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Abstract. In this work, cofinitely @&—supplemented and strongly cofinitely & —supplemented
lattices are defined and investigated some properties of these lattices. Let L be a lattice and

1 = ®aq; witha; € L. If a; /0 is cofinitely ®—supplemented for every i € I, then L is also cofinitely
il

®—supplemented. Let L be a distributive lattice and 1 = a| @ ap withay,ap € L. If a; /0 and ap /0

are strongly cofinitely —supplemented, then L is also strongly cofinitely é&—supplemented. Let

L be a lattice. If every cofinite element of L lies above a direct summand in L, then L is cofinitely

@—supplemented.
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1. INTRODUCTION

Throughout this paper, all lattices are complete modular lattices with the smallest
element O and the greatest element 1. Let L be a lattice, a,b € L and a < b. A sub-
lattice {x € L|a < x < b} is called a quotient sublattice, denoted by b/a. An element
a' of a lattice L is called a complement of a if aNa’ =0 and aV a’ = 1, this case
we denote 1 =add (a and a also is called direct summands of L). L is called a
complemented lattice if each element has at least one complement in L. An element
c of L is said to be compact if for every subset X of L such that ¢ < VX, there exists
a finite ' C X such that ¢ < VF. A lattice L is said to be compactly generated if
each of its elements is a join of compact elements. A lattice L is said to be compact
if 1 is a compact element of L. An element a of a lattice L is said to be cofinite if
1/a is compact. An element a of L is said to be small or superfluous and denoted
by a < L if b =1 for every element b of L such that aVV b = 1. The meet of all the
maximal elements (# 1) of a lattice L is called the radical of L and denoted by r(L).
An element ¢ of L is called a supplement of b in L if it is minimal for bV c=1. a is
a supplement of b in a lattice L if and only if aVb =1 and a Ab < a/0. A lattice
L is said to be supplemented if every element of L has a supplement in L. L is said
to be cofinitely supplemented if every cofinite element of L has a supplement in L. L
is said to be G—supplemented if every element of L has a supplement that is a direct
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summand in L.We say that an element b of L lies above an element a of L if a < b
and b < 1/a. L is said to be hollow if every element (# 1) is superfluous in L, and L
is said to be local if L has the greatest element (# 1). An element a of L is called a
weak supplement of bin LifaVb=1and aAb < L. A lattice L is said to be weakly
supplemented, if every element of L has a weak supplement in L. L is said to be cofin-
itely weak supplemented, if every cofinite element of L has a weak supplement in L.
An element a € L has ample supplements in L if for every b € L withaV b =1, a has
a supplement b’ in L with b’ < b. L is called an amply supplemented lattice, if every
element of L has ample supplements in L. It is clear that every supplemented lattice
is weakly supplemented and every amply supplemented lattice is supplemented. A
lattice L is said to be distributive if a\ (bV ¢) = (aA\b) V (a Ac) for every a,b,c € L.
Let L be a lattice. It is defined B, relation on the elements of L by aB.b with a,b € L
if and only if for each t € L such thataV¢ =1 then V¢ =1 and for each k € L such
that bVk=1thenaVk=1.

More details about (amply) supplemented lattices are in [1,2,7]. The definitions
of cofinitely (weak) supplemented lattices and some properties of these lattices are
in [1, 2]. The definition of &—supplemented lattices and some properties of these
lattices are in [5]. More results about (amply) supplemented modules are in [0, | 1].
Some important properties of &—supplemented modules are in [8,9]. The definition
of @—cofinitely supplemented modules and some properties of these modules are in
[4]. The definition of B, relation on lattices and some properties of this relation are
in [10]. The definition of B* relation on modules and some properties of this relation
are in [3].

Lemma 1. Let L be a lattice and a,b,c € Lwith a < b. If c is a supplement of b in
L, then aV c is a supplement of b in 1 /a.

Proof. Similar to proof of [7, Proposition12.2(7)]. ]
Lemma 2 ([7, Lemma 7.4]). Let L be a lattice, a,b € Land a <b. Ifa < b/0 then
a< L.

Lemma 3 ([7, Lemma 7.5]). In a lattice L let ¢’ < ¢/0 and d' < d/0. Then
dvd < (cvd))o.

Lemma 4 ([7, Exercise 7.3]). If L is a lattice and a € L, then r(a/0) < r(L).

Lemma 5 ([7, Lemma 12.3]). In any modular lattice [(cV d) ANb] < [cA(bVd)|V
[d A (bV c)] holds for every b,c,d € L.

Lemma 6 (See also [5]). Let L be a lattice, a,b € L and a < b. Then b lies above
a if and only if a.b.

Proof. (=) See [10, Theorem 3].
(<) Let bVt =1 withr € 1/a. Since aP.b, aVt =1 and since a <t,1 = 1.
Hence b < 1/a and b lies above a. O
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2. COFINITELY ©— SUPPLEMENTED LATTICES

Definition 1. Let L be a lattice. L is called a cofinitely &—supplemented lattice,
if every cofinite element of L has a supplement that is a direct summand of L.

Clearly we can see that every ®—supplemented lattice is cofinitely &6—supplemen-
ted and every cofinitely &—supplemented lattice is cofinitely supplemented.

Proposition 1. Let L be a lattice. Then L is cofinitely ®&—supplemented if and only
if for every cofinite b € L, there exists a direct summand c of L such that bV c =1
and b c < c/0.

Proof. Clear from definition. ]

Proposition 2. Let L be a lattice. If every cofinite element of L has a weak supple-
ment that is a direct summand of L, then L is cofinitely &—supplemented.

Proof. Let a be a cofinite element of L and b be a weak supplement of a in L that
is a direct summand of L. Since b is a weak supplement of @ in L, a Ab < L and since
b is a direct summand of L, a Ab < b/0. Hence b is a supplement of a in L and L is
cofinitely ¢—supplemented. O

Lemma 7 (See also [5]). Let L be a lattice, and a,b € L. If x is a supplement of
aVbinLandy is a supplement of a (x\V b) in a/0, then x\y is a supplement of b
in L. (See also [5]).

Proof. Since x is a supplement of a Vb in L and y is a supplement of a A (xV b) in
a/0,then 1 =aVbVx, (aVb)A\x < x/0,a=[aN(xVD)|]Vyand (xVb)ANy=aA
(xVb)Ay<y/0.Here l =aVbVx=[aA(xVb)]VyVbVx=>bVx\Vy. ByLemma
5, (xVY)AD <[(yVD)AxX]V[(xVD)Ay] <[(aVb)Ax]VI[(xVb)Ay] < (xVy)/0.
Hence xVy is a supplement of b in L. U

Lemma 8. Let L be a lattice and 1 = ®a; with a; € L. If a;/0 is cofinitely
iel
®—supplemented for every i € I, then L is also cofinitely ®—supplemented.

Proof. Let x be any cofinite element of L. Since 1/x is compact and 1 =

'\/I(x\/a,-), there exists a finite subset F = {ij,i2,...,in} of I such that 1 =
1S
n n . X . n—1 .
\/1 (xVa;,) =xV \/la,-, . Since x is a cofinite element of L, x V \/lai, is a
= 1= =
xV ’lvlait)Vain
t=1 a;

cofinite element of L. Then by nll = — = o , @i, N\
xV <r\—/1 ait) xV ([Yl ﬂi,) ai, \ <xv (1\—/1 aj, )>

~1
<x\/ <nvlait>> is a cofinite element of @;, /0 and since a;, /0 is cofinitely &—supp-
t=

n—1
lemented, a;, A <x\/ ( \/1 a,»l)> has a supplement x;, that is a direct summand in
=
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a;,/0. Since 0 is a supplement of x V ( \n/la,-t> in L and x;, is a supplement of a;, A
=
~1 —1
<x\/ (n\/lait>> in a;, /0, by Lemma 7, x;, = x;, V 0 is a supplement of x V <n\/1 ai,>
1= =

n—2
in L. Since x is a cofinite element of L, xV vlai, V x;, is a cofinite element of L.
t=

Then by

n—2
xV | Va |Vx,Va,,_,
1 _ =1 ~ ai,_,
n—2 - n—2 B n—2 ’
xV \/la,', VX, xV \/lait V X, aj, N xV \/la,-t VX,
= 1= 1=

n—2
aj, , A <x v ( Vi a,»,) \/Xi,,) is a cofinite element of g;, , /0 and since a;, , /0 is cofin-
=

n—2
itely ©—supplemented, a;,_, A <x\/ ( vla,-,> \/x,-n> has a supplement x;, , thatis a
t=
n—1
direct summand in g;, , /0. Since x;, is a supplement of x V \/lai, in L and x;,_,
=
n—2
is a supplement of a;, , A <x\/ ( vf”f) \/xin> ing;_,/0,by Lemma 7, x; , Vx; is
t=

n—2 n
a supplement of x Vv tl/l a;, | in L. If so, x has a supplement t\z/lx,-, in L where x;, is

a direct summand of g;, /0 for every t = 1,2,...,n. Since x;, is a direct summand of

a;, /0 foreveryt =1,2,...,nand 1 = ®a;, lei’ is a direct summand of L. Hence L
iel 1=
is cofinitely & —supplemented. U

Corollary 1. Let L be a lattice, ay,ay,...,a, € Land 1 =ay S ay @ ... D ay. If a;/0
is cofinitely &—supplemented for every i =1,2,....,n, then L is cofinitely &—supp-
lemented.

Proof. Clear from Lemma 8. O

Lemma 9. Let L be a lattice, a € Land a = (aNa;) ® (a Nay) for every aj,a; €
L with 1 = a; ®ay. If L is cofinitely ®—supplemented, then 1/a is also cofinitely
@®—supplemented.

Proof. Let x be a cofinite element of 1/a . Then 1/x is compact and x is a cofinite
element of L. Since L is cofinitely &—supplemented, there exist y,z € L such that
l=xVy, xAy<y/0and 1 =y@z. Since y is a supplement of x in L and a < x,
by Lemma 1, aVy is a supplement of x in 1/a. Since 1 = y@® z, by hypothesis,
a=(aNy)@(aNz). Then (aVy)A(aVz)=[(aNy)V(anz)Vy|A[(aNy)V (an
vz =pViangIAllany) Ve =(ary)VIyVv(anz) Azl =(any)VIyA
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2)V(aAz)]=(any)V(0V(aAnz)) = (aAy)V(aAz) =a. Hence 1/a is cofinitely
@ —supplemented. O

Corollary 2. Let L be a distributive lattice. If L is cofinitely ®—supplemented,
then 1/a is also cofinitely ®—supplemented for every a € L.

Proof. Clear from Lemma 9. O

Proposition 3. Let L be a cofinitely &—supplemented lattice and r (L) be a cofinite
element of L. Then there exist ay,ay € L such that 1 = a; ® ay, r(a;/0) < a; /0 and
r(ay/0) = ay.

Proof. Since L is cofinitely &—supplemented and r (L) is a cofinite element of L,
there exist aj,a; € L such that 1 = r(L) Va; = a; ®a; and r(L) Aa; < a;/0. Then
by Lemma 4, r(a;/0) < r(L) Na; < a; /0.

Assume x be a maximal (# az) element of a, /0. Since 1/(a; Vx) = (a1 B az) /(a1 Vv
x)=(a1VxVar)/(a1Vx)=Zar/[ax N(a1 Vx)|=ar/[(aa Na1) Vx| =az/x, a1 Vxisa
maximal element (# 1) of L and since 1 = r(L) Va; < a; V x, this is a contradiction.
Hence r(ay/0) = a;. O

Definition 2. Let L be a cofinitely supplemented lattice. L is called a strongly
cofinitely ©—supplemented lattice if every supplement element of any cofinite ele-
ment in L is a direct summand of L.

Clearly we can see that every strongly cofinitely @®—supplemented lattice is
cofinitely —supplemented and every strongly &—supplemented lattice is strongly
cofinitely ®—supplemented.

Lemma 10 (See also [5]). Let a be a supplement of b in L and x,y € a/0. Then y
is a supplement of x in a/0 if and only if y is a supplement of b\ x in L.

Proof. (=) Let y be a supplement of x in a/0 and bV xVz =1 with z < y.
Because of x,y € a/0and z <y, xVz < a. Since a is a supplement of bin L,a =xV z.
Since and y is a supplement of x in a/0, z = y. Hence y is a supplement of bV x in L.

(«<=)Let y be a supplement of bV xin L. So,bVxVy=1and (bVx)Ay<y/0.
Since xVy < aand ais asupplementof bin L, xVy=aand x\y < (bVx) Ay < y/0.
Hence y is a supplement of x in a/0. U

Proposition 4. Let L be a strongly cofinitely &—supplemented lattice. Then for
every direct summand a of L, the quotient sublattice a/0 is strongly cofinitely &—supp-
lemented.

Proof. Since a is a direct summand of L, there exists b € L such that 1 = a®b.
Since L is cofinitely supplemented, we can see that 1/b is cofinitely supplemented.
Then by 1/b = (aVb)/b=a/(aNb)=a/0, a/0 is cofinitely supplemented. Let
x be a cofinite element of a/0 and y be supplement of x in @/0. By Lemma 10,

y is a supplement of bV x in L. By ;- = 4/ TRV = s = 5 bV
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is a cofinite element of L. Since L is strongly cofinitely ¢©—supplemented, y is a
direct summand of L. Here there exists z € L such that 1 = y&® z. By modularity,
a=aNl=aA(y®dz) =y® (aAz). Thusy is a direct summand of a/0. Hence a/0
is strongly cofinitely ¢&—supplemented. ([l

Lemma 11. Let L be a distributive lattice and ay,a; € Lwith 1 = a; ®ay. If a; /0
and ay /0 are strongly cofinitely &—supplemented, then L is also strongly cofinitely
@ —supplemented.

Proof. Let b be a cofinite element of L and a be a supplement of b in L. Since
L is distributive, a =a Al =aA (a1 ®az) = (aNa1) ® (aNaz) holds. By Lemma
10, a A ay is a supplement of (aAap) Vb in L. Then we can see that a Aa) is a
supplement of a; A ((aAaz) VD) in a; /0. Since b is a cofinite element of L, we
can see that a; A ((aAaz) VD) is a cofinite element of a; /0. Since a; /0 is strongly
cofinitely ©—supplemented, a Aa; is a direct summand of a; /0. Similarly we can see
that a A a; is a direct summand of a, /0. Since | =a; @ as anda= (aNa)) B (aNay),
a is a direct summand of L. Hence L is strongly cofinitely ¢6—supplemented. ([l

Corollary 3. Let L be a distributive lattice, a,,ay,...,a, € L and 1 = ay ® a; ®
. @ ay. If a;/0 is strongly cofinitely ®—supplemented for every i=1,2,....,n, then
L is strongly cofinitely &—supplemented.

Proof. Clear from Lemma 11. U

Proposition 5. Let L be a cofinitely supplemented lattice. The following state-
ments are equivalent.

(i) L is strongly cofinitely &—supplemented.

(ii) Every supplement element of a cofinite element of L lies above a direct sum-
mand in L.

(iii) (a) For every nonzero supplement element a which is a supplement of a cofinite
element of L, a/0 contains a nonzero direct summand of L.

(b) For every nonzero supplement element a which is a supplement of a cofinite

element of L, a/0 contains a maximal direct summand of L.

Proof. (i) = (ii) Clear, since every element of L lies above itself.

(if) = (iii) Let a be a nonzero supplement element which is a supplement of a
cofinite element of L. Assume «a is a supplement of a cofinite element b of L. By
hypothesis, there exists a direct summand x of L such that a lies above x in L. By
Lemma 6, af3.x and since a Vb =1, xVVb = 1. Since a is a supplement of b in L and
x < a,a=xand a is a nonzero direct summand of L.

(iii) = (i) Let a be a supplement of a cofinite element b of L and x be a maximal
direct summand of L with x < a. Assume 1 =x®ywithye L. Thena=aAl =
al(x®y) =x® (aAy) and by Lemma 10, a Ay is a supplement of bV x in L. If
a Ay is not zero, then by hypothesis, (a Ay) /0 contains a nonzero direct summand ¢
of L. Here x & c is a direct summand of L and x @ ¢ < a. This contradicts the choice
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of x. Hence a Ay =0 and a = x. Thus a is a direct summand of L and L is strongly
cofinitely @—supplemented. O

Lemma 12. Let L be a lattice. If every cofinite element of L is B, equivalent to a
direct summand in L, then L is cofinitely ®&—supplemented.

Proof. Let a be a cofinite element of L. By hypothesis, there exist x,y € L with
x@®y=1and af.x. ThenaVy=1. LetaVr =1 witht <y. Since aP.x, xVi=1
and since x@y =1, t =y. Hence y is a supplement of a in L and L is cofinitely
@ —supplemented. U

Corollary 4. Let L be a lattice. If every cofinite element of L lies above a direct
summand in L, then L is cofinitely ®—supplemented.

Proof. Clear from Lemma 6 and Lemma 12. O

Example 1. Consider the lattice L = {0,a,b,c, 1} given by the following diagram.
1

0
Then L is cofinitely supplemented but not cofinitely —supplemented.

Example 2. Consider the lattice L = {0,a,b,c,d, e, 1} given by the following dia-
gram.

Then L is cofinitely supplemented but not cofinitely &—supplemented.

Example 3. Consider the interval [0, 1] with natural topology. Let P be the set
of all closed subsets of [0,1]. P is complete modular lattice by the inclusion (See
[1, Example 2.10]). Here _/\[Ci = OIC,- and 'V1Ci = _U]Ci for every C; € P (i €1)

e IS e <

(.UICi is the closure of _UIC,- ) Let X € Pand X VY = [0,1] with Y € P. Then
IS 1€
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[0,1]—X C Y and since Y is closed [0,1]—X C Y. LetX =[0,1] —X. Then X € P,
XvX =XUX =10,1]and X' C Y forevery Y € P with X VY = [0, 1]. Hence X has

ample supplements in P (hereX = [0,1]—X is the only supplement of X
in P) and P is amply supplemented. Let A = [0,a] € P with 0 < a < 1. Here
A" =10,1] —A = [a, 1] is the only supplement of A in P. Let A'VB=A"UB = [0, 1]
with B € P. Since A'UB = [0,1], [0,a) = [0,1] — A" C B and since B is closed,
[0,a] C B. This case a € B and since a € A', A AB=A NB# @. Hence A" is not a
direct summand of P and P is not ®—supplemented (See also [5]). We can see that
[0,1] is only a cofinite element of L. Hence P is strongly cofinitely &—supplemented.
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