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Abstract. In the paper, starting from the Rodrigues formulas for the Chebyshev polynomials of
the first and second kinds, by virtue of the Faa di Bruno formula, with the help of two identities
for the Bell polynomials of the second kind, and making use of a new inversion theorem for
combinatorial coefficients, the authors derive two nice explicit formulas and their corresponding
inversion formulas for the Chebyshev polynomials of the first and second kinds.

2010 Mathematics Subject Classification: 11B38; 11C08; 26C05; 33C45; 33C47; 33D45

Keywords: explicit formula, inversion formula, Rodrigues formula, Chebyshev polynomial of
the first kind, Chebyshev polynomial of the second kind, Faa di Bruno formula, Bell polynomial
of the second kind

1. INTRODUCTION

It is well known [5—7, 31] that the Chebyshev polynomials of the first and second
kinds Ty, and Uy, (x) are very important in mathematical sciences and that, in the study
of ordinary differential equations [5, pp. xxxv and 1004], they arise as solutions to
the Chebyshev differential equations

(1—x2)y"—xy +n%y =0 and (1—-x2)y"=3xy +n(n+2)y =0

for the Chebyshev polynomials of the first and second kinds 7,, and U, respectively.
In [6, Eqgs. (4.30) and (4.31)], the Rodrigues formulas for the Chebyshev polyno-
mials of the first and second kinds 7;, and U, read that

2"pn! d" n—
Ta(x) = (=1)" (Zn”)! (1-33) "2 (12" (L.1)
and
2" (n+ 1)) _iy2 .
Un(x) = (-1) (;:—Jrl))!(l—xz) 1/2m[(1—x2) 21 aw

For variants of the Rodrigues formulas for the Chebyshev polynomials of the first and
second kinds 7;, and Uy, please refer to, for example, [5, pp. 1003—-1004], [7, p. 442],
[19, Section 4], and [3 1, pp. 432-433].
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n [5, p. 1003], the Rodrigues formulas for 7, (x) and Uy (x) are written in the

forms
p V1=x2 d" 2\n—1/2
Tu(x) = (=1) n Dl dx —[(1-x?) ] (1.3)
and

=D)"n+1) 4" [(l_xz)n+1/2]‘
V1—-x22n+1)ndx”
In [5, p. 1004] and [3 1, pp. 432-433], the Rodrigues formulas for 73 (x) and Uy (x)
are formulated as

_ (_l)nﬁ n1/2 d” 2\n—1/2

Un(x) = (1.4)

and

Un(x) =

(—1)nﬁ(n+1)(1_x2)—1/2$[(1_xz)n+1/2]’ (1.6)

2+l (n+43/2)
where I"(z) stands for the classical gamma function which can be defined [8, 16] by

nln%

r —,
()= n—>oo l_[k 0(

zeC\{0,-1,-2,...}

or by
o0
I'(z) = [ t*7le7dt, M(z) > 0.
0
In [7, p. 442], the Rodrigues formulas for 75 (x) and Uy, (x) are arranged as

(1 —x2)1/2 dr

(=2)"(1/2), dx" L@ _xz)n_l/z] (1.7)

Ta(x) =

and

(n+1)(1 —xz)_l/2 d"

_ _ n+1/2
Un) = G, (49

where (x), forn > 0 and x € R denotes the rising factorial which can be defined [22]
by

I'(x+ n)
I"(x)

By virtue of the recurrence relation I'(x + 1) = xI"(x), we have

) Je ) - (s

£=0

x(x+1)---(x+n-1), n>1;

(X)n = 1‘[<x+£) | o

£=0
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) i) (), 5 -

£=0

and

Substituting these into (1.5) and (1.6) respectively leads to (1.3), (1.4), (1.7), and (1.8)
which are equivalent to (1.1) and (1.2) respectively.
In [31, pp. 432-433], it was listed that

I.n/ZJ
T(x) = Z(— = P )),(Zx)"‘z’" (1.9)
and
[n/2]
= 3 (-1 e am, (110

where n € N and || denotes the floor function whose value equals the largest integer
less than or equal to 7.

In this paper, starting from the four formulas (1.1), (1.2), (1.9), and (1.10), by vir-
tue of the Faa di Bruno formula, with the help of two identities for the Bell polynomi-
als of the second kind, and making use of a new inversion theorem [28, Theorem 4.3]
for combinatorial coefficients, we will derive the following two nice explicit formu-
las and their corresponding inversion formulas for the Chebyshev polynomials 7},
and U,.

2. FOUR LEMMAS

For proving our main results, Theorems 1 and 2 below, we need the following four
lemmas.

Lemma 1 ([4, pp. 134 and 139]). Forn >k > 0, the Faa di Bruno formula can be
described in terms of the Bell polynomials of the second kind B,,  (x1.,x2,...,Xp—k+1)
by

Ly h(z)—Zf“‘)(ha))Bn,k(h/(r),h“(z),...,h<"—k+“(z)). @1

de»
k=0

Lemma 2 ([4, p. 135]). Forn >k > 0, we have

bn—k+1

B, k (abxl,abzxz, ....a xn_k+1) =akp" By k(X1,X2,.... Xp—+1), (2.2)

where a and b are any complex numbers.
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Lemma 3 ([13, Theorem 4.1] and [27, Section 3]). For n >k > 0, the Bell poly-
nomials of the second kind B,, j (x1,Xx2,...,Xp—k+1) satisfy

1 n! k 2k—n
Bn,k(x,l,O,...,O):Zn—_kk—!<n_k)x s (23)

where (8) zland(s):Oforq>p20.

Lemma 4 ([28, Theorem 4.3]). For n >k > 1, let s; and Sy be two sequences

independent of n. Then
n
Sn _ k k
o —kZ(—l) (n_k)sk
=1

if and only if

n k
(—D* (2n—k—1
nS, = Sk -
4 Z(k—l)! n—1 %
k=1
3. MAIN RESULTS AND THEIR PROOFS

Now we begin to state and prove our main results, Theorems 1 and 2 below.

Theorem 1. For n > 0, the Chebyshev polynomials T,, and Uy can be explicitly

computed by
ln/2) /) 1\*
Tn(x)=x" Z (26) (1 — ;) (3.D
{=0
and
ln/2] £
o n—+1 1
Un(x) =x" > <2£+1)(1—x—2 . (3.2)
{=0
Proof. By virtue of the formuals (2.1), (2.2), and (2.3), we have
qr =12 n dk un—1/2
Tl (1=x?) ]=ZTBn,k(—2x,—2,0...,0)
k=1
n k—1 1
=>"T1 (n —f— E)14"—"—1/2(—2)" B, x(x,1,0...,0)
k=1£4=0
n k—1
1 —k—1/2 1 n!'f k _
=y 5 [[en-20-1(1-x?)" S = F(n—k)x% "
k=17 {=0 ’

_n! 2\n—1/2 - l Q2n—1N ok x2 \*
Q) (1-x7) l;(_l) (n—k) [2(n—k)—1]!!ﬁ(1_x2)
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_nl@n—1)! n—1/2 e, o k 2k x2 \F
T (a0 (1-x%) ;(—1) (n—k)k![z(n—k)—r]u(1—x2) ’

where n € N, u = u(x) = 1 —x2, and the double factorial of negative odd integers
—2n —1 is defined by

(1" 2t
an—nn - Vg =0

Substituting the above established equality into (1.1) and simplifying lead to

(—Hn* n) [2(n—Kk)! n n—k
T()—Z 4n—k (n k)(k)[Z(n—k)—l]!!xzk (1-x%)

which can be rearranged by replacing n — k by £, as

(1)€ n—t\ Qo (1 ¢

e = Q)17 Yol 1)-
1 n n—t\ 2O (n
#\n—t)\ ¢ Jee—nn  \2¢)

we arrives at the identity (3.1).
Repeating the above process, we can obtain

(—2n -1l =

Since

n no ok on+l1/2
dcln [(1-2?)"2 =) MTB,,,,C(—M,—LO...,O)
k=1
n k—1
_Zl_[(n (+- ) n=k+1/2(_2)k B, 1 (x,1,0...,0)
k=14=0

Z n—k+1/ 1 n'f k —n
—kzl l:[(2n—2ﬁ+l) X2)'TE2 e kld( k)ka
ol J\nt1/2 ok Qn+DI 2k x2 \F
T (@2x)n (1-x%) Z_:(_l) (n—k) [2(n—k)+1]uﬁ(1—x2)

_ n!2n+ 1N n+1/2 o k 2k x2 \¥
T (2x)n (1-x%) Z(_) (n k)k'[Z(n k)+1 ]vv(r—xZ)'

k=1
Substituting this into (1.2) and simplifying lead to

DRk N (n+ 1\ 20—k 4+ DI e, n—k
Un(X)=Zm<n_k)< k )[z(n_k)+1]ux2k (1=x%)""

k=1
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Replacing n — k by £ reveals that

n—1 Y
(~D¢ (n+1) (n—C\2E+ D] ,_ ¢
Un(¥) =2 yarei <n—z)( ¢ )(2£+1)nx H-a)

£=0

1 n+1)(n—LY2L+ DM [n+1
226+1\n—¢ ¢ ] e+nn o \2e+1)

we derive (3.2). The proof of Theorem 1 is complete.

Due to

Theorem 2. Forn € N, we have

Z(z”n - )(2x>"Tk(x) Hene
k=1
and

Z k (2” _k )(2x)k Uy (x) = n(2x)?".

Proof. We notice that the formulas (1.9) and (1.10) can be rearranged as

[n/2] n—2m
o= Fan(rr) o

m n—m
m=0

and

Ln/2] o
Un(x) = Z(—l)m< - )(2)6)”_2'"-
m=0

The inversion theorem in Lemma 4 can be restated as

[n/2]
S Z( 1)6(” 6) = 3 1)6(” Z)

if and only if
n 14
-1 2n—{—1
nS, = =1 ( " )sz.

n—1

The formulas (3.5) and (3.6) can be rearranged as

[n/2] 2(n—0)
{
ST = 3 - 1)6(” )%

and

[n/2]
(2x)" Up (x) = Z( 1%( )(2 )20,

(3.3)

(3.4)

(3.5)

(3.6)
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Consequently, we obtain

2x)2" (DR (2n—k -1 i i
= _,;m( L )(—1) 2(k — 1)1(2x)* Ty (x)

and

=Dk [2n—k-1
n2x)*" =3 (ch)l)'( nn—1 )(—l)kk!(Zx)kUk(x)
k=1 )

which can be simplified as (3.3) and (3.4). The proof of Theorem 2 is complete. [J

4. REMARKS

In this section, we will list several remarks to explain more about the formula (2.3),
Lemma 4, our main results, and other things.

Remark 1. To the best of our knowledge, the nice formula (2.3) was first concluded
in [13] and has been extensively applied in the papers [9—-15,17,19,21,23-25,27,29,

] and closely related references therein. The formula (2.3) has been generalized in
the papers [15,17,20] and closely related references therein.

Remark 2. To the best of our knowledge, Lemma 4 is a new inversion theorem and
has been applied in the paper [10, 18, 19,26].

Remark 3. Because both the formula (2.3) and Lemma 4 are new, our main results
stated in Theorems 1 and 2, or at least their proofs, are also new.

Remark 4. The Chebyshev polynomials are classical, but their study is still very
active. As examples, we recommend three newly-published papers [1-3] to readers.
Considering the length of this paper, we would not like to detail main results in these
three papers and the closely-related references therein.

Remark 5. This paper is a slightly revised version of the preprint [19].
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