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Abstract. In this note, we furnish a transformation such that solutions of the fractional p-Kirchhoff
equation in RN are easily obtained from known solutions of the corresponding fractional p-
Laplace equation. As an application, we classify all positive solutions of some (fractional)
p-Kirchhoff equations with sub-critical or critical nonlinearities and Hénon-Hardy potentials.
Similar results for Kirchhoff type systems are also discussed.
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1. INTRODUCTION AND MAIN RESULTS

Throughout this note, we always assume that N > 1 and M : [0, +00) — [0, +00).

We also suppose that 0 < s <1 < p and f : RY x R — R is measurable and homo-
geneous in the first variable. More precisely,

F) flx,u)=|x|*f (l)’g—l,u) for some @ # —ps and all (x,u) € RV \ {0} x R.

We study solutions of the following nonlocal equation

M ([u)?,) (—2A)5u = f(x,u) inRY, (1.1)

1/p
[uh,pz(/ |W|de) |
[RN

(=A)bu(x) = —div(|Vu(x) P> Vu(x))

u(x) —u(y)|? tp
(//[sz |x — y|N+ps dXdy) ’

s o u(x) —u(y)|P 2 [u(x) — u(y)]
(—A)pu(x)—81_1)13)5r BV B Vs

where

and for s € (0, 1),
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up to normalization factors, here Bg(x) is the ball centered at x € RY with radius
e > 0. We also denote

()15 = [ 1V 29u()- Vo) dx

and

““W&P:IKMJMQO_M@HFQWQO_MOHWQJ_¢UHdmw

|x — y|N+ps

for s € (0,1). Note that [u]? p = {u,u)s,p. For the sake of simplicity and usual
convention, we also denote —A,u = (—A)Il,u and (—A)’u = (=A)5u.

A general functional framework for (1.1) is the local (fractional) Sobolev space
Wks)’cp (RN consisting of all measurable function u on RY such that ug € W2 (RY)
forall p € Cc°°(IRN), where WP (RV) = {u e LP(RV): [u]s,p < oo} and C(?O(RN)
is the space of smooth functions with compact support in RV .

A function u € ngép([RN) is called a solution of (1.1) if [u]s,, < 00, f(x,u) €
Ll (RY)and

M ([u]? ) (u.0)s.p = /IRN fx.u(x)p(x)dx forall p € C°(RV).

Equation (1.1) is analogous to the stationary problem of a physical model which
were first introduced by Kirchhoff [10] to describe the transversal oscillations of
elastic strings. This type of problems received much attention of several researchers
after the work of Lions [13], where a functional analysis framework was proposed to
attack it.

Due to the presence of the nonlocal term M ([u]f ), problem (1.1) is no longer a
pointwise identity even if s = 1. This phenomenon causes some mathematical dif-
ficulties which make the study of such problems particularly interesting. In the last
decade, working directly with nonlocal term via variational methods, several authors
have established many interesting results about the existence and nonexistence of
positive solutions, sign-changing solutions, ground state solutions, least energy nodal
solutions, multiplicity of solutions, semi-classical limit and concentrations of solu-
tions to Kirchhoff and p-Kirchhoff problems, see e.g. [5, 8, 11] and the references
therein. Recently, many authors also study fractional p-Kirchhoff problems (1.1)
when s € (0, 1). Variational results for these and related problems are established in
[6,18,19,27] and references therein.

There is, however, another simple method that helps eliminate nonlocal term of
some Kirchhoff equations in R . In [8], the authors used a transformation that allows
them to obtain solutions of the autonomous Kirchhoff equation

-M (/ |Vu|2dx) Au=h(w) inRY
RN
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from the corresponding local equation. In this note we will extends this transforma-
tion to fractional p-Kirchhoff equation (1.1) with homogeneous nonlinearity f(x,u).
This method allows us to reduce (1.1) to its corresponding fractional p-Laplace equa-
tion

(—A)Su= f(xu) inRN. (1.2)

For any function u on RY and A > 0, we denote u*(x) = u(7). Our first result is
the following theorem, which extends [8, Theorem 1-3].

Theorem 1. Assume that 0 < s <1 < p and [ satisfies (F). Then u is a solu-
tion of (1.1) if and only lfM([ ]Sp) =0and f(x,u)=0ae in RN, oru = ué,
where ug is a solution of (1.2) and A > 0 is a solution of the algebraic equation
M(/\N_ps[uo]f,p) = \@tps,

Our second theorem is an analogous result for the Kirchhoff type system

{M1 (2 5)) (A5 u = fi(x,u,v) inRY, 13

M; ([U]S2,p2) (_A)pzv = fz(X,M, U) in [RN
We say that (u,v) € WIPH (RN ) x W22 P2(RN) is a solution of (1.3) if [u]s,,p, <
00, [V]s,pp < 00, f1(x,u,v) € L} ([RN) fo(x,u,v)e Ll (RVN)and

loc loc

My (21 ) (. @510 = Jan S106,u(x), v(xX))p(x) dx,
M (V185 5,) (V. 0) 52,00 = [ S2(x,u(x), v(x))g(x) dx,

forall g € CCOO(IRN).
The corresponding system of (1.3) when M| = M, =11is

( A)plu_fl(x’uav) in [RNa

(—A)pzv = fo(x,u,v) inRVM. (1.4)

Theorem 2. Assume that 0 < 51,52 <1 < p1, pa, M1, M5 : [0, +00) — [0, +00),

f1. > are measurable and filx,u,v) = |[x|¥'fq (|x|,

folx,u,v) = |x|*2 f, (|x|,u,v) for some ay,a3 € R and all (x,u,v) € [RN\{O} X

R x R. Then (”0 , vO) is a solution of (1.3) if (ug,vo) is a solution of (1.4) and A >0
is a solution of the algebraic system

Mi(AN—P1s1 [“0]s1 1) = \21t+pist
M,y (AN—P252 [vo]22 ) = Ao2+p2sa

We cannot obtain all solutions of (1.3) from known solutions of (1.4). However,
when f; and f, have power growth in u and v, we are able to do that by using another
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transformation. Indeed, let us consider the following Kirchhoff type system

M ([”]fnl,pl) (—A)piu =wi(x)ud1v™  in RV, (L.5)
M, ([v]52 p,) (=A)2v = wa(x)u"2v%  in RN :
and its corresponding local system
(—A);llu = w(x)u?' v in RN w6
(—A)2v = wa(x)u™v92  in RV, :

We have the following.

Theorem 3. Assume that 0 < 51,52 <1< py1, pa, M1, M5 : [0, +00) — [0, +00),
wi, wy: RY — (0, +00) are measurable and q1,q2,71,72 € R such that (g1 — p1 +
1)(g2 — p2 + 1) # rira. Then (u,v) is a positive solution of (1.5) if and only if
(u,v) = (A1uo, A2v9), where (Ug, Vo) is a positive solution of (1.6) and (A1,A2) isa
positive solution of the algebraic system

—p1+1
%Ml(k{l [”01511,171 :A?l pt A£l7

—pa+1
My (B2 [w0lf2 ) = 2744772 F1,

(1.7)

Remark 1. It should be noted that in our results we do not assume any condition on
M, M1, M, except their non-negativity. Our method can also be applied to fractional
p-Kirchhoff type inequalities and poly-harmonic equations of p-Kirchhoff type.

The proofs of our theorems are given in Section 3. In the next section, we util-
ize these theorems to classify all positive solutions of some fractional p-Kirchhoff
equations and systems having power growth and Hénon-Hardy potentials.

2. CLASSIFICATION OF POSITIVE SOLUTIONS

We consider the p-Laplace equation of Hénon-Lane-Emden type
—Apu =|x|*u? inRV. (2.1
Before stating our classification results, let us introduce the following exponents

(p—1)N+pa+p

gs(py=)  N-» NP
O

ifN<p
and

qs(p) =qs(p.0).

When N > p > —«a and ¢ = ¢s(p,®), solutions of (2.1) may be found by minimiz-
PN +o)

ing [pn |Vu|? dx over the manifold N (p,a) = {u € WHP(RN) : [pn [x|%|u| N=r
dx = 1}. Let us denote

N+a

pta
S(p,a) = inf Vul? dx
( ) uez/{f(p,oz) (/I];N | | )
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and
S(p) =S(p.0).
By a standard argument, solution w of (2.1) obtained from minimizers of S(p,«®)
P(N+a)

satisfies [pv [Vw|? dx = [pn [x|*|w| ¥=7 dx = S(p.a).

We consider equation (2.1) in the autonomous case « = 0. Serrin and Zou [23,
Corollary II] proved that (2.1) has no positive solutionif ¢ =0, p > 1 and g < gs(p).
Therefore, utilizing Theorem 1, we have the following nonexistence result.

Proposition 1. If p > 1 and q < qs(p), then the equation

-M (/ |Vu|pdx) Apu=ud  in RN
RN

has no positive C1(RY) solution.

In critical case ¢ = gs(p) = ( where 1 < p < N and o = 0, all positive

i)l’p(RN ) solutions of (2.1) have been recently classified by Vétois [26] (for 1 <
p < 2) and Sciunzi [20] (for 2 < p < N). See also [2] for classical result in the case
p = 2. They proved that all positive solutions of (2.1) under these assumptions are
of the form

p—N+p
N-p

p—1 AL
pr—1 D
MTI—I N7 (M) »

p—1
Up,uu,xo(X) = 7 2
=T+ [x — x| 7T

for £ > 0 and x¢ € RV, see [20, Theorem 1.1]. We also know that
Jen IVUpji.xo|P dx = S(p). From this fact and Theorem 1, we have the following
result, which extends [ 14, Theorem 1.1 and 1.2] to p-Kirchhoff case.

Proposition 2. If 1 < p < N, then every positive DVP(RN) solution u of the
equation

-M (/ |Vu|de) Apu = u WS i RY
RN

must have the form u(x) = UP;M:XO(%)’ where ;> 0,x9 € RY and A > 0 is a solution
of

MQAN=PS(p)) = AP. (2.2)
Therefore, if (2.2) has no positive solution, then the above p-Kirchhoff equation has
no positive solution.

We now turn our attention to the Hénon case « > 0. When p =2 and 1 <g <
gs(2,a), the nonexistence of positive H lloc([RN )N L;’;’c([RN ) solutions of (2.1) was
recently obtained in [7, Theorem 1]. The optimal nonexistence result for the case
p # 2 is still an open problem. There are some partial results anyway. This type
of nonexistence result was proved in [9, Section 3] for radial positive solutions and
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q <qs(p,a),in [16, Theorem 12.4] for g < W (g <o0if N <p),in[l7,
Theorem 1.2] for g < gs(p,a), N < p+ 1 andin [17, Theorem 1.3] for ¢ < gs(p).
Combining these facts with Theorem 1, we have the following.

Proposition 3. Let o > 0 and q > p — 1, the p-Kirchhoff equation
-M (/ |Vu|pdx) Apu = |x|%u?  inRY
RN

has no positive C1(RN) solution u under one of the following assumptions
() p=2andq <qs(2,w),
(i) ¢ < L=PNED (4 < 00 if N < p),
(iii) g <gs(p,a) and u is radial,
(iv) g <gs(p,a) and N < p +1,
V) g <qs(p).

Recently, all positive solutions of class H lloc(IRN )n L;’;’C([RN ) to equation (2.1)

when p =2, 2<a <0, N>3and g =¢gs(2,x) = % was classified in

[7, Theorem 2]. It was proved that all such solutions must have the form

N—=2 N=2
N(N =2)(a@+2)%\ * W af2
Vau(x) = 21 lxet2
4 n? + x|
for p > 0. It is also clear that [py |VVa,u|?dx = S(2,a). From this and Theorem

1, we have the following proposition, which extends [14, Theorem 1.1 and 1.2] to
Hardy case.

Proposition4. If N >3 and —2 < o <0, then every positive H}! (RNV)NLS (RY)
solution u of the equation

-M (/ |Vu|2dx) Au = |x|auN;rV2—aZ+2 in RV
RN

must have the form u(x) = Vy,;,(3) where > 0 and A > 0 is a solution of
MON282,a)) = A% 12, (2.3)

Therefore, if (2.3) has no positive solution, then the above Kirchhoff equation has no
positive solution.

By similar arguments, we may obtain some classification results for fractional
Kirchhoff problems. Let us denote

|u(x)]

o 1+|X|n+sa'x<oo .

<§Ca={u:lR”—>[R|

The nonexistence of nontrivial nonnegative Cl(l)’c1 N &£, solutions of (—A)’u = u?

in RN when0 <s<land1l<g< %fg; was proved recently in [3, Theorem 4].
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Moreover, if ¢ = %fgj , then nonnegative Cliél N Lo solutions of this equation are

radially symmetric and hence must assume an explicit form. We may utilize these
results and Theorem 1 to obtain

Proposition 5. Assume 0 <s <1 <qgandu € cl
of the equation

loe 'n £ is a nonegative solution

2
s TS

Then
(1) In the critical case g = N+§§’ u = 0 or u assumes the form
NE2S
7!
U(X)ZC(m) y C,//L>O,X()G[RN.
(i1) In the subcritical case 1 < g < N+§§, u=0.

To demonstrate an application of Theorem 3, let us now consider the Lane-Emden
system
—Au=v? inR¥,

2.4
—Av=u? inRY. 24)

The famous Lane-Emden conjecture states that: If the positive pair (p,q) lies
below the Sobolev critical hyperbola, i.e. if

1 1 N-2
+ > 9
p+1 g+1~ N

(2.5)

then there is no classical positive solution to (2.4).

Up to now, the conjecture is proved to be true for radial functions by Mitidieri [ 15]
and Serrin-Zou [21]. For the full conjecture, Souto [25], Mitidieri [15] and Serrin-
Zou [22] proved that there is no supersolution to (2.4) if pg <1 or
max{%, %} > N —2. This solves the Lane-Emden conjecture in dimen-
sions N = 1,2. More recently, the conjecture is proved in dimensions N = 3,4 by
Souplet and his collaborators, see [24]. For N > 5, the conjecture is prove to be true
for (p,q) verifying (2.5) and one of the following extra conditions:

o If p.g < %”L%, see Felmer-de Figuereido [4].

e If max(p,q) = N —3, see Souplet [24].
e If min{ Z;I;J_FP, ZIS‘Z;})} > N2_2, see Busca-Manasevich [1].
e If p=1org=1,seeLin[]2].

We may utilize Theorem 3 and above facts to obtain an analogous result for the
Kirchhoff-Lane-Emden system.
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Proposition 6. Assume that p,q > 0 verify (2.5) and M1, M3 : [0, 4+00) — [0, +00).
Then the Kirchhoff-Lane-Emden system

—Mi(fgn |Vul?dx)Au=v? in RN,
—Ms([pn |VV2dx)Av=ud in RN

has no classical positive solution (u,v) under one of the following extra conditions

(1) u,v are radial,
(i) N <4,
N+2
(iii) p,q < ¥
(iv) max{p,q} > N —3,

(v) min{2@2+D 2@+, 5 N2

Certainly, we can state the following open problem which is equivalent to the
Lane-Emden conjecture by Theorem 3.

Open problem. Assume that p,q > 0 verify (2.5) and My, M5 : [0,400) —
[0, +00). Then the Kirchhoff-Lane-Emden system has no classical positive solution.

3. PROOFS OF MAIN RESULTS

Proof of Theorem 1. For any u,¢ and A > 0, we have

(ulaﬁo)s,p = AN_ps(71,(01/%)5,17- (3.1)
Indeed, if s = 1, then

(u*,go)l,p:rpﬂ/ ’Vu( )‘p ZW(A) Vo(x)dx
= AN-ptl /[R N IVu(x)|?~2Vu(x)-Vo(rx)dx

= ANTP 0y,

while if 0 < s < 1, then

x y -2 y
(F)—u () 1772 (F) —u (3)lex) — ()]
,(,0 P //[;QZN

|x le—i—ps

dxdy

=/\N—ps// () —u)IP 2 (x) —uWllp(x) —p(Ay)] |
R2N

|x y|N+ps
— AN_pS(U,(pl/A)S,p

Note that (3.1) also implies [u’x]f,p = AN_ps[u]ﬁp
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Assume that ug is a solution of (1.2) and A > 0 satisfies M(/\N_Ps[uo]f,p) =
A®TPS Thenu = ué verifies [u]} , = )tN_ps[uo]f,p and for all ¢ € CCOO(IRN),

M (12 ,) (w.9)sp = M (AN [uo]? ) (5. 0)s.

= M (AN P ugl2, ) AN P (o.M )5
= M (AN P ]2, ) AN S / FGeato(e)p(hx) dx

:,\“/RNfG uo( ))fp(X)dx
_ /{R feru(e)d,

where we have used the definition of A and assumption (F) in the last two lines.
Therefore, u is a solution of (1.1). On the other hand, if M ([u]? ,) =0and f(x,u) =
0 a.e. in RY, then clearly u is a solution of (1.1).

Conversely, assume that u is a solution of (1.1) and either M ([u]f p) > 0 or
f(x,u) # 0 in a subset of RN with positive measure. Clearly, M ([u]f ) > 0 in
both cases. We define ug = u'/* where A = MY, )1/ @+ps) Then y = ”0 and
Wt , = = AN=PS[y)? _p- Therefore, A satisfies M(/\N PS[ugl¥ ») = A**TPS. For all

g € CORY),
(0. @)s.p = Wt @) p = A7V TP 0*)s
=AM @g,) [ e (5) dx
— jatpsp—1 sp / f(x,up(x))e(x)dx

= [ Suo@needx,
RN
which means that 1 is a solution of (1.2). O

Proof of Theorem 2. For all ¢ € C°°(IRN), we have

My (12, ) e @51 o1 = My (AN P ]2, ) AN =P g, 01 )
=it [ Ao v (e dx
_ e L *
=4 /[RN h (A’"O(A) ’UO(A))‘P(X)‘ZX

= [ At e ds.
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Similarly,
A A A A
Mo (I312,.) (0 0o = [ ol (o). g )

Therefore, (ué, vé) is a solution of (1.3). O

Proof of Theorem 3. Assume that (u,v) = (A1ug, A2v9), where (ug, V) is a pos-
itive solution of (1.6) and A1, A, > 0 satisfy (1.7). For all ¢ € C°°(IRN), we have

M, ([u]sl pl) (u,0)s1,pr = M1 (Apl[” ]S] pl)’\pl (“0»‘P)S1,p1
:/\‘f')@/ wiug'vg' g dx
[RN

:/ wiud'vpdx.
RN
Similarly,
M2 ([ $2, p2) (v’(p)SZ,pz = ,/I;QN wzurzqugodx.

Therefore, (1, v) is a solution of (1.5).

Conversely, assume that (u,v) is a positive solution of (1.5). We define (1, vo) =
(u/A1,v/A2), where

1
qu p2+1([ ]Sl " (q1—p1+D(ap—ppr+D—rrp
M3 (V155 p,

’

’

72([M]s1 ,D1

Then (u,v) = (A1ug,A2v9) and [u]sl,p1 = )Lfl [ug]fll,pl, [v]fzzﬂ,,2 = )\pz[vg]sZ,p2
Therefore, A1, A, satisfy (1.7). For all ¢ € CC°°(IRN),

1
(Mql P1+1([v]s » ) (G1—p1FD(ar—prFD—rirp
_ 2,02

1_
(MOv(/’)sl,pl :Al pl(“v(p)sl,pl
:)Li—PlMl ([u Sl’Pl)/RN wlu‘hvrl(pdx
:k;qlkgrlf wiu?v @dx
RN

Z/[RN w1u0 v @ dx.

Similarly,
(V0. @)s2,p2 = /IRN Wt Vg P dx.

Hence, (19, vg) is a solution of (1.2). O
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