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Abstract. In this work we solve in closed form the system of difference equations

aynXp—1+bxp—1+c axpyn—1+byn—1+c
Xn+1 = s Yn4+1 = s
YnXn—1 XnYn—1

where the initial values x_1, xp, y—1 and yg are arbitrary nonzero real numbers and the paramet-
ers a, b and ¢ are arbitrary real numbers with ¢ # 0. In particular we represent the solutions of
some particular cases of this system in terms of Tribonacci and Padovan numbers and we prove
the global stability of the corresponding positive equilibrium points. The results obtained here
extend those obtained in some recent papers.

n=0,1,..,
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1. INTRODUCTION

We find in the literature many studies that concern the representation of the solu-
tions of some remarkable linear sequences such as Fibonacci, Lucas, Pell, Jacobsthal,

Padovan, and Perrin (see, e.g., [1,6,9, 10, 12—14,20]). Solving in closed form non
linear difference equations and systems is a subject that highly attract the attention of
researchers (see, e.g.,[3-5,7,8,11,16-19,21]) and the reference cited therein, where

we find very interesting formulas of the solutions. A large range of these formulas
are expressed in terms of famous numbers like Fibonacci and Padovan, (see, e.g.,
[8, 16, 18]). For solving in closed form non linear difference equations and systems
generally we use some change of variables that transformed nonlinear equations and
systems in linear ones. The paper of Stevic [15] has considerably motivated this line
of research.

The difference equation

c

_l’_

Xpt1=a+ —
Xn—1 XnXn—1
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was studied by Azizi in [2]. Noting that the same equation was the subject of a very
recent paper by Stevic [17].
In [21] the authors studied the system
1 + Xn—1 1 + yn—l

Xn+1 = — Yn+1 = ———,
YnXn—1 XnYn—1

Motivated by [21], Halim et al. in [8], got the form of the solutions of the following
difference equation

a—+bx,—q
Xn+1 = ’
XnXn—1
and the system
a-+bx,—q a+by,—1
Xn+1= —— Vn+t1 = ——————,
YnXn—1 XnYn—1

Here and motivated by the above mentioned papers we are interested in the following
system of difference equations
aynXp—1+bxp—1+c axpyn—1+byn—1+c
Xn+1 = s Yn+1 = ,n=0,1,..., (1.1)
YnXn—1 XnYn—1

where x_1, X0, y—1 and yg are arbitrary nonzero real numbers, a, b and ¢ are arbitrary
real numbers with ¢ # 0. Clearly our system generalized the equations and systems
studied in [2,8, 1 7] and [21].

2. THE HOMOGENOUS THIRD ORDER LINEAR DIFFERENCE EQUATION WITH
CONSTANT COEFFICIENTS.

Consider the homogenous third order linear difference equation

Ry+1=aR, +bRy_1+cRy—2,n=0,1,.., 2.1

where the initial values Ro, R—_1 and R_, and the constant coefficients a, b and ¢ are
real numbers with ¢ # 0. This equation will be of great importance for our study, so
we will solve it in closed form. As it is well known, the solution (Rn);{;”i , of equa-
tion (2.1) is usually expressed in terms of the roots ¢, f and y of the characteristic
equation

A3 —ar*—br—c =0. (22)
Here we express the solutions of the equation (2.1) using terms of the sequence
(J);F 25 defined by the recurrent relation

Jnyz=alns2+bJysr1+cty, neN, (2.3)
and the special initial values

Jo=0, Ji=1land Jy =a. 2.4)
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Noting that (R,,):i’i » and (J,,): 24 have the same characteristic equation. Also if
a = b = ¢ =1, then the equation (2.3) is nothing other then the famous Tribonacci
sequence (7,)129.

The closed form of the solutions of {J, ;f 2% and many proprieties of them are well
known in the literature, for the interest of the readers and for the purpose of our work,
we show how we can get the formula of the solutions and we give also a result on the
limit

. I
lim .
n—oo J,

For the roots ¢, 8 and y of the characteristic equation (2.2), we have

a+pf+y=a
afp+ay+pBy=->b (2.5)
afy =c.

We have:
Case 1: If all roots are equal. In this case

Jn=(c1+con+ C3I’12) ol

Now using (2.5) and the fact that Jo =0, J; = 1 and J, = a, we obtain

n o n?\ ,
n = (Z—F%)a . (2.6)
Case 2: If two roots are equal, say S = y. In this case
Jn =c1a” + (c2 +c3n) p".
Using (2.5) and the fact that Jo =0, J; = 1 and J, = a, we obtain

o —a n
Jp=——=0a"+ ( + ),B". 2.7)
T (B-w)? B-a)? P-o
Case 3: If the roots are all different. In this case
Jn =cra” + " +c3y”.
Again, using (2.5) and the fact that Jo =0, J; = 1 and J, = a, we obtain
(04 n _IB n Y
= o + B" + Y
(y—a)(f—a) (y=B)(p—a) (y—a)(y —B)
In this case we can get two roots of (2.2) complex conjugates say y = 8 and the
third one real and the formula of J, will be

Jp = — ot + — i B+ — _
(B—a)(f—a) (B—P)B—a) (B—a)(B—B)

Consider the following linear third order difference equation
Sp41=—aS, +bSy—1—cSp—2,n=0,1, ..., (2.10)

JIn

", 2.8)

P B". (2.9)

o
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the constant coefficients a, b and ¢ and the initial values Sp,S—1 and S_, are real
numbers. As for the equation (2.1), we will express the solutions of (2.10) using
terms of (2.3). To do this let us consider the difference equation

Jn+3 =—ajn+2+Djny1—Cjn, neN, (2.11)
and the special initial values
Jjo=0, ji=1land j,=—a. (2.12)
The characteristic equation of (2.10) and (2.11) is
A} +ar?—br+c=0. (2.13)

Clearly the roots of (2.13) are —«, —f and —y. Now following the same procedure
in solving {J(n)}, we get that

jn)=(=D)" ().
Lemma 1. Let o, B and y be the roots of (2.2), assume that « is a real root with

max(|a|:[B]:|y[) = lel|. Then,

. Jn—H
lim
n—o00 Jn

Proof. If a, B and y are real and distinct then,

. Jnt1
1m
n—oo J,
# n+1 _'B n+1 Y n+1
= lim 06— ' e=pE-w" a5
n—oo o ot + —B B+ Y pr
(y—o)(f—a) (y—B)(B—-a) (y—a)(y—p)
o Otn+1 N _ﬂ ﬂn—H Y yn+1
— lim Oln-i-l ()/—Ol)(ﬂ—a) antt1 (V—ﬂ)(ﬂ_a) anitt1 (7/—01)(7/—,3) an+l1
n—oo #ﬁ N —B ﬁ+ " ﬂ
y—)f-a)e  (y=PB-a)a"  (y—a)y—p)a"
o —B é)”“ y 7\
B 2 Y/ R IR 2 1/ ) (a 700 &)
n—00 o " _IB (é)n+ y (Z)n
y—a)f—a) (y—P)(B—a)\« (y—o)(y—p) \e
= .

The proof of the other cases of the roots, that is when « = 8 = y or 8, y are complex
conjugate, is similar to the first one and will be omitted. 0

Remark 1. If « is areal root and f8, y are complex conjugate with

max(le|:[B1:[B]) = [B] = |BI.
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. Jns .
then lim nt doesn’t exist.

n—oo

n

In the following result, we solve in closed form the equations (2.1) and (2.10) in
terms of the sequence (Jn)::;x(’). The obtained formula will be very useful to obtain
the formula of the solutions of system (1.1).

Lemma 2. We have for all n € Ny,
Ry =cJyR2+ (Jn+2—aJn+1)R-1+ Ju+1Ro, (2.14)
Sn=(D)"[cJnS—2+ (=Int2+atnt1)S—1+ Jut150]. (2.15)

Proof. Assume that «, 8 and y are the distinct roots of the characteristic equation
(2.2), so
Ry =cijo" +c5B" +c5y", n=-2,-1,0,....
Using the initial values Ry, R—; and R_,, we get

;C’l + ﬁ(‘é + ﬁCé = R_2

L, 1, / (2.16)
— — — - R_ .
acl+,862+yc3 1

¢y 45+ = Ro

after some calculations we get

, o By (y + B)a? o

S Y s SR YR 7 s R v Y I R
o Py R, (@+y)p? R B> Re
T Rl C Y7 ) St oy

o afy? R (a+pB)y? R y?

— o P B - R
S O e (VA (VY ) S () YY) B
that is,
a?By " ap?y " apy? n)
Ry = - R_
((y—a)(ﬁ—a)“ G-pB—-a" To-wme-p’ )R
(_ )L R C e 2 S YR G ) n)R_l

G-0B-a)" " G-PB-a  G-o-p"

aZ " 182 " y2 "
* ((y—a)(ﬂ—a)“ TP Tr—am-p" )R"

+

Ry =cJuR-2+ (Jn+2—aJn+1)R-1 + Jn+1Ro.

The proof of the other cases is similar and will be omitted.
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Let A := —a and B := b, C := —c, then equation (2.10) takes the form of (2.1)
and the equation (2.11) takes the form of (2.3). Then analogous to the formula of
(2.1) we obtain

Sn =CjnS—2+ (n+2— Ajn+1)S-1+ jn+150-
Using the fact that j(n) = (—1)"*1J(n), A= —a and C := —c we get
Sn = (=1)"(cJnS—2— (Jn+2—aJn+1)S—1 + Jn4+150) .

3. CLOSED FORM OF WELL DEFINED SOLUTIONS OF SYSTEM (1.1)

In this section, we solve through an analytical approach the system (1.1) with
¢ # 01in closed form. By a well defined solution of system (1.1), we mean a solution
that satisfies x, y, # 0, n = —1,0,---. Clearly if we choose the initial values and the
parameters a, b and c¢ positif, then every solution of (1.1) will be well defined.

The following result give an explicit formula for well defined solutions of the
system (1.1).

Theorem 1. Let {xp, yn}n>—1 be a well defined solution of (1.1). Then, for n =
0,1,..., we have

cJont1+ (Jangz—adoni2)x—1+ Jontax—1y0

X2n+1 = s
§ cJan + (Jan+2—atan+1)x—1+ J2n+1X-1Y0
oy = cJant2+ (Janta—aJon+3)y—1+ J2nt3x0y—1

+ - )
" clont1+ (Janyz—adani2)y—1+ Jant2Xx0y-1
y _ ¢hant1+ (V2n+3—ad2n+2)y—1 + J2n+2X0y-1
2nt1 =
" cJon+ (J2nt2—aJan+1)y—1+ J2n+1X0y-1
cJoant2+ (Jonta—adany3)x—1+ J2n43X-1)0
Yon+2 =

clont1 + (J2n43 —aJon42)x—1 + Jong2x-1)0
where the initial conditions x_1,x0,y—1 and yo € (R—{0}) — F, with F is the
Forbidden set of system (1.1) given by

F = J{(x=1,%0,y-1,70) € (R—{0}) : 4, = Oor B, = 0},

n=0
where
Ap = Jnr1y0x—1+ (Jn+2—aJpt1)x—1 +cJp,
By = Jut+1x0y-1+ (Jn+2—aJu+1)y-1+cJyu.
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Proof. Putting

Up Up
Xp = y IYn = ,n=-1,0,1,.., 3.1
Un—1 Up—1

we get the following linear third order system of difference equations

Upt1 = AUy +bUp—1 +CVp—2, Upt1 = auy +bvy—q1+cuy—n, n=01,..,
(3.2)

where the initial values u—»,u—1,ug,V—2, V—_1, Vg are nonzero real numbers.
From(3.2) we have forn = 0,1, ...,
Upt+1+Vpy1 = a(vn + un) + b(un—l + Un—l) + c(vn—Z + Un—Z),
Un+1—Un+1 = a(Vp —Up) +bWUp—1 —vy—1) +c(Vy—2 —Un—2).
Putting again
R,=uy,+v,, Sp=u,—v,,n=-2,-1,0,..., 3.3)
we obtain two homogenous linear difference equations of third order:
Rn+l = aRn + bRn—l + CRI’l-Z» n= O’ 15'”7
and
Sn+1=—aSy +bS,-1—¢Sy—2,n=0,1,---. (3.4)
Using (3.3), we get forn = —2,—1,0,...,
1 1
Up = =(Ry 4+ Sn), vn = =(Rpn — Sn).
2 2
From Lemma 2 we obtain,
Uzp—1 = %[CJ2/1—1(R—2_S—2)+(J2n+1 —aJap)(R—1 +S8-1)+ J2,(Ro—S0)],n =1,2,---, 35)
Uspy = %[C-Izn(R—z +8S-2)+(Jant2—atant+1)(R—1 —S—1) +J244+1(Ro + So)],n =0,1,---, .

(3.6)

V2 = 5[CJZn(R—2_S—2)+(J2n+2_a12n+1)(R—l +8-1)+J2n+1(Ro—S0)],n=0,1,-,

Substituting (3.5) and (3.6) in (3.1), we get forn =0, 1, ...,

{UZHI = % [eJan—1(R—2 +S-2) + (Jan+1 —aJ2y)(R—1 = S—1) + J2n(Ro + So)],n = 1,2,
1

i = cJont1(R2—8S2)+ (J2nt+3—atopi2)(R—1+ S—1) + J2n42(Ro — So)

" cJan(Ro2 = S_2) + (2pt+2 —aJap+1)(R_1 + S_1) + Jan+1(Rg = Sg) = (37
Yamiz = cJan+2(R—2 +S—2) + (Jan+a—aJan+3)(R—1 —S—1) + J2n+3(Ro + So) ‘

g coant1(R—2+S-2)+ (Jan+3—aJ2nt2)(R—1 —S—1) + Jan+2(Ro + So)’
Va1 = clon+1(R—2+S-2)+ (Jant3—aJant2)(R—1 —S—1) + J2n+2(Ro + So)

" ¢Jan(R—2+S_2) + (Jant+2 —aJ2nt1)(Ro1 = S_1) + Jant1(Ro+ S9) * (5,
Vamin = cJon+2(R—2—S-2)+ (Jan+a—aJop+3)(R—1 4+ S—1) + J2n+3(Ro — So) :

§ cJant1(Ro2—8-2)+ (Jany3—aJani2)(R1+S—1) + J2n42(Ro— So)
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Then,
R_1+ 5 Ro—So
chont1+ (Janyz—adopt2) ——— +Joant2o5———
N R2—S_ R -S4
n+1 — )
R 1+S5_ Ro—S
¢Jan + (Janta2 —aJani1) b 4 Jpp g
R »,—S_» R_»,—S_
cJ + (J; —al )—R_I_S_1 + —&O+S%)
o 2n+2 2n+4 243 e, TR s,
n+2 —
R_1—-8 Ro+ So
J J —alJ. _ _
cloan+1+ (Jantz—a 2"+2)R_2+S_2 w2 o
3.9
R_;— S_l RO + SO
J J —al. —_— + J _
clont1+ (Jantz—a 2"+2)R_2+S_2 + w2 o
y2n+1 = R—] _S—l RO +SO )
chon+(onr2—adont1) ———+on+15——o—
Rﬁz ++S§2 R_é—i_ S_»
cJonta+ (Janta—adanys) ———— 4 Jopiz— 0
R,—S_, Ro,—S,
e Jon1+ (J J )R_1+S_1+J Ro=5 -
CJoan+1 2n+3 —AJ2p42 R ,—5S, 2n+2 R,—5S,
(3.10)
We have
u—1 R_1+S54 U Ro+ So
1= = , == 3.11
-1 V-2 R_2 — S_2 o V-1 R_1 — S_1 ( )
_ R_{—S_ Ro—S
T e Y _ om0 (3.12)

u—y RH+855 Y= u—1  R1+S85-
From (3.11), (3.12) it follows that,

Ro—So  R_1+S-1_ Ro—So

R S . R S, SR 1S, 1o
—2—35_2 —2—9_2 —1+S-1
Ro+So _ Ro+So R_1—S_4 (3.13)

= x = X0)y—
R+S8>2 R31—-8S1 R2+S85 0=t

Using (3.9), (3.10), (3.11), (3.12) and (3.13), we obtain the closed form of the solu-
tions of (1.1), thatis forn = 0,1, ..., we have

N cJon+1+ (Jan+3 —aJany2)x—1+ Jan+2X-1Y0

+ - £

" cJon+ (Jant+2—aJap+1)x—1+ Jant+1X-1Y0
cIoant2+ (Janta—adoni3)y—1+ Jany3xoy—1

cJont1+ (Jan+3 —adzng2)y—1+ Jan+2x0y—1

X2n+2 =
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_ clant1+(J2n+3 —adan42)y—1+ Jan+2X0Y—1

Yon+1 =
" con + (Jant2—adop+1)y—1+ Jont1x0y-1
_cJant2+ (J2nta—atan3)x—1+ Jan+3X—1)0

Yan+2 )
" cJont1+ (Jonyz—adopr2)x—1+ J2nt2X-1)0

Remark 2. Writing system (1.1) in the form

aynxXn—1+bxp—1+c

xn—i—l = f(xn’xn—l,yn,yn—l) = YnXn—1 ’
axpyn—1+byn—1+c

Yn+1= & Xn.Xn—1,Yn.Yn—1) = X Ym—1

So it follows that points (&, ), (8, 8) and (y,y) are solutions of the of system

_ ayx+bx+c
X=—

VX
__axy+by+c
y= 5

where «, 8 and y are the roots of (2.2).

709

Theorem 2. Under the same conditions in Lemma 1, for every well defined solu-

tion of system (1.1), we have

lim x2p41= lim Xxpp42= lim yzu41 = lim yszu42=oc.
n——+o0o n—+oo n—+oo n—+00

Proof. We have

. _ clon+1+(Jant+3 —adan+2)X—1 + Jan+2y0x—1
lim Xon4+1 = lim
n—00 n=oo cJoy +(Jant2 —adan+1)xX—1+ Jan+1¥0x—1

- cJan+1+ (J2nt+3 —aJan+2)X—1 + Jant2Y0x—1
n=00 cJap +(Jan+2—aJan+1)X—1+ Jan+1Y0X—1

J: J: J: J: J: J: J: J:
o L2t +( 2n+3  Jont2  Jont1 | Jont2 2n+1)x_1+ 2nt+2  Jantl

Yox—1
= i Jon Jont2  Jon+1 Jon J2n+1 Jon Jon+1 Jan
s Jan Jont2 _ Jan+1 Jan+1 Jon+1

c + ( X —a )x_l + YoX—1
Jan Jan+1 Jan Jon Jon

ca+ (a3 —aa?)x_1 +ayox_;
c+ (@2 —aa)x—1 +ayox—;
=a.

In the same way we show that

lim x2p42 = lim yzp41 = lim y2p41 =c.
n—0o0 n—0o0 n—>oo

4. PARTICULAR CASES

Here we are interested in some particular cases of system (1.1). Some of these

particular cases were been the subject of some recent papers.
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axpXp—1+bxy—1+c
XnXn—1

4.1. The solutions of the equation xp4+1 =

If we choose y_1 = x_1 and y¢ = Xg, then system (1.1) is reduced to the equation

b,
T i N 4.1)
XnXn—1

The following results are respectively direct consequences of Theorem 1 and The-
orem 2.

Corollary 1. Let {x,}n>—1 be a well defined solution of the equation (4.1). Then

forn=0,1,..., we have

cont1+ (Jang3z—aJant2)x—1 + Jant2X—-1X0
con + (Jang2—adong1)X—1+ Jony1x-1x0

X2n+1 =

clony2+ (Jonta—adony3)x—1+ Jont3xox—1
cJont1+ (Jants—adany2)X—1 + J2nt2X0X—1

X2n+2 =

Corollary 2. Under the same conditions in Lemma 1, for every well defined solu-
tion of equation (4.1), we have

lim Xxpp4+1 = lim Xx2,42 =c.
n—+oo n—+oo

The equation (4.1) was been studied by Azizi in [2] and Stevic in [17].

4.2. The solutions of the system
YnXn—1+xp—1+1 XnYn—1+Yn—1+1
Xn+1 = » Yn+1 =
YnXn—1 XnYn—1

Consider the system

_ _ 1 _ — 1
Xn+1 = YaFn 1+ Xn1 » Yn+1 = XnYno1 F Yno1 ¥ n € No. 4.2)
YnXn—1 XnYn—1

Clearly the system (4.2) is particular of the system (1.1) witha = b = ¢ = 1. In this
case the sequence {J, } is the famous classical sequence of Tribonacci numbers {77},
that is

Thyz3=Tp42+Ty41+T,, neN, where To=0, Ty =1and 7> =1,

and we have

n+1 ,3"+1 n+1

d 4

fn= B-a)r—a0) B-a)—B) G- —p)

n=0,1,...,

with

14+ V194333 + V19-34/33
o= ,
3
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1+ o V194333 + 02 V19-34/33

p 3 ,
. L+’ V1943V33+0V19-3V33 _ —1+iV3
B 3 2

Numerically we have o = 1.839286755 and the two complex conjugate are
—0.4196433777 + 0.60629073007, —0.4196433777 — 0.6062907300i

with i2 = —1.
The following results follows respectively from Theorem 1 and Theorem 2.

Corollary 3. Let {x,,yn}n>—1 be a well defined solution of (4.2). Then, for
n=0,1,2,3,..., we have

cTont1+ (Tontz—aTzpi2)x—1+ Tont2x-1Y0

X2n+1 = )
" cTon+ (Ton+2—aTzpt1)x—1+ T2n+1X-1Y0
. _ cTopya+ (Tonta—aTan+3)y—1+ Tont3X0y-1
2n42 = ,
§ cTont1+ (Tont3—aTany2)y—1+ Tant2X0y-1
N cTon+1+ (T2n+3 —aTon42)y—1+ Tan2X0y—1

1=
" cTon + (Ton+2—aTont1)y—1+ Tont1X0y-1
cTonsor+ (Tonga—aTons3)x—1 4+ Tont3x—1)0
Yont2 =

cTons1+ (Tongz—aTons2)X—1+ Tont2X-1Y0

Corollary 4. For every well defined solution of system (1.1), we have

lim x2441= lim Xxpp42= lim yzu41= lim yszu42 =0
—>+00 n—-+o0o n—-+o0o n—-4o00

For the equation

XpXpn—1+XxXp—1+1
Xppp = LTI T € N (4.3)
XnXn—1

we have the following results.

Corollary 5. Let {x,}n>—1 be a well defined solution of the equation (4.3). Then
forn=0,1,..., we have

Tont1 4+ (Tons3 —Tang2)X—1 + Tont2X—1X0
Ton + (Tont2—Tont1)x—1 + Tons1X—1X0

X2n+1 =

Tont2 4+ (Tonta—Tont3)x—1 + Ton+3X0X—1
Tont1+ (Tont3 — Tant2)x—1 + Tant2Xox—1

Xon+2 =
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Corollary 6. Under the same conditions in Lemma 1, for every well defined solu-
tion of the equation (4.3), we have
i sone = B s =
Let I = (0,4+00), J = (0,+00) and choosing x_1, X9, y—1 and yo € (0, +00).
Then clearly the system
— _ . Xy+x+1 _ _ . xy+y+l1
x=fxy)=——7—.7=¢x)) = —=—
Xy Xy
has a unique solution (o,«) € I x J, that is («,®) is the unique equilibrium point
(fixed point) of our system
YnXn—1+xp—1+1

Xn+1 = f(xn’xn—l,yn:yn—l) = )
YnXn—1

XnYn—1+Yn—1+1
XnYn—1 .

Ynt+1 = &(Xn, Xn—1,Yn,Yn—-1) =

Clearly the functions

fiI*xJ?—1 and g:I*xJ?>—1
defined by
voup +up+1 uovy +vy+1
Sfuosurivoivy) = ————— and g(uosuriveivy) = ————
VoU1 UoV1

are continuously differentiable.
In the following result we prove that the unique equilibrium point (o, ) of (4.2)
is locally asymptotically stable.

Theorem 3. The equilibrium point (a,®) is locally asymptotically stable.

Proof. The Jacobian matrix associated to the system (4.2) around the equilibrium
point (&, ), is given by

1 a+1
w3 a3
1 0 0 0 0
A=l 441 1
S 0 0 e
0 0 0 1 0

Then, the characteristic polynomial of A is

203 —a2—2a—1 1
Qa” —« o ))k2+

__ 14
PO =214+ 5 6
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and the roots of P(A) are

1 l4a+vV—4a3+a?2+2a+1
X

A= 2 o3 ’
1 1+a+vV—403+a2+20+1
Ay =—5 X :
2 a3
1 —l-a++v—4a3+a2+20+1
Az = =X ,
2 a3
1 —l—a+v—4a3+a2+2a+1
/\4 = —=X .
2 a3
We have |A;| <1, i =1,2,3,4, so the equilibrium point (, ) is locally asymp-
totically stable. U

The following result is a direct consequence of Theorem 3 and Corollary 4.
Theorem 4. The equilibrium point (a,«) is globally asymptotically stable .

Let I = (0,4+0o0) and choosing x_1, xg € (0, +00). Writing the equation (4.3) as

XnXn—1+Xn—1+1

Xp+1=h(xXp,Xp—1) = 4.4)
XnXn—1
where
hel?—1
is defined by
uour +ug +1
h(uoiur) = ——.
Uolui

The function /4 is continuously differentiable. The equation X = & (X,x) has the
unique solution X = « in (0,400). The linear equation associated to the equation
(4.4) about the equilibrium point X = « is given by

oh oh
Yn+1 = 7— (@, @) yp + —— (&, &) yn—1,
8140 8141
the last equation has as characteristic polynomial
oh oh
0 =A% —— (@) A — — (@, @).
auo 8%1

In the following result we show that the unique equilibrium point X = « is globally
stable.

Theorem 5. The equilibrium point X = « is globally stable.
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Proof. The linear equation associated to (4.3) about the equilibrium point X = «

is
o+1 1
Yn+1=——"3"Vn——3Vn-1
o o

and the characteristic polynomial is
1 1
Q(k)=kz+(a+3 )A+(—3).
o o

a+1 1
ERNrs

We have

1 1
o+ A4

a3 o3

<1=|A*|.VAeC:|A|=1

So, by Rouché’s theorem the roots of the characteristic polynomial Q(A) lie in the
open unit disk. Then the equilibrium point X = « is locally asymptotically stable.

Now, from this and Corollary 6 the result holds.

bxp_1+c byn—1+c¢
4.3. The system xp4+1 = L, V41 = 217 C
YnXn—1 XnYn—1

When a = 0, the system (1.1) takes the form

bxp—1+c byn—1+c
Xp41=——, Ynt1 = ——— n € N.
YnXn—1 XnYn—1

From Theorem (1), we get the following result.

Corollary 7. Let {xn,Yn}n>—1 be a well defined solution of (4.5).

n=20,1,..., we have
cPrpt1+ Popy3x—1+ Papyox—1y0
x2n+1 = )
cPry+ Popiox_1+ Panyr1x—1Y0
cPayt2+ Poptay—1+ Pant3xoy—1
X2n+2 = ;
cPrpy1+ Pan+3y—1+ Pant2X0y—1
cPpt1+ Pant3y—1+ Pant2x0y—1
Yon+1 =
cPyy+ Papt2y—1+ Pan+1X0y—1
cPrpt2+ Popyax—1+ Popy3x—1yo
Yon42 =

cPrpt1+ Popy3x—1+ Poynyax—1y0

O

(4.5)

Then, for

Here we have write { Py}, instead of {J,},, as in this case {J,}, takes the form

of a generalized (Padovan) sequence, that is

Pyy3=bPyi1+cP,, neN,
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with special values Py =0, P; = 1 and P, = 0. The system (4.5) was been investig-
ated by Halim et al. in [8] and by Yazlik et al. in [21] with b = 1 and ¢ = £1. The
one dimensional version of system (4.5), that is the equation

Xp41 = ———, n € Np. (4.6)
XnXn—1

was been also investigated by Halim et al. in [8]. Form Corollary (7), we get that the
well defined solutions of equation (4.6) are given forn =0, 1,..., by

cPrpt1+ Pony3x—1+ Papy2x—1X0
cPan+ Pantax—1+ Papt1x—1X0

X2n+1 =

cPapt2+ Popyax—1+ Prpy3xox—q
cPapt1+ Pony3x—1+ Papypoxox—q

X2n+2 =

In [21] and [8] we can find additional results on the stability of some equilibrium
points.

Remark 3. 1f ¢ = 0, The system (1.1) become

ayn+b ax, +b
» Yn+1 =
n Xn

Xp+1 = S |N0. (4.7)

We note that if also » = 0, then the solutions of the system (4.7) are given by

{(XO,J’O) ’ (ava) ’ (ava) ’ ’}

The system (4.7) is a particular case of the more general system

ayn+b ax, +

cyn+d’ Int1 = YXp+ A

which was been completely solved by Stevic in [16]. So, we refer to this paper for the
readers interested in the form of the solutions of the system (4.8) and its particular
case system (4.7). As it was proved in [16], the solutions are expressed using the
terms of a corresponding generalized Fibonacci sequence. Noting that the papers
[11], [18] and [19] deals also with particular cases of the system (4.8) or its one
dimensional version.

Xpi1 = n e No (4.8)
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