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Abstract. In this paper, an infeasible QP-free method without penalty function is proposed for
inequality constrained optimization. We first compute a fundamental direction and then bend
the search direction based on the constraint function and the Lagrange multiplier. Based on the
modified nonmonotone filter technique, the acceptable criterion of trial points is relaxed and
Maratos effects are avoided to a certain degree. At each iteration, only two or three systems
of linear equations with the same coefficient are needed to solve to obtain the search direction.
Under suitable conditions, the global convergence of the algorithm is proved without the strict
complementarity conditions. In the end, some numerical results are reported.
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1. INTRODUCTION

Consider the nonlinear optimization with general inequality constraints:

min f(x)

1.1
subjectto g;(x) <0,iel={1,2,...,m}, (1.D

where f: R" — Rand g;: R" — R"™, i € I are twice continuously differentiable func-
tions.

It is well known that sequential quadratic programming (SQP)method is one of
the effective methods for solving nonlinearly constrained optimization problem and
has been widely investigated by many authors [8, 10]. However, the search direc-
tion of SQP method is obtained by solving a quadratic programming subproblem in
each iteration, which greatly increases the computational scale. To avoid the draw-
back, various QP-free approaches, also called sequential systems of linear equations
(SSLE) methods, are proposed for (1.1).
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In [15], Panier et al proposed a feasible sequential quadratic programming al-
gorithm, the algorithm is shown to possess global convergence as well as two-step
superlinear convergence under the relevant conditions, and Maratos effect can be
overcome to some extent. But it requirs that the number of isolated stationary points
is finite. The algorithm is later improved by Gao et al. [7]. In 2000, Qi [16] gave a new
feasible QP-free algorithm based on Fischer-Burmeister function [4], which does not
require strict complementarity conditions and does not need to assume the isolation
of stable points. Later, Qi et al. [17] proposed an infeasible QP-free algorithm based
on a continuous differentiable exact penalty function and an efficient recursive QP
algorithm model,which are presented by Lucidi [14] and Facchinei [3] respectively.
Tits and Bakhtiari [2] presented a simple primal-dual feasible interior point algorithm
for the problem (1.1). Based on the idea in [2], Jian et al. [ 1 1] presented a primal-dual
quasi interior-point algorithm, the associated system of linear equations possesses a
smaller scale and requires less computational cost than that in [2]. Then Li et al. [1]
and Huang et al. [12] developed QP-free methods based on the smoothing techniques
and the working set techniques, but this method assumed that the Hessian estimate
was positive definite. In 2017, Wang et al. [21] proposed an infeasible active-set QP-
free algorithm based on filter technique without the positive definite assumption on
the Hessian estimate.

Penalty function is usually used as merit function to decide whether the trial point
is accepted at the new iteration, but it is well known that the chosen of penalty para-
meter is difficult. If the penalty parameter is too large, then any monotonic method
would be forced to follow the nonlinear constraint manifold very closely, resulting
in shortened Newton steps and slow convergence. On the other hand, too small a
choice of the penalty parameter may result in an infeasible point, or even an un-
bounded increase in the penalty. Therefore, Fletcher and Leyffer [5] proposed filter
technique and gave a large number of numerical experiments to prove the validity of
filter method. After that, many different filter methods were proposed. For example,
filter interior point approach [6], line search filter method [20], a modified trust-
region filter [19], a nonmonotone filter method which used a global g-filter for global
convergence [18], a nonmonotone line search multidimensional filter-SQP method
(9]
Motivated by the above ideas, we propose a QP-free method with filter technique
which solve two or three linear equation systems with the same coefficient matrix.
Compared with the existing methods, our method has several advantages:

(1) We first obtain a fundamental direction and then bend the search direction
based on the constraint function and Lagrange multiplier.

(2) The initial point is not needed to be feasible.

(3) There is no penalty function so that the penalty parameter is avoided.
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(4) The strict complementarity conditions are not required, computation scale is
decreased by working set, moreover, restoration phase is not required, which
is needed in most of the traditional filter methods.

By the numerical results, we show that the proposed method is effective.

The remainder of this paper is organized as follows: In Section 2, we introduce our
QP-free algorithm based on filter technique. The global convergence of this algorithm
is established in Section 3. Some numerical experiments are shown in Section 4.

2. THE ALGORITHM

In this section, we present some related concepts and symbols. A given point
x € R" is said to be a Karush-Kuhn-Tucker (KKT) point of problem (1.1) if there
exits a vector A € R™ such that

V,L(x,\A) =0, Aigi(x) =0, Ai >0, gi(x) <0 Viel 2.1

where the vector A = (A, A2,...,A,)7 is the corresponding lagrangian multiplier,
L(x,A) = f(x)+ X", Aigi(x) is the Lagrangian function of problem (1.1).
Let (x*,A*) denote a KKT point of problem (1.1). Define ®: R**" — R*t":

02 = (in Ty )

where G(x) = (g1(x),82(x),...,gm(x))T, A = (A, A2,..., )T, It is obviously that
(2.1) and ®(x,A) = 0 are equivalent. Then, we define another function ¢: R"™" — R

o, A) = VI[P,

where || - || denotes the Euclidean norm. The function @ is non-negative and con-
tinuous. And it means that (x*,A*) is a KKT point of problem (1.1) if and only if
¢@(x*,1*) = 0. Let the active set

I(x) ={iel]gi(x) =0},
and two working sets
Je(x, ) = {i € 1| gi(x) > —emin{Q(x,A), Omax } },
Je(x,A) ={i € Je | i > emin{@(x,1), Pmax } },
where Qmax >0, € > 0, Je(x,A) is an estimate of the final active set I(x), and J¢(x, A) is
stronger than working set Jg (x, ). To simplify the presentation, we set Jg, (x*, Ax~1:0)
be W, and J¢, (x*, AM¥~10) be W}, where g and (x*, A¥) are at the kth iteration.

In order to avoid computing linearly independent constraint gradients, inspired by
[13], the coefficient matrix V; of our Newton equations involve only constraints in

the working set W,
Hy Vaw, (xk)>
Vk = k , 2.2
¢ (Ukvgwk(xk )" G () 22
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where H € R"*" is an estimate of the Lagrangian Hessian, Uy, = diag(,uf?), i € W and
Gw, (x*) = diag(g;(x*)), i € Wi. Note that u* which are defined as

v )6 +max{A 0}, iew;

! Oy, i€ \W;

are controlled to be componentwise bounded, where 0, = Vmin{kffl’o,i e Wi} if
Wi # @ and @(x*, Ak~ 1:9) > 0; otherwise 8; = 0, 0 and v are positive constants.

In this paper, we use a nonmonotone filter to determine a trial point is accepted or
not. In order to prove the following lemma, we give some definitions as follows:

Definition 1. Define the constrained violation function 2: R” — R by

h(x) = Zmax{g,-(x),O}.

icl
It is easy to see that ~(x) = 0 if and only if x is a feasible point.

Definition 2. A point x' is dominated by x/ if and only if 2(x') < h(x/) and
F(x") < f(x/) for each i # j.

We give the concept of filter subsets based on the above definitions.

Definition 3. A filter set .7 is a set of pairs (&, f) such that no pair dominates any
other.

So, we have a definition of whether the trial point x' is accepted by the filter.
Definition 4. A trial point x' is called acceptable to the filter if and only if either
h(x') < h(x') or f(x) < f(x7) V(h(x!), f(T)) € 7, i# ).

In the actual calculation, some filter point pairs may fall on the boundary, resulting
in convergence to the infeasible limit points where & > 0. In order to avoid this
situation, a modified filter method is presented by adding an envelope to the current
filter.

Definition 5. A trial point x* is called acceptable to the filter if and only if either
h(x*) < (1=ph(x) or (&) < f(x/) —vh ()
V(h(x'), f(x))) € F
where 7 is a constant that close to 0.

So we give a nonmonotone modified filter that substitute Definition 4 and Defini-
tion 5 with the following Definition 6 in our actual algorithm.

Definition 6. A trial point x* is called acceptable to the filter if and only if either
h(x*) < max (1—7h()or f(x**)< max f(x/)—yh(xb)
0<j<m(k) 0<j<m(k)
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W(h(x), f(x')) €
where 7 is a constant that close to 0, m(0) =0, 0 <
k>1,M > 1 is a given positive constant.

F
m

(k) <min[m(k— 1)+ 1,M] for

We add the point x* to the filter, and update the filter set which is ., =
ZU (K, f), then remove point x/ that satisfied

h(x') > h(x*) and f(x/) —yh(x') > f(*) —yh(x"),
so, the new filter set is
Fp = FURS OB, )W > 1 and f7—yh/ > fF =iy,

we also refer to this operation as ’adding x* to the filter’.

In the following algorithm, we are going to update 0; and 1 through the work-
ing set Wy, and the algorithm is finished on the working set W, which reduces the
calculation scale. The algorithm obtains the initial direction d* and the correspond-
ing multiplier A by solving the first linear equation system, and then bends the
search direction based on d¥?, A*9 and constraint functions.

In order to obtain the convergence of the algorithm, we use the nonmonotone filter
technique to replace the traditional filter, thus, the acceptance criteria of trial points
x* are relaxed. We are now ready to state the algorithm.

Algorithm 1.

Step 1. Give an initial point x' € R". t,y€ (0,1), hmax > 1, X1 > Omax, €1 > 0,
Pmax > 0, A% >0, ® € (2,3), Z1 = {(hmax, —°)} with h(x') < hpax, >0, v €
(0,1), p € [0,1). If W, # @ and @(x',190) > 0, 8; = vmin{A"*,i e W, }; otherwise,
91 =0. H = 7\40’0 +91€, H] = V%XL(XI,XO’()). Setk=1.

Step 2. Compute d*° and \*° by solving the linear system in (d,\):
dY _ _(Vf()
Wf8) - (¥ o

Step 3. Compute d*' and \*' by solving the linear system in (d,\):

d\ _ V f(x) >
Vk(k)‘ <<1p>u||dkv°||@+pekv’;vk @4

where Vi, = (vf,i € W),

) {min{—gi( ), A0 Ak <o,

v . =
—gi(x5), otherwise.

Set A’ =0, i e \W,.

1

Set M0 =0, i € \W. If V(x5 Td5! = 0 and h(x*) = 0, stop.
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Step 4. Setl =0, Ol = 1.

Step 5. If x*+ Ocdek‘fl is acceptable for the filter, let 0y = Oth,pk = od®!, go to
step 7.

Step 6. Compute d*?* and \*? by solving the linear system in (d,\):

Vi (;Z“) B <—ka(x9‘+dk’l)>

Set ?\,f’z =0, i€ I\W. If||d*?|| > ||d*!|], set ||d*?|| = 0. If x* +d*' +d*? is accept-
able for the filter, set p* = d*' +d*?, go to step 7. Set O 1 =10y, [ =1+1, go
back to step 5.

Step 7. Set X't = x* + p* and add x**! to the filter.

Step 8. Update. If |N0||ec > xi, set €ry1 = %Ek and Yx+1 = 2k else set
(Bt 1, 21) = (86 2k)- I Wit # ¢ and @(x*+1, A00) > 0, ser 81 = vmin{A;°,i €

Wii1}s otherwise, 01 = 0. Set

k1 _ 011 +max{7uf’0,0}, €W

! 6k+1, i€ I\Wk.
Update Hy 1, and set k = k+ 1 and go to step 2.

Remark 1. We obtain a fundamental direction by solving equation (2.3), and then
bend the search direction according to the constraint function or the Lagrange mul-
tiplier by equation (2.4). Moreover, we make the modified nonmonotone filter tech-
nique to avoid the Maratos effect effectively.

3. GLOBAL CONVERGENCE

In this section, we show that Algorithm 1 is global convergent to KKT points of
problem (1.1). To prove, we have the following assumptions:

Assumption 1. The sequence {x*} and {x* + pX} which are generated by Al-
gorithm 1 are contained in a bounded set Q C R".

Assumption 2. The functions f(x) and g;(x),i € I are twice continuously differ-
entiable, and their function values are bounded over Q C R".

Assumption 3. The vectors {Vg;(x),i € Wi} are linearly independent for each
point x € Q C R".

Assumption 4. There exist 1,3, > 0 such that for all &, ||H|| < B, and
dTHed > By ||d||> Vd € R (x5),
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where
k
He=H— ) _yik Vei() Ve (M,
R UAVED) g‘(x )
X(x) = {d € R" | Vgi(x)Td = 0,i € Wy).

Lemma 1. Sequences {)x} and € in Algorithm 1 is changed in finite number of
times.

Proof. Suppose that x; and €, are changed infinitely many times, that is, there
exists an infinite index set K such that ¥+ = 2y and €, = €&/2 for all k € K.
Then we have {);} — +oo and & — 0" as k — co.

Due to the finiteness of set I, we assume Wx = W, for all k € K. Assume
xk — X as k — oo and k € K. We get from the definition of W that Wy C I(X) , since
grmin{@(x*, A*=19)} — 0 as k — oo. It is known in the algorithm that ||]A%9||.. > ¥y,
then ||A%0]|., — oo. Therefore, we have sequence {#}, with

k,0
te = max{ |4, [[Ay, ||, 1}

tends to infinity on K. Define dy = d*0 /ty and X/‘},K = Aw, /t fork € K.

Therefore, max{H/a?‘H, ||1§,K||:ol =1 for all k € K large enough. Then we have a
non-zero vector (527‘ ,?u{ﬁvK) — (d,Mwy) as k € K; C K — oo, where K| is an infinite
index set.

Since I(x*) C Wi, we have that g;(x*) = 0,i € I(x*), it follows from equation (2.3)
that

k0
HiVgi(x) d" = —A;gix*) = 0,

therefore d*0 € X (x*) as p* > 0, that is Vig;(x*)Td = 0, so from (2.3) of Algorithm 1
and Assumption 4, we have
Vf(xk)Tdk,O — _(dk,O)Tdek,O . Z 7\’5_{70Vgi(xk)Tdk,0
iel(x)
k
= —(d*NT(H, — Hi o (Ve ()0
— Y MOVa) a
i€l (xk)
_ _(dk,O)TI:\Ikdk,O < _Bl ||dk’0||2.

Let k € K| — o yields d= 0, and then /XWK is nonzero. Besides, from equation (2.3),
If £k > 1, we have

Hid® + Vg, (XA = —V (). (3.1)
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Therefore, dividing both sides of equation (3.1) by # and letting k € K| — oo, we have

Vgwy (X)A'WK =0
This is inconsistent with Assumption 3. The conclusion follows. O

Lemma 2. Suppose Assumption 3 holds, given any vector x € X, and any nonneg-
ative vector y* € R™ such that yﬁ-‘ > 0 if gi(x*) = 0 for all i € Wy, and let H, € R™"
be a symmetric matrix satisfying (3.1), then the matrix Vi defined by equation (2.2) is
non-singular.

Proof. Suppose (d, ) is a solution of the following equation

u(f)-o

So we have that A; = —(u;/g;(x*))Vg;(xX)7d, i € W\I(x*) and Vg;(x*)Td = 0,
i € I(x*) therefore,

d’ (H— y & Vgi(xk)Vgi(xk)T> d=0

Wit &%)

which implies that d = 0. Moreover, Vg, (x)A =0, Gy, A =0. So Vi) (xk)kl(xk) =
0 and ka\ 1(xt) = 0. Since Assumption 3 implies ?\.I( ) =0, zero is the unique solution,
that is Vj is non-singular. O

Lemma 3. Under Assumption 1-4, sequences {\°} and {u*} in Algorithm 1 are
bounded.

Proof. Tt follows that {);} has an upper bound from Lemma 1, and thus {A*0}
is bounded by Algorithm 1. The boundedness of {¢*} follows directly from their
definitions and the boundedness of {A%°}. O

Lemma 4. Under the condition of Lemma 2, denote

(& D)
then C, = UkB,{.
Proof. Similar to the proof of Lemma 3.5 in [21]. O
Lemma 5. If {x*i} is a subset of iterations for which ry > e,s=1,2,3 witha

constant £, and €5, independent of j, such that if h(x) < e| and ||d*°||® < &,, then
Vf(knTdkit < —¢/2 for all j.
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Proof. Substituting the conclusion of Lemma 4 into equation (2.3) and (2.4) yields

that
d"0 = —A VR, MO = V()
d"! = a"0 — Bi[(1—p)u(|d 0| ° + pBi’],
WL =150 — Dy[(1 = )| d™]|° + pBr’].

From equations (2.3) and (3.2), we have

VI ot = V() {0 = B [(1— )| a0 + p6i T}
_ _(dk_,-,o)TIf]kjdk,,o
— V(@) By [(1—p)us | d"]| + pO]
_(dk_,-,o)TI’_\ijdkj,o

+ (MO, U (1= P[] + p8i],

Casel: p=1.
Vf(xk])Tdkj,l — _(ko,O)TI/_\ijdkj,O_i_ (kk]())%;/k U*lek]vk]
k;,0
. 5 . }\4 ek ) A7 Gk.
—(dk“O)Tijdkf’O— Z gl( k) Z i 5 )
W, l’i iew; Hi
k,,O
+ X < min{—gi(¥),2;""}
lGWk\Wk lul
. k Gk .
:_I—JI(/_Z /gl(k>'
€Wy, Hi

Therefore, it follows with Fllcj > ¢ and for all ¢ > 0, such that

A%
V)T = TV Y TR () < e ch().
iEWy /“lij

If h(x¥) <&y =¢/(2c), then Vf(xk)Tdkil < —g;, = —¢/2.
CaseII: p=0.

Vf(xk-i)Tdk-i’l _ —(dkj’o)Tﬁkjdk-f’O + (}Lk_,-,O)akj U,;lykﬂdk’oﬂw

(3.2)

(3.3)

_ _(dkj,o)rﬁkjdkj,o+ Z kfj,0||dk,o||m+ Z xifjaOHdk,on

€W, Wy

k;0
+ Y (a0

iGWk\Wk
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: kj,0
=1y + Y 0 ).
ieW;
There exists a scalar ¢ > 0 such that ', -+ f’"o |d*0)|® < ¢||d*°||®, comb-
ing with I‘Sj > ¢, we have
T ki ; k;,0
V) a5 =Ty Y A d < —e kel
€Wy

If ||@¥0)|© < &1 = ¢/(2¢), then Vf(xk)Tdhil < —g; = —¢/2.
CaseIll: 0 <p < 1.

V()T a4 = —(@59)T Hy d" 0 + <>»kf’0>$vkj U, (1~ ) [[d0]© -+ poy, 1]

k 0
kj ;
— — ()T Hy,d"° [(1 = p)e’ [[d“0]| — pBy, g:(x*)]
zGWk ‘ul
k O
0| — poy ()]
IGW/\ ‘ul
k 70 k;,0
+ ¥ P |1d“]|® — pOy, min{ g (), ;Y]
iEW\Wy Iul
xkj,o
=T+ L A7 (1-p)[d 00— F Zpbr i),
lEWA lGWk ‘ul

There exists a scalar ¢; > 0 such that ¥, +7» ( —p)|j@0|® <
c1||d*?||® and combing with l";cj > ¢, forall c; >0, such that

ki, 0
. . A0
. . k;,0 k _
VAE)Td < 07+ Y A (1= p) 00— L T pgi(dh)
W, iew, M
< —e+cr[|d*0)|© 4 cah(xN).

—&3 = —¢/2. Therefore, the conclusion holds.

0

Lemma 6. The inner loop terminates in finite iterations.

Proof. Suppose that the inner loop run infinitely, then the filter rejects the trial
point x* + oy ;d“! and llim o = 0. If h(x*) = 0, from the the definition of i (x*), we
—»00
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have
h( + oy yd®") = ) max {gi(x* + oy sd™"), 0}

icl
< ¥ max{gi(x) + o Vi () d" + ooy sd™|?),0},
icl
it is obvious that Vg;(x*)Td%! < 0 for all i € W,, so there exists a constant 7, such that

h(xX* 4+ oy db1) < Zmax{gi(xk)} < Z(l —y)max{g;(x*)}

icl icl
= (1-ph(") < o (1 —)h(x)
From Lemma 5, we have
FO* o id®!) < FO5) oy V)T +0([Joy a2
<fO) < max f(xF)

T 0<k<m(k)

In view of equations (2.3) and (2.4), we know that X+ Ock,ldkvl must be acceptable
for the filter and x*, which is a contradiction. O

Lemma 7. Suppose Algorithm 1 dose not terminate finitely and the assumptions
hold, then /Pn(l) h(x*) = 0.
—

Proof. Suppose there exists a subsequence {x*/} such that lim 4 (x*/) = € for some
Jee

constant € > 0. Without loss of generality, for all j, we assume that ((1—7)/2)"/%e <
h() < ((1-7)/2)7 .

From Lemma 6 , we know that there exists a constant K such that x%/*! must be
accepted by F,,, forall kj, > K.

Therefore,
kis1) < _ k 1) < kjy _ kj1y
h(x )_Ogggz(m(l Y)h(x*) or f(x" )_Ogggz(k)f(xf) Yh(x41)
So, we have
1) < i\ 1) < kiy _ _ 1/2¢
f )_Ogggz(k)f(x"’) Yh(x )< max F) —w((1-)/2) e

Let j — oo and the above inequality implies f(x%/) — —oco in contradiction to the
assumption that f is bounded below. U

Lemma 8. If Algorithm 1 dose not terminate finitely, then, there exists an index
set K, such that . 1ink1 KVf(xk)Tdk’1 =0.
—voo ke

Proof. Since Vf(xK)Td*! < 0, there exists a constant & > 0, which {&} is uni-
formly bounded and liminf,&; > 0, such thatf(x* + ozd®') — max : Fixby <
0<k<m(k

m(
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FOF Fogddl) — F(XF) <ErouVF(K)Tdk! < 0. Tt follows from Assumption 1 that
{x*}rex — x* for some index set K. Combing with continuity of f yields f(x*) —
F(x*),k € K,k — +oo.

Therefore,

= i ot oyd®!) — b1 < i VI Tdb <o.
0 k%:or,?eK[f(x - oud ) Ogrl?gariz((k)f(x )] _kac}or,?el(ékak f(Xk> dw <0

Since liminf; &0y > 0,50  lim  Vf(x)Tdk! = 0. O
k—oo k€K
Lemma 9. If h(x*) = 0 and Vf(x*)Td*' = 0 hold, then x* is a KKT point of
problem (1.1).

Proof. Since h(x*) = 0, then g;(x*) < 0,i € I, and then W,—: = @. And since
V£ (xK)Td*! = 0, it follows from equation (3.3),

V) d = — (@) Hd"0 — (0) 5 U (= p)ud [ d0 )+ pB]

. AR0
= —(d") Hd" — Y = [(1—p)p|d"]|® — p6rgi ()]
€W,
A k0
— Y (=) a0 — pOr min{—gi(x*), A" }] = 0.
iGWk\Wk
therefore,
(dk’O)Tﬁkdk’o — 0,
) pe
X (0= plla = i) =0,
€W,
0, .
Y AL p)ldt ) — B min{—gi(24), 4} = 0.

iGWk\Wk
Since I(x*) C Wy, hence it follows from equation (2.3) that,
1V g (KT "0 = —g, (PN = ovi e 1(x9).

We have u¥ > 0 by step 8 of Algorithm 1, so from Assumption 4, we know that
a0 =0, kf-"ogi(xk) = 0,i € I, And because (p6;)/u* > 0, so combing these with
equation (2.3), the KKT condition is established. ]

Theorem 1. Suppose the Assumption 1-4 hold, and the sequence {(x*,\*)} which
is generated by Algorithm 1 is infinite, then every accumulation point of the sequence
{(x*,A%)Y is a KKT pair of problem (1.1).
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4. NUMERICAL RESULTS

Algorithm 1 is implemented in the environment of MATLAB R2016a. We give
our preliminary results on the some test problems from Hock and Schittkowski [22],
and compare with the algorithm in [21] and that in Matlab.

The results are summarized in Table 1. The details about the implementation are
described as follows.

(a) The parameter values as chosen as follows: y= 1074, hmax = 10%, v =0.5, p=
0.5, X1 = 10, Pmax = 0.5,e=5 0=2.5.

(b) The meanings of some notations in Table 1 are described as follows:
No: the problem number given in Hock and Schittkowski [22];
n: the number of variables;
m: the number of constraints;
NIT: the number of iterations;
NF: the number of evaluations for f(x);

e NG: the number of evaluations for g(x).
(¢) A stops if [Vf(x*)Tdb! /(|| £(x)||+1) < 1076 and h(x*) < 1079,
(d) Hy is updated by the damped BFGS formula.

Table 1 Numerical results

Algorithm 1 Algorithm in [21] Matlab
No nm|NIT NF NG|NIT NF NGNIT - NF
HS121| 7 13 9123 48 54127-95
HS321| 5 9 9113 19 23| 4—-15
HS4 22| 5 9 912 4 2| 2-6
HS5 24|12 75 75|10 12 31/ 10-34
HS6 21| 3 5 317 16 17| 6—28
HS1121] 3 5 3123 35 35| 7-25
HS122 1|16 54 53|10 12 10| 8—-25
HS1523] 8 37 33|14 28 16| 3-9
HS162 5] 7 57 53110 27 11| 4—12
HS1725] 8 15 914 7 4 114—-43
HS182 6| 9 17 1217 14 91 9-28
HS2125| 7 13 717 11 11} 3-9
HS2222| 8 15 10| 21 45 49| 4—-15
HS2631| 6 11 6|10 36 411 6-27
HS273 1| 6 11 8 |13 46 17 |44 —303
HS283 1| 8 15 9117 33 40| 7-29
HS3037| 9 18 18| 6 11 20| 11 —44
HS3336| 5 9 913 13 22| 5-20
HS3534| 8 15 15|14 43 59| 6-24
HS434 3| 6 11 6|12 22 17| 12—63
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HS465 2| 13 32 25|13 57 8311275
HS$485 2|10 21 19| 14 24 14| 8—50
HS495 2|27 69 51103 198 213/19-117

In the table, we first give the result of algorithm 1. For comparison, we have in-
cluded the corresponding results obtained by Wang et al. [21] and the optimization
code in Matlab (column "MATLAB’). Compared with [21] and the code in Matlab,
algorithm 1 has a relatively small iteration number both in NIT and in NF/NG. There-
fore, our algorithm is effective and has numerical promising.
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