<r>>|>”d”ds> 7}

1
p

£
< sup ( / L) —(0) L2 el — () — (1 — r<r>>\)”dr>

EeR

() ()

=
N
w2
=
o]
g
*
=
o9 —
<
—
-~
\_:
\
=
—
~
—

| (2 i/ 2\
<Lyllx—yllsr +Lg v " [[x = ylls»

5 , _1 E+1-r(&+1) » [z
3 0=r0) P ([ ) —soirap )
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1
1 E+1—7 »
<Ll —yly + 2 (1—r) p?£<4 uuw—ymnﬂm)
(S

e (2 (2) el
£\ Mg Ap >

1 1
2\4e [/ 2\7 1 E+l-r g
+L2<) <> 1—r") 7su </ x(p) — pa’)
(i) () a=r b ([ o) —vtorap

<mllx—ylsr,

where

1 1 1 1
(2 (2V 2V (2 ( 2V e
m-max(Lf,Lf(l r) ’Lg<7uq> (kp) ’Lg<7uq> <7up> (1—7r") )

Since m < 1, the operator I : (PAASP(R,R),|| - ||lsr) —> (PAASP(R,R),]| - ||sr) is a
contraction. Therefore, by applying the Banach fixed point theorem there is a unique
x. € PAASP(R,R) such that I'(x, ) = x., which corresponds to the unique S”-almost
periodic pseudo solution of the equation (3.1). O

4. APPLICATION

The purpose of this section is to show the existence and uniqueness of the S”-
pseudo almost periodic and S”-pseudo almost automorphic solutions of the following
logistic differential equation

X (t) =ax(t) +ox'(t —r(t)) — q(t,x(t),x(t — r(t))) + h(t). 4.1)

But rather than dealing with equation (4.1) we will study the existence and uniqueness
of SP-pseudo almost periodic and S”-pseudo almost automorphic solutions of the
following integral equation

~+oo
x(1) = ox(t —r(1)) — / [a(s, x(s),x(s = r(s))) — aow(s — r(s))]e"“*ds + p(1),

t (4.2)
where 7 : R — R, ¢ : R x R? — R are continuous functions, p : R — R a dif-
ferentiable function, a > 0, 0 < |a| < 1 are respectively constants and r(-) is a time-
dependent delay. Indeed, let x a solution of (4.2) then

X (t) = ou'(t —r(t)) —q(t,x(t),x(t — r(t))) + aox(t — r(t))
_ a/f [q(s,x(s),x(s —r(s))) — aox(s — r(s))]e“(’_s)ds + (1)
=a {W(t —r(t)) - /, g5 x(s), x(s — £(5))) — aoux(s — r(s))] s

o (t = r(t)) — q(t,x(t), x(t = ) + P (1)
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= ax(t) + 0w (t — r(t)) — q(t,x(t), x(t = r(t))) + h(t),
where h(t) = p/(t). Then, the solutions of equation (4.1) are exactly those of the
integral equation (4.2).
4.1. Stepanov-like pseudo almost periodic solutions

We will study the SP-pseudo almost periodic solutions of (4.2). For this study, we
formulate the following assumptions

(H1) ¢g:R x R? — R is SP-pseudo almost periodic function, i.e.
¢ =i+, (4.3)
with ¢} € AP(R x R?,L7((0,1),R)) and ¢5 € PAPy(R x R%,LP((0,1),R))

such that
1 T [ g+l ’
lim — / < / |q2(6,u)|”d6> dr =0, (4.4)
t

T—+0 2T J_T

uniformly for all u € R?.
(H2) g is Lipschitz, i.e. 3L!, L2 > 0 such that Vx, x2, y1, y2 € R

9 ~q

lq(t,x1,%2) — q(t,y1,92)| < Lylacy — yi| + Lo |x2 — ya. 4.5)

(H3) p:R — Ris SP-pseudo almost periodic function, i.e.
P =pi+r (4.6)

where p? € AP(R,LF((0,1),R)) and p5 € PAPy(R,LP((0,1),R)) such that
1 T t+1 %

Jim 1 ] ( /, |p2(6)|pd6) dr = 0. @.7)

(H4) The function ¢ — r(t) € APSP(R,R)NC!(R,R), with
0<r(t) <7, r(t)<r <l. (4.8)

Theorem 3. Assume that (H1)-(H3) hold. If m| < 1 then (4.2) has a unique SP-
pseudo almost perodic solution, where

w18 2) () 0o (2)'(3))

Proof. Let the operator A defined on PAPS?(R,RR) by

A(x)(1) = oux(r —r(1)) — /t+°° [q(s.x(s),x(s = r(s))) — acu(s — r(s))] e Vds+ p (7).
4.9)
Ax € PAPSP(R,R). In fact, pose

SCxC)sx( = () = ox(- = r()) +p(), (4.10)
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and

8, x(),x(- = () = lg( x(),x(- = () —aox(- — r(-))]. (4.11)
Since, [t — x(t)] € PAASP(R,R), Lemma 3 implies that

[t — x(t—r(t))] € PAPSP(R,R),
for all t € R. Thus,
[t — ox(t —r(t))] € PAASP(R,R),
for all € R. In accordance with Lemma 4, the function
[t — f(t,x(t),x(t—r(t)))] € PAPSP(R,R).
Moreover, under (H1)-(H2) and using Lemma 4, we obtain that the function
[s = q(s,x(s),x(s—r(s)))] € PAPS?(R,R).

As previously we show that the function [s — —aowx(s — r(s))] € PAPSP(R,R), for
all t € R. Then, [s— g(s,x(s),x(s—r(s)))] € PAPS?(R,R), as being the sum of
two SP-pseudo almost periodic functions. It follows from Lemma 5 that

oo
[t — / [q(s,x(s),x(s — r(s))) —aowx(s — r(s))] e ds| € PAPSP(R,R).
t
Therefore we deduce that Ax € PAPS? (R, R).
Let x, y € PAPSP(R,R), then
| Ax(t) — Ay(1)]
< ow(z — (1)) —oy(t — (7))

[ g5.3(5)(5 - 7(5) = alss2(s) 205 r(5)
+ aox(s —r(s)) —aoy(s—r(s))|ds

< et —rle) ~ayle )]+ [ & lals-Hy(s 40,505+ —r(s+0)
—q(s+t,x(s+1),x(s+t—r(s+1)))
+ aox(s+t—r(s+1)) —aoy(s+t—r(s+t))|ds
2\ ¢
< e o)~ (e )|+ ()
X /Owe# lg(s+1,y(s+1),y(s+t—r(s+1))) +aox(s+1—r(s+1))
—q(s+t,x(s+1),x(s+t—r(s+1))) —acy(s+t —r(s+1))|"ds.

So, using Fubini’s theorem and Minkowski’s inequality we have
1

sap ([ 1axt) - o)

EcR
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< sup (/;H loue(t — (1)) — oyt — r(t))|pdt) : + <2)‘1’

EeR aq
oo —aps §+1
x /0 e ¥ sup [ fatu(s 1= r(s-+0)) (s Y)Y = (5 +)
EcR

1
P

—q(s+t,x(s+1),x(s+t—r(s+1))) —aoy(s+1t— r(s—i—t))|pdtds>

< sup (/:H |oue(r — r(t)) — oy (z — r(t))|pdt> : + (2>l’

EeR aq

oo _aps E+1 , ,
/ e 2 sup |laoux(t' — ("))
0 EerRV/E

1
P

+q(t' y(t),y(t" = r(t') = q(t",x(t"), x(t' = r(t))) —aoy(t’ —r(r')) \pdl'dS>

Szgﬂg (/;“ |ch(t—r(t))—OCy(t—r(tmpdt)1la+ <azq>q <aZp>zl’

g+l
sup ( /é jacee(s’ = (1)) +q(t', y(t),y(t' = (1))

E'eR

1
P

— q(t',x(@'),x(t' —r(t")) —aoy( —r(t") }pdt’>

- ?,ZE </;H |owe(t — (1)) — oy (r — r(t))lpdt> % + (azq>; <a219>]L

g+l 1
sup (/EJ + (Lé‘y(t/)_x(tl)‘—l-(l‘é—aoc) ‘y(l‘/—r(t/))—X(t/—r(t/))‘)pdt’)

< az;g (/;H x(t —r(t)) —y(t — r(t))|pdt> : + (;q); (jp) % L,

&,Jrl / NP / r
sup</ (') —x(t)| dt>
geR \/&
1

+ (;q) % (azp> : (L; — act) &S',lgl; (/jH (" = r(t')) —x(t' = r(t)) \”dz’) ’
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E+1—r(E+1) P
<a(l—7(r))sup (/ |x(t") —y(t) ’pdt’>
EeR \/E-r(8)
1

2\i [ 2\7 |
+{ =] | =) Lyllx=ylls
aq ap

1 1
2N 2D , ( /é’+1f<é’+l> )
+ = — ) (Lz:—ao) (1=r(t")) su y(t) —x(2)|P dt
(aq) (p) @ aog (1) s ([ b —xt0)

1

<o(l—r")sup (/:H_r |x (1) —y(t’)‘pdt’> '

EcR r

—r
1 1
2\ [/ 2\7
=) (=) Lillx—ylls
ag) \ap

1 1 1

2\ /[ 2\7r E+1-7 »

+(— =) (L}—a0) (1 —r")su </ y(t) —x(t pdt’)
() (&) @ty ([ 1) -xt0

< m1||x—yHSf%

with

s = (w_,,*),L; (;q)é (;)é,@_m@;_m) <;qy <;p)¢>.

As m; < 1, the operator A : (PAPSP(R,R), || - ||sr) — (PAPSP(R,R),| - ||sr) is a
contraction. U

4.2. Example 1

Let us consider the following logistic differential equation

X (t) = 3x(t) + x’(t—zr(t)) —q(t,x(t),x(t —r(1)))+h(t), 4.12)

where g : R x R — R defined by:
g(t,sin(t), sin(r — cos(r))) = <sin(t) n sin(ﬁt)) [sin() -+ sin(t — cos(t))]
[sin(¢) 4 sin(f — cos(t))]
1412
= q (¢,sin(t),sin(t — cot(t))) + g2 (t,sin(t), sin(t — cos(t))).
h:R — R defined by h(r) = hy (1) + ha(t), with

—sin(t) fort #km
0 fort =km

4.13)
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and
hy(t) = arctan(r). (4.14)
Solving (4.12) returns to work out the following integral equation
x(t—r(t Foo 3x(s—r(s _
w(0) =5 [ atsoxs)xts = o) = SN S0,
(4.15)
where the function p : R — R defined by p(¢) = p;(t) + pa(t), with
cos(t) forr#km
t)= 4.16
P {k for = km (10
and
1
)= ——. 4.17

Firstly, the function ¢5(-) € AP(R x R?,L”((0,1),RR)). In addition, the function ¢4 €
PAPy(R xR?,LP((0,1),R)). Then, the function g : R x R? — R is S”-pseudo almost
periodic, thus hypothesis (H1) holds. Secondly, the function ¢ is Lipschitz. Then
hypothesis (H2) holds. Meanwhile, it is well-known that [t — p;(7)] € SAP(R,R)
(cf. [8]). Moreover, p5(-) € PAPy(R,L((0,1),R)). Then p(-) € PAPS?(R,R), which
implies that (H3) holds. Now, by virtue of Theorem 3 equation (4.15) admits a unique
SP-pseudo almost periodic solution when m; < 1, with
2\ 7
<3p> '

1 (2 i (2\r 3(2
m; =max | = — — — | =
! 27 \3q/) \3p) '2\3¢
4.3. Stepanov-like pseudo almost automorphic solutions
We will study the S”-pseudo almost automorphic solutions of (4.2). For this study,
we formulate the following assumptions

Q=

(H1) ¢: R xR?* — R is SP-pseudo almost automorphic, i.e.

9" =41+, (4.18)
where ¢¢ € AA(R x R?,L7((0,1),R)) and ¢4 € PAP)(R x R?,LP((0,1),R))
such that

1 T t+1 %
Jdim [ ( /t \qz(o,u)\pdc) dr =0, (4.19)

uniformly in u € R2.

(H2) g is Lipschitz, i.e. 3L, Lg > 0 such that Vxq, x2, yi, y2 € R

lg(2,x1,52) — q(1,y1,92)] < Lylxr — 1| +Li|x2 = yal. (4.20)
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(H3) p:R — R is SP-pseudo almost automorphic, i.e. p’ = p? + plz’ where p? €
AP(R,LP((0,1),R)) and p5 € PAPy(R,L?((0,1),R)) such that

T 1 5
lim i/ </t+ |p2(0)|”d0> dr = 0. 4.21)

T—+ 2T J_T
(H6) The function ¢ — r(t) € C!'(R,R) with
0<r(t)<7, r(t)<r <1, (4.22)

Theorem 4. Assume that (H1)-(H3) hold. If my < 1 then (4.2) has a unique SP-
pseudo almost automorphic solution where

1 1 1 1
2\e [ 2\ 2\e [ 2\
my = max <OL<1 —r") ,Lé () ! (> ’ J(1—=7") (Lé —an) <> ! () p) .
aq ap aq ap
Proof. Let the operator A, defined on PAAS?(R,R) by

M) (0=t —r(0) = [ latsx(5)x(s = rls))) — atls —r(s))] s - pl0)
Now, showing that A, (x) € PAAS?(R,R), set the functions

f('ax(')vx('_r(t)»:a‘x('_r(t»_'_p(')? (4.23)
and

8(,x(:),x(- —r(1))) = [q(-,x(-),x(- = r(2))) — aoux(- — r(z)).] (4.24)
Since, x(-) € PAAS?(R,R), Lemma 6 implies that

[t — x(t —r(t))] € PAAS?(R,R).
Then
[t — ox(t—r(t))] € PAASP(R,R).
By Lemma 7 we obtain that
[t — f(t,x(t),x(t —r(r)))] € PAASP(R,R).
Assumptions (H1)-(H2) and Lemma 7, yield that
[s = q(s,x(s),x(s —r(s)))] € PAASP(R,R).

Moreover, as previously we show, [s — —aow(s — r(s))] € PAASP(R,R). Hence, the
function [s — g(s,x(s),x(s —r(s)))] € PAASP(R,R), as the sum of two S”-pseudo
almost periodic functions. Then, it follows from Lemma 8 that

{t 7 /t " g(sx(5) (5 — r(5))) — atux(s — r(s))] " ds| € PAAST (R, R).

We deduce that Apx € PAASP (R, R). It remains to show that A, admits a unique fixed
point. Let x, y € PAASP(R,R)

|[Aax(t) — Aay(r)| < |ouc(t — (7)) — oy (= r(1))]
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oo
+/t e |g(s,y(s),y(s = 1(s))) — q(s,x(s),.x(s — 7(s)))
+ aowx(s —r(s)) —aoy(s —r(s))|ds
< lowx(r—r(t)) —oy(t —r(t |+/ e “lg(s+t,y(s+1),y(s+t—r(s+t1)))

—q(s+t, x(s+t) x(s+t—r(s+1)))
+ aox(s+t—r(s+1)) —aoy(s+1—r(s+1))|ds

< Jotx(t — (1)) — ay(t — r(e))] + (2)

qa
x [ e gl (s 005+ = rls0) + aonlst £ = (s 1)
—q(s+1,x(s+1),x(s+t—r(s+1))) —acy(s+t—r(s+1))|"ds.

So, using Fubini’s theorem and Minkowski’s inequality we have

1

E+1
sup < / Aax(t) = Aay(r ]”dt)
EcR \/&

<sup /;“ oo =(0)) - oy (e )"t . (jq)‘l’

EeR aq

oo —aps §+l
X (/0 e ? sup : laox(s+t—r(s+1))+q(s+t,y(s+1),y(s+1—r(s+1)))
EeR

1
P

—q(s+t,x(s+1),x(s+t—r(s+1))) —aoy(s+1— r(s+t))|pdtds>

5 2‘5‘3 </j+] lowx(r — (1)) — oy(t — r(z))|” dt> % + (;q) é

te aps S / /
x / e P sup [ Jaou(t — r(r'))
0 Eer/E

1
p

+q(t y(t),y(t" = r(t')) = q(t",x(t"), x(t' = r(t))) —aoy(e" —r(t \pdt’dS>

o[- o) () (2)
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g+l
sup (/ |aou(t" = (') +q(t', y(t") (¢ = r(1')))
SN

= q(t",x(t"),x(t' = (1)) — aoiy(t' — r(t')) \pdt’>

< sup ( /;“ Jowe(t = (1)) — —r<t>>|f’dt) . <2q> <2p>

EeR
1

&+ !
sup </ ! (Ll ‘y(ﬂ) _x(t’)’ + (L,i—aoc) |y(t’—r(t’)) —x(t’—r(t’))’)pdt’>

&'eR

<asip ([ te—ri) -0y ar) " (zq) (Cfp);Lé

EeR

sup </é’+1 y(t) —x(t')‘pdt’);)

EeRr /

! <2q> <2p> % (L —ao) sup ( [ e -y —X(f/—r(f'))\pdt’)})

1

E+1-r(E+1) P
<a(l—r(r))sup (/ |x (1) —y(t’)|pdt’>
EeR \/&-r(§)

2 é 2 % |
(=) () Lilx=yls
ag) \ap
1

1 1 |
2\ (2) / ( /é’+1r<a+1> o ) ;
+ | — — L:—ao) (1 —r(z su y(t') —x(t dr
(aq) (ap) ( q )( ( ))é’e% ) ‘ (") —x( ){

1

1 1
St z 2\ /2\7
<a(l—r")su / x(t) —y(¢ pdt’) +<> <> LYx—
=y (7)) 2)(2) Ll

¥ (Zq) (2) " @2 -a0)( ) ( L b -swrar)’

S mzHX—)’HSIH

with

s = (au_m,L; (2)(2) 0= (2) @)ﬁ).
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As my < 1, the operator A, : (PAASP(R,R), || - |ls») — (PAASP(R,R),|| - ||s») is a
contraction and the result holds by Banach’s fixed point theorem. n

4.4. Example 2
In order to illustrate Theorem 4, we consider the following logistic differential

equation

xX(t—r())
4
where ¢ : R x R — R defined by:
[sin(¢) 4 sin(t —cos(t))]  [sin(z) + sin(¢ — cos(t))]
2+ cos(t) +cos(v/2t) 1+12
= q(¢,sin(z),sin(t —cos(t))) + g2 (t,sin(z), sin(t — cos(z))),
and h: R — R defined by h(r) = hy(t) + ho(t) where

sin(¢) ++/2sin(v/2¢) cos < 1 >
(24 cos(t) +cos(v/2t))? 2+ cos(t) +cos(v/2t)

X (t) = 2x(t) + —q(t,x(t),x(t —r(t))) +h(t), (4.25)

q(t,sin(t),sin(t —4)) =

hi(t) =
and
hy(t) = arctan(z). (4.26)
Rather than dealing with (4.25) we will study the following integral equation

w(0) = XD [ san(opats - o) - 2D e as g,

2 2
(4.27)
the function g is $P-pseudo almost automorphic and lipschtizian. In addition, the
function p : R — R is defined by p(r) = p;(¢) + p2(t) where

1
= si 4.2
Pi(D) Sm<2+cos(l)+sin(\ﬁt)> (4:28)
and
1
p20) =175 el (4.29)

belongs to PAASP(R,R). Hence, one can deduce that all the assumptions (H1), (H2)
and (H3) of Theorem 4 are satisfied and thus equation (4.25) has a unique S”-pseudo
almost automorphic solution.
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