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BASIC INVARIANTS OF GEOMETRIC MAPPINGS
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Abstract. This study is motivated by the researches in the field for invariants of geodesic and
conformal mappings presented in (T. Y. Thomas, [17]) and (H. Weyl, [20]). The Thomas pro-
jective parameter and the Weyl projective tensor are generalized in this article. Generators for
vector spaces of invariants of geometric mappings are obtained in here.
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1. INTRODUCTION

An N-dimensional manifold My equipped with an affine connection V (with tor-
sion) is called the non-symmetric affine connection space GAy (see [6,12-15,18,19,

]). As a special case, the manifold My equipped with a torsion-free affine connec-

0
tion V is called the symmetric affine connection space Ay. More details about the
theory of symmetric affine connection spaces may be found in [9-11, 16].

T. Y. Thomas [17] and H. Weyl [20] started the research about invariants of special
diffeomorphisms between symmetric affine connection spaces for different applica-
tions in physics. Many authors have continued the Thomas’s and Weyl’s works. J.
Mikes [1,2,8-11], I. Hinterleitner [10, 11], N. S. Sinyukov [16], are some of them.
Some of invariant geometrical object for diffeomorphisms of non-symmetric affine
connection spaces are obtained in [15, 18,19,21].

In this paper, as in the previous articles, books and monographs, the spaces GAy
and GAy will be the manifold My equipped with the affine connections V and V =
f(V). A diffeomorphism f : GAy — GAy which the affine connection V of the space
GAy transforms to the affine connection V of the space GAy is the mapping of the
space GAy.

The author was supported in part by the Serbian Ministry of Education, Science and Technological
Development, Grant No. 174012.
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In this paper, we will obtain sets of families of invariants for diffeomorphisms
defined on affine connection spaces with and without torsion. Moreover, we will
prove that several of these families of invariants are linearly independent.

1.1. Affine connection spaces

For different applications in physics, for example in the Theory of Relativity [3-5],
affine connection spaces with torsion have been studied.

Let GAy be a non-symmetric affine connection space. The affine connection coef-
ficients L;k of this space are non-symmetric in the indices j and k. The symmetric

and anti-symmetric part of the coefficient Lf/k are respectively
i _ 1(7i i i _ 1(7i i
Ly = 5Ly +1L;) and Ly =5 (L —Li). (1.1)
- \
The symmetric part Li/.k is the affine connection coefficient for a torsion-free affine

0 0
connection V. The manifold M" equipped with the affine connection V (whose
coefficients are L;k) is the associated space Ay (of the space GAy).

The covariant derive of a tensor ai. of the type (1,1) with respect to the affine
connection of the associated space Ay is (see [9-11, 16])

i i i o o i
aj‘k _aj,k +L%aj —ijaa, (12)

for the partial derivatives d/dx’ denoted by comma.
0
With respect to the affine connection V and the corresponding covariant derivative

, one Ricci-type identity is obtained. The corresponding curvature tensor of the
associated space Ay is (see [9-11, 16])
R, =L [k + L5, Ly, —L&Lgﬂ. (1.3)

jmn jm,n jn,m m

Based on the definitions and results from L. P. Eisenhart [0, 7], A. Einstein [3-5],
S. M. Min¢i¢ defined four kinds of covariant derivaties with respect to the affine
connection V of the space GAy [12—14]

i i 0 go i [ ) i 0 _ go 0
aj‘k—aj’k—i—Lakaj ijaa, aj|k—aj_’k+Lkaaj ijaw
it Lg% % g PP L g% % g (L.4)
@ik = gt Lordy = Lyjlas @ = djg+ L@y = Lyda
3 :

With respect to these generalizations of the covariant derivative (1.2),
S. M. Minci¢ got four curvature tensors, eight derived curvature tensors and fifteen
curvature pseudotensors of the space GAy [12—14]. Curvature tensors and derived
curvature tensors of the space GAy are elements of the family [21]

Ky = Ry +ull +u'L,

jmn jmn jm|n nlm
v v

L%, L, + VL% L, +wL%, L (1.5)
Vv v \ \ \

\
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for the curvature tensor R;mn of the associated space Ay and real coefficients u,u’, v,
v, w. Five of twelve curvature tensors from the family (1.5) are linearly independent
[13], while the rest can be expressed in terms of these five tensors and the curvature
tensor Ri-mn of the associated space Ay.

Special kind of non-symmetric affine connection spaces are N-dimensional dif-
ferentiable manifolds equipped with the non-symmetric metric tensor g;; of the type
(0,2). The symmetric and anti-symmetric part of the metric g;; are

8ij = %(8ij+gji) and givj = %(gij _gji)' (1.6)

These spaces are the generalized Riemannian spaces GRy (see [7]). The affine con-
nection coefficients of the space GRy are the generalized Christoffel symbols of the
second kind

. 1.

k= 58 (8jok — gjeat 8ak ), (1.7)
for [gﬁ] = [gg] ! After symmetrizing the symbols I ;k in the.indices j and k, we
get that they reduce to the corresponding Christoffel symbols F’jk obtained from the
symmetric metric g;; of the associated space Ry. a

2. ABOUT INVARIANTS

Many invariants of mappings for torsion-free spaces are obtained. Some of them
are the Thomas projective parameter, the Weyl projective tensor, the Weyl conformal
curvature, and many others. These invariants may be found in the next monographs,
books and papers: Mikes [1,2,8-11], Sinyukov [16], Hinterleitner [10], Berezovski
[1,2,10], etc.

In this paper, the author’s main purpose is to search inceptive invariants of different
mappings defined on affine connection spaces. We will start the generalization of the
basic invariants in here. The next aim of this article is to discover how many of the
basic invariants are linearly independent.

Let f: GAy — GAy be a mapping between non-symmetric affine connection
spaces GAy and GAy.

The deformation tensor P}k = lek — Li'k of this mapping is
]l'k :@ljk—m’jk +fljk—ﬁcljk, (21)
f0‘r ge(.)metrica.I objfects mzk?ﬁék,‘c;k,f;k of the type (1,2) such that w;k = i E;k =
@, Ty = —Tyjs Ty = — T, If the mapping f is equitorsion [15, 19, 21], i.e. if
lek = Li.k, the equation (2.1) reduces to
\ v

e = 0 — @ (2.2)
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After symmetrizing the equations (2 1, 2. 2) in the indices j and k, we get

The deformation tensor Fj-k of the inverse map f~! : GAy — GAy is

Bt i T i
Py =Ly —L)=—P

So, the following equalities hold

L . 1 1.
Pl =L~ Ly = 0 — oy = 5P’Lk) - (- 5 ) 2.4)
Hence, the next equation is satisfied
= 000k = O = By ik = Oy ke = Oy~ Oy 2:5)
for the geometrical objects

1Pl

Oy e =L Oy = O Oy e = ~2 P (2.6)

and the corresponding o w(l).jk, w(z).jk,ﬁé)_jk.
Here and after, the symbol (p) means that the equal-index summation convention
does not apply to the index p.

After anti-symmetrizing the equation (2.1) in the indices j and k, we get
=8 =L — Ly =Ty — T (2.7
Vv Vv \

2.1. Invariants in symmetric affine connection space

With respect to the equation (2.5), we get

T

(1).jk (1)-jk> = (2).jk ( )-Jk* 7 (3)-jk
for the geometrical objects
T =0 Tio=Lix= e Tl = 2L+ L), (2:8)
and the conesponqing ?él).jk’?b).jk’?l@).jk
From the equation
ll ll l(l ll la :l
Ty = Tp)nm+ Tp).im T (0).cn = T (o) jnT ().
_ i T T T g
= T{ppimn = Tlpinm+ L. ‘T(m.an =TT (p).com
p = 1,2,3, one obtains that the following equalities are satisfied
Wip).jmn = Wip). jow
for the geometrical objects
Wioy.imn = Rimn = Oy jin + D) juim + O jn @100~ ). n Oy (29
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and the corresponding W’G)_jmn.
Therefore, the following lemma holds.

Lemma 1. Let f : GAy — GAy be a mapping of the associated space Ay char-
acterized by the deformation tensor (2.5).

The geometrical objects ‘T ép).jk’ p =1,2,3, given by the equation (2.8) are invari-
ants of the mapping f.

The geometrical objects W’&p).jmn, p =1,2,3, given by the equation (2.9) are in-
variants of the mapping f.

An invariant 7 ép)_jk, for p = 1,2,3, of the mapping f : GAy — GAy is the (basic)

p-th class associated invariant of the Thomas type. An invariant ‘WEP) for p =

° Jk’
1,2,3, of the mapping f : GAy — GAy is the basic p-th class associated invariant
of the Weyl type.

Remark 1. The equalities

o i 1 5o i

— 1 : .
are satisfied. Thus, the invariant "7/17’&3).].”1" reduces to
W) jmn = Rin = O3) jmin T O(3) julm® (2.10)

This invariant is important for researches about invariants of mappings characterized
by deformation tensors P]’.k which are not expressed in the form (2.3). The almost

geodesic mappings of the first kind are an example of maps such that (see [1,2, ]).

Corollary 1. Let in the equation (2.6) be 0322).jk = Sapk +8.p; +G;.k, for a 1-form

pj and a geometrical object G}k of the type (1,2) symmetric in the indices j and k.
The geometrical objects

=i i ; 1 ; i
Ty j=Ljx—0p— Nrl ((LZO( - Gjia) 8 + (Lo, — Olty) 8]-) , 2.11)
WéZ).jmn = R;mn - G;m\n + o

o i o I
jnlm + G imOan — O jnCom

1 i N ; 1 ;
+ N1 8] (R[m”] +Gg[m\n]) + N2 — ls[ij"] + N2_—1 [mR"]j
I g B B
TNZ 1 S <6§[j|n] + (N +1) (076~ Ofan — G5 Ogp T G?ﬁ"nd))
I g B B
+yz 1o (Ggmm] + (N +1) (6510~ g — OO + G?ﬁsam))
(2.12)

are the invariants of the mapping f of the Thomas and the Weyl type respectively.
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Proof. The geometrical objects

Ty = Ll — 8ipj — 8ipx — o'y (2.13)
W) jmn = Rimn = 8Pimin) = 81 (P10 +PPn +07Pa)
+38,,(Pjim + P W +6%,Pa) (2.14)
- Gi’m\n + Gi’n\m + G?mcéxn - G?ncéxma

are the second class basic associated invariants of the mapping f of the Thomas and
the Weyl type.

If we contract the identity ?éz)jk -7 ’@Jk =0 over i and k, we get
(N+1)(p;—p;)) :ZZVG%—L?E+G%. (2.15)
After substituting the equation (2.15) into the equality ?éz).jk - T ‘@_jk =0, one con-
firms that the following equality holds

Al i

. =~
@ = Ty jw
for f’@.jk from the equation (2.11) and the corresponding %EZ).jk'

Letbe p;; = pjjn +PjWn + 0%Po and P;; =P, + PP, + 5Py, for the covariant
derivative with respect to the affine connection of the torsion-free space Ay denoted
by |-

With respect to this substitution, the equality 0 = W’@
to

i
Jmn w (2).jmn transforms

0= Ri‘mn - lemn - 81] (ﬁ[mn] - p[mn]) - Sin (ﬁjn - pJ”) + 8;1 (ﬁjm - p/m)

» . o —i o . o i o i
- Glijn + Gl]nHm + G?mgixn - Gjnﬁixm + Gljm\n -0 - Gjmcéxn + Gjncéxm'
(2.16)
After contracting the equation (2.16) in the indices i and j and using the relations
RS, = — (Rumn — Rum) = —Rjyy) for the alternation in the indices m and n denoted

by the square brackets, we get

i
jnlm

o

(N+ 1) (§[mn] - p[mn]) = —R[Wm] +R[mn} —Ggmﬂn +63n\|m + Gocm|n o GZn\m’

i.e.

f,- 1 - D .
0= R+ 37 8 (R + ) + 8 (P = Pim) = 8,0 (Pj = Pn)

. . . . 1 .
G+ 5%, Gy — 0% — Ry — =8 (Ripy +6%,0) 17

=i
O jmin O jafm jmn = N1 ofmn]

+0 o

i o i o i
jmln = Pjnlm T GjmOon + O inOoum-
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If we contract the last equation over i and n, we obtain that the following equation is
satisfied

- _ 1
(N =1) = Pjm) = —Rim+ 5= (Rijn) 0551

1
R = 527 (Riim] +gj1m) (2.18)
b 58
+Onjoc ~ Cjam — OO O jom
o p

/m|(x + GJOL\ + G]m ap jBG(xm'
Based on the equations (2.17, 2.18), one gets

Wi

_ Wi
Jjmn T W(Z).jmn’

for the geometrical object W’@).jmn from the equation (2.12) and the corresponding

Wl(2).jmn' O

The invariants (2.11, 2.12) are the (second kind) derived associated invariants of
the mapping f of the Thomas and Weyl type, respectively.

Remark 2. If the deformation tensor PJ".k of a studied mapping is expressed in the
form (2.1) all invariants of the Weyl type reduce to the corresponding invariants of
the second class. If the deformation tensor P;k of a mapping satisfies a differential
equation, it may be obtained just the Weyl type invariants of the third class. The
invariants of the first and the second class of the Thomas type produce the multiplied

families of invariants for mappings. Hence, it is enough to obtain invariants W/ ’ép).jmn

for one p. All other invariants % of the Weyl type reduce to the obtained one.

2.2. Invariants in non-symmetric affine connection space

We will generalize the invariants (2.8, 2.9) in this part of the paper.
With respect to the equation (2.7), one gets

lek = lekv
for the geometrical object
\%

and the corresponding ?z'k' Based on the equations (2.8, 2.19), one obtains that it is
satisfied the equalities

T =T e

for the geometrical objects

T<3>- - T’B) jk?

T = L= Ty e = Lie = O = Ty Tis) = Lix+ 5P =T (2.20)
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?i

and the corresponding Tél) T (3).jk°

gkt (2).jk

Lemma 2. Let f: GAy — GAy be a mappmg of the non-symmetric affine con-

i

nection space GAy. The geometrical objects T . and T (p).jk respectively given by
the equations (2.19, 2.20), are invariants of the mappmg f.

Corollary 2. The invariants (2.8, 2.19, 2.20) satisfy the equation

Ty =Tt T (2.21)

forp=1,2,3.

The invariant ‘Zzi) for p = 1,2,3, is the p-th class general invariant of the

Thomas type. The invariant Ti Gk is the anti-symmetric invariant of the Thomas type.

From the difference ‘T il — i mjn and the equality T * ‘T i—T ;me i, =0, we
obtain the following transformatlon rules

i

_ , L . —o g
Ljyl\n - Lljcnln - T.liml\n T Cl)l(pl)-om (chn - ij)
— —i — — —i —{
- m?pz).jn (L(Xm - Tixm) B (D((xpg).mn (LjOC - rlet>
) Y v (2.22)
i i o
= Vjmln ~ Opy) . (ij Jm)
+ 0)((xpz)~jﬂ (Lé‘m o T“m) + O)(P3)<mn (L;V‘X - T;‘X) )
A i =i
L]mL an LSXmL = L]mTan + Locn jm T?mtocn
i (2.23)
L]m an _LOLYZTJm +T T(xn?

forP1>P2aP3 = 1>2~

Remark 3. The following equalities are satisfied

— Tl i o I
O3k L on=3) 5L onn = 2 ]k{Imn+2 ,k‘f
A /
1) 0 o= 1) T

mn—

Hence, the geometrical objects w‘&l).jk, miz).jk’ are enough to express all transforma-

tion rules (2.22) with respect to a mapping f : GAy — GAy.

Let us currently express the invariants (2.9) in the form

Wi, —R. _pi

(p).jmn — % jmn (p)-jmn>
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for the corresponding geometrical objects i)ép).jmn. From this expression, and the

imn =0,p=1,2,3, we get

equalities W’&p).jmn - W’&p). .

ijn - Jmn = l( ).jmn Dl(p).jmn' (2.24)

With respect to the equation (1.5), we obtain that the following equation holds

K. _Ki R ij,, +u(L’ jm”n chnm)

j jmn

1t (L = L) +v(L jcnz%n - L?me%n) (2.25)
\Y

jnl|m
\%

+ V/ (ijnzj:xm - L;anzxm) +w (Zixnnzixj 7LgmLi'xj) .
v v Y v v v v v
After substituting the results (2.22, 2.23, 2.24) into the equation (2.25), we get

(p)-(p")-(p?).jmn (p)-(p")-(p?).jmn>

for p=1,2,3,pl,...,p3 = 1,2, the family geometrical objects

Wi 01). )i = Kin = @) i+ O, )m\m*“’?m.jm‘*)kp).an “’(p) Ofp).om
(T + 0 (L =) — 0y, (Ll — o))
(S Ol By ) g By )
+ (”m(p;).mn +u 0)< 2) ) ) (Ll/voc ~Tia),

the real coefficients u,u’,v,V/,w and the corresponding Wi . |\, . |
) (p)-(p1)-(p?)-jmn
The following theorem holds.

Theorem 1. Let f : GAy — GAy be a mapping of the non-symmetric affine con-
: i _ k _ k k Lk
nection space GAy.  The set Wl(p).(pl).(pz).jmn’p = 1,2,3,p" = (p},p5,P3),
k=1,2,pk = 1,2, of families of geometrical objects given in the equation (2.26)
is the set of families of invariants of the Weyl type for the mapping f.
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Corollary 3. The invariants (2.9, 2.26) of the mapping f satisfy the equation
Wi —

(p)-(pY)-(p?)-jmn (p).jmn
+u (Li

i
jm\nir -0

Jjmln

o an (L = )+ 0,1 (L~ o))
(L rim ™~ i = O, (Lo~ )~ 00 1 (Ll — 7))

om
(0t 03 ) (L= Th) V(L = 15) (Lo — o)

(p_%).mn
v/ (L5 = 15) (L = Tam) +w (Lo — Tin) (Lo = Toy)
Vv Vv
(2.27)
for p= 1,2,3,])%,...,1)% =1,2.
Corollary 4. Let f: GAy — GAy be an _equitorsion mapping between
non-symmetric affine connection spaces GAy and GAy. The invariants (2.20) of this

mapping reduce to the corresponding invariants (2.8). The invariant (2.19) coincides
with the anti-symmetric part L’jk of the affine connection coefficient Lljk.

\
The set (2.26) of families of invariants of the mapping f reduces to

W =K (oé

(0.2 = Kin = O i+ @) juim + ) jm®(p).an~ O) jn @) cm
i i / i o o i
(o, anlim = 01 o) (“’(za%»ocmLf;l ) L)
+ (uw?‘ o L (0( 2) mn)L‘ja,
(2.28)
for p= 1,2,3,p%,...,p% =1,2.
The equation (2.27) reduces to
i Y o /o0 i
W(P)‘(Pl)(l’z)-]’mn - W(P)‘.I'm’l + (um(pé).mn tu O)(pg).mn)l’]'g
o .
* “( jmin ). omLJm O, 'nL&vm>
(2.29)

+”< jrlm ()mL‘}n @ ym%n)

+vL°‘ L’ +vL°‘L’ +wL°‘ Lgu,

forp: 1527371)})--‘,[7% — 172

The sets of invariants ‘W’( , given by the equations (2.26, 2.28), are the

p)-(p1).(p?).jmn
sets of the (p.p'.p?)-th class invariants of the Weyl type.

The families of invariants in the set (2.26), and in the set (2.28) as well, are equival-
ent invariants of the mapping f : GAy — GAy. Because these families are different
in general, we are aimed to find how many of these families are linearly independent.
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The set ‘W’ép). (! , of invariants may be expressed as

W) (01).(2).jmn
_qi i 1 A-i
—W(p) +ult  Fu T

Jjmln Jnlm
1..7i Fu 2 i o 3 ro i 4 0 i
CpML%ij Cpuw(p)un(rjm + CPMijTam + CPM(D(P)J"TW”

)-(p?).jm

o i I o g o g
.jmn +V‘ij‘TOLn+v TjnTam+WTmnT(xj

Ty o 8 i o 9 Iro g 10,/ .0 i
Cptt Loy T jn = pt 0y oy T i+ ot Loy T+ 0 O 1, Ty

+ (ciu + c}pl u’)Lf,‘,in‘j“;a + (cgu + c;fu’) w(p).mn{jd;ow (2.30)
for the corresponding coefficients c/; €{0,1},k=1,...,12.
There are 64 families of invariants in the set (2.30) characterized by the corres-
ponding 11-tuples
u/,

_ 1 2 3 4 70 8
k= (1,—cpku, —C el Cpy Cppelhs —C il —C
9

;o105 1. 6 12,/
ol sl s coputcpu ot cppud),

k=1,...,64, for c;k = c;, in the k-th of families of invariants in the set

)i
W(p)-(p‘)~(p2)~jmn'
1
The rank of the matrix : of the type 64 x 13 is 6.
Co4
The following theorem holds.

Theorem 2. The set (2.26) of invariants of a mapping f : GAy — GAy, generates
the 6-dimensional vector space.

3. APPLICATIONS AND EXAMPLES

From the above obtained results, we will search invariants of equitorsion geodesic
mappings defined on a generalized Riemannian space GRy. Furthermore, we will
obtain an associated basic invariant of Weyl type of an almost geodesic mapping
[1,2,10] defined on a Riemannian space Ry. These invariants will be applied in the
examples after theoretical researches.

Equitorsion geodesic mappings. Let f : GRy — GRy be an equitorsion geodesic
mapping. This mapping is characterized by the following equation

Pl = ;8 + i, 3.1)

for the deformation tensor Pi =Ly — L, and a 1-form ;.
After symmetrizing this equation in the indices j and k, we get

@:%&+w&- (3.2)
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If we contract the last equation over i and k, we will obtain the following expression
of the 1-form y;
| — o
V= m( jou jg)'

After substituting this expression into the equation (3.2) and recalling the equation
(2.3), we get

; | 1

] . 170

ROE L A

If we substitute this expression into the equations (2.8, 2.9), we obtain that the geo-
metrical objects

Sl e (3.3)

i ; 1 . .

e e v G R 2y (3.4)
— ' 1 .

WI(Z)‘jmn = lemn - msin ((N + I)F;x(x\n + anl“fl‘ia)

1 swenre, srere o
+(N+1)2 n(( +1) jj\m+ Jo m)v

are the basic associated invariants of the Thomas and the Weyl type of the mapping

f.

Example 1. Let GR3 be a generalized Riemannian space equipped with the non-
symmetric metric

() xR
gi=| ' () 2 | (3.6)
2 3 ( v ) 2
The symmetric and anti-symmetric part of this metric are
(X1)2 0 0 0 x X2
8ij = 0 (x2)2 0 and 8ij = —x! 0 x (3.7
0 0 (x3 2 v 7)62 —x3 0
The contravariant metric tensor [gﬂ] = [gﬁ] ! of the space GR3 is
)7 o 0
gi=| o @7 o |. (3.8)
0 0o ()7

To obtain the invariants (2.29), we need to search the corresponding invariant (2.9),
the geometrical objects (‘)1(1)_1'1( and 0)‘(2).].,( and the anti-symmetric part F’jk of the gen-
Vv

eralized Christoffel symbol F;k given by the equation (1.7).
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The affine connection coefficients of the associated space R3 are the Chrisfoffel
symbols

) ) A .
3 :Q)l o = (x) ? l_']_k 39
Ik (1)-jk { 0, otherwise. (39
Furthermore, based on the equation (3.3) we get
Ol = 77 (36 +8() ). (3.10)
For this reason, the curvature tensor of the associated space Rz is R. =0. Moreover,

jmn

the associated invariant of Weyl type (3.5) is

Wha o=~y (V4D (60 1), 409 () )

] . . | 3.11)
+QWHV&<w+UQv))m+@Q () )
. 1 .
Because F’jk = Eg&(gja’k — &jka +gak,j), we get
v v v v
1 - 1 - 1 -
F%3 = z(xl) = —Fﬁza F31 = E(xz) = F%%a F?z = E(XS) = —th
4 Y \ Vv
(3.12)

and Fz.k = 0 in all other cases.

\
After substituting the expression (3.9) into the equation (2.29) and with respect to
the equations (3.10 - 3.12), for p}, . ,p% € {1,2}, we get that the set of invariants of
Weyl type of the mapping f is

T o) m = (Ni 528 <(N+ (), + o) (xn)l)

+@JV&<W+UUVYvW+@0”@ﬂ4)

+ (u(o( b, +iu' o )

mn (p3).mn

T (FJM\n ( D. (xnrjm + (’)( 1). 'nrixvm>

Tu ( J"|m O)Z(pz).umF%Z - 0)? 2). 'mrélﬂ)

+vF°° Fl —|—v’F°‘ Fl —|—wl"°‘ F’WF’N
Almost geodesic mappings. N. S. Sinyukov [16], J. Mikes [1,2, 8, 10] and many
other authors have developed the concept of geodesics. We will search an associated
basic invariant of the mapping f : Ry — Ry characterized by the equation

+ P +P°‘P’ +P°‘P‘ Samn—i—ﬁam], (3.13)

nm\] Jmin
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for the tensor a;; of the type (0,2) symmetric by the indices i and j. This mapping is
called the almost geodesic mapping of the type ;.

After replacing the indices m <+ n, we get
P i+ PouPen + PP = itum + 8. (3.14)

jntm + Ennlj +F

If we subtract the equations (3.13) and (3.14), we will obtain that the following equa-
tion is satisfied

Pl — le = —PJ‘-imP&l + PEP(‘;L,, + 8 — 8. (3.15)

: . . =0 i
Based on the equations (2.10, 3.15) and the invariance P LmP(M =
P]‘?‘mP&i , we obtain that the geometrical object

~ . 1. 1.
is the associated basic invariant of the Weyl type of the mapping f.
After contracting the equality W’@_jmn — ‘Wb)_jmn = 0 by the indices i and n, we

i

obtain that the curvature tensor R’ is the derived invariant of this mapping.

Example 2. Let R3 be a Riemannian space equipped with the symmetric metric
gij given in the equation (3.7). Let also f: R3 — R3 be an almost geodesic mapping
of the type ;.

As we obtained in the previous example, the curvature tensor of the space Rj is
R;mn = 0. For this reason, the geometrical objects

Wi

- =0, (3.17)

i Si i
=9,aj, —d,a;» and W(3).jmn

are the associated basic and the associated derived invariant of the Weyl type of the
mapping f.
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