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EFFICIENT ESTIMATE OF THE REMAINDER FOR THE
DIRICHLET FUNCTION 1(p) FOR p € Rt
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Abstract. Forany k,n,q € N, where n > 2k+1 >3, and p € R™ the nth remainder p(n, p) of the
Dirichlet eta function 1(p), known also as the alternating Riemann zeta function,

() =Y (-1 L

is given in the form

p(nap) = Al](nvp) +84](k7p)7
where k and g are parameters controlling the magnitude of the error term 8, (k, p). The function
Ay(n, p) consists of |g/2] + 1 simple summands and 8, (k,n, p) is estimated as

5 p(q 1) 1

|8q(k7p)| 3 - =1 (2k)p+q71 )
where p(‘l s the rising Pochhammer product.
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1. INTRODUCTION

To obtain the numerical values of the sequence n — H* (n, ﬁ),

n
1
j+1
H( 71000 Z )’ j1/1000
Jj=
=1.0000...—-0.9993...+0.9989...—0.9986...

(_1)n+1
n1/1000

+0.9983-0.9982... + -+ + (n€N),
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the Dirichlet eta function, !
Z it L w (>0

is not a very useful tool although H* (”’W) R~ hm H*( ,1000) = n(%) ~
lifgn( p)= % [1, Proposition 5.3]. The approximation H *( n, 1000) ~n( 101W) is good
p

only for “very large” n due to slow convergence of H *( n, 1000) illustrated” in Fig-
ure 1.

T T
C H*(n,1/1000) ~ 1 (72 odd)
0.8 -
0.6 - 7(1/1000) ~ 1/2
0.4 -
0.2 -
r H"(n,1/1000) = O (1 even)
- 50 100 150 200

FIGURE 1. The graph of the sequence n — H* (n, ﬁ).

We also remark that for any (fixed) n € N we have

(—1)i*! 1—):5"?1)/2( 1 —%), n odd

lim Z — lim =t \@r - @y _ {1’ nodd
= ) -
Pl 1= y"/ ( ﬁ _ ﬁ : n even 0, neven.

Motivated by the results obtained by L. T6th — J. Bukor [5], V. Timofte [4], and the
Sintdmarian’s papers [2, 3], we shall accurately estimate the remainder

p(n,p):=n(p)—H"(n,p) (neN, pecR"), (1.1)
where
H*(n,p) == Z(—l)f'“,i (1.2)
=1 J?

is called the nth alternating generalized harmonic number of order p.

Iknown also as the alternating Riemann zeta function
In this article all figures are plotted by Stephen Wolfram’s Mathematica Software, Version 7.0.
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2. AUXILIARY RESULTS

In the sequel we shall use special sums®

(2i-1)

lg/2] By -
oi(x,p)i= Y (4—1) 2P

T (20)] (geN, p,xeR), (2.1
i=1 -

where By is the kth Bernoulli coefficient (or Bernoulli number)*, defined by the iden-

tity 5 = Yo Bk (1| < 27). Here, for x € R and k € Ng := {0} UN the symbol

0

x®) means the upper (rising) Pochhammer product defined as

k—
X0:=1 and O =TJ+i)=x(x+1)...-(x+k—1) (keN). (2.2)
i=0

—_

1=

According to [1, Theorem 3.2] there holds the following lemma.

Lemma 1. For p € R" and for any k,n,q € N, where n > 2k+1 > 3, we have

H*(n,p) = H,(k,n,p) +r,(k,p), (2.3)
where
Hy (k,n, p) := Ay(k, p) + By(n, p), (2.4)
1

A;(k,p) :==H"(2k—1,p) — W —o;(2k,p), (2.5
B (n,p) := ﬂ +o. (22, p) (2.6)

q\’” 2(2|~%J)p q 2 ’

(g—1) . gp+1
R p T

‘}’q(kap” < +3(2k7t)1’+‘1—1 2.7)
(2.8)

Referring to [ 1, Theorem 5.2] we have also the next lemma.

Lemma 2. For p € RT and for any k,q € N, there holds the following relation
(see (2.1)),

1
n(p) :H*<2k—l,p)——)p—c;(zk,p)+eq(k,p>, (2.9)

2(2k
p(q_ 1)
3ma—2(2k)pta-1’

where

leg(k,p)| < (2.10)

3By definition, Y/, x; = 0if m > n.
“Bi=—1 B=1 By=Bs=B;=..=0,By=By=—1,Bs= 15, ...
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3. THE MAIN RESULT

From Lemmas 2 and 1 immediately follows the next result.

Theorem 1. For p € R" and every k,n,q € N, with n > 2k +1 > 3, the nth re-
mainder p(n,p) :=n(p) — 7:1(—1)1+1 jl is given in the form

p(n7p):Aq(n7p)+6q(k7p)7 (31)
where
Aq(n,p)— 2(2£%1J) Gq(z\_ 2 J?p)a (32)
5pla—1) 1
18,(k, p)| < P . (3.3)

Proof. We have
p(n,p) =m(p)—H"(n,p)

where

pla=b) pla=b)
< +
3ma-2(2k)rta=1 = 3(2km)rta-1
(¢—1)
p ~(p+1)
342 (2k) P+ (Hn )
pla=b 5

< —. 0
3na—2(2k)rta-! w
In our Theorem k and ¢ are parameters controlling the magnitude of the error term
8y(k,p) =¢4(k,p) —ry(k,p). We add that, for 0 < p < 1 and ¢ € N, using the Stirling
factorial formula, we estimate

11 q 1
P =plp+1)---(p+q—2) < (q—l)!=%< p <g) 2ng- €.
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Thus, forn > 2k+1 >3 and 0 < p < 1, we obtain the estimates

spla=1) 1 5 [2;m rg\e L 1
. N iy B 3 2 o —
}Sq(kvl’)’ < 3pa—1 (2k)pra—t < 3V ¢ (e) e (2mk)a—!
5 q q-1 1 q -1
_ 12 —_—
3em<2enk) e <2\/21(2e7tk) ' S

Figure 2 shows the graph of the sequence n — As(n,1/1000).

0.6 - 77(1/1000) = 1/2
oal  AS(I/1000) ~ 12 (reveny
0.2 f
: s 10 15 20
—02 |
04t As(n,1/1000) ~ —1/2 (1 odd)
B e R BRI

FIGURE 2. The graph of the sequence n — As (1, 195 ) -

Since o (x, p) = 0, we obtain from Theorem the first corollary.

Corollary 1. For p € R and any k,n € N, withn > 2k+1 > 3, we have

oo (= 5
j;(_l)l+1j7+2(2L +1J) 3(2k)p

n

il (
< Z,l(_l) +1j7p+2(2Ln+lJ)P 3(2k)p .

Setting ¢ = 5 in Theorem we obtain the following result.

Corollary 2. For p € R and k,n € N, such that n > 2k +1 > 3, the following
equation follows

+11 ( _ P
P L SRy s
p(p+1)(p+2> (

+ 1,\p+3
s(20%51))
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where
S5p(p+1)(p+2)(p+3)
3t (2k)7

lsﬁ(kap)‘ <

Example 1. Since }85(10,0.001” < 107? the approximation

. 1
n(0.001)~S;:= ?:1(71)/“#.0_})0, + — 0001 Q00 + 2000 L00Lx2 00
2(21"3'0 4(2{%0 48(2{%])

is very accurate for every n > 21 as is seen from Figure 3 where are plotted the graphs
of the sequence n — S and the constant function n — 1(0.001) = H*(0,0.001) =
0.5002257.... The corrected term As(rn,0.001) is crucial since, for example, we
have

H*(100000,0.001) = 0.005949215..., H*(100001,0.001) = 0.994502300.. .,
As5(100000,0.001) = 0.494276544 ... and A5(100001,0.001) = —0.494276539.. ..

— 0.500225760848

- 0.50022%76D840

° ° S
° ° ° ° n
77(1/1000) = 0.500 225 760 834 . .°. ® ° ¢ ¢ o o o o
- 0.500225760832
n n n n L n n n n L n n n n L n n n n L
20 25 30 35 40

FIGURE 3. The graph of the sequence n +— S.

Obviously, using the approximation 1n(0.001) ~ S

n
approximation of H* (n, 1955) from Introduction:

we directly obtain accurate

(! 0.001 0.001x 1.001x2.001
— 00 (neN).

“(n =Y 0. :
H* (1000 ”(OOOIHZ(A%J)O'OOI+4(2L%J)ml (i)™

CONCLUSION

The paper provides an estimate of the remainder of the series representing Dirich-
let’s function n(p) for p € R*. The presented estimate is effective also in the case of
slowly convergent series occurring for p ~ 0.
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