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1. INTRODUCTION

It is known that differential equations of the second order in Hilbert spaces play
important role in the qualitative theory of differential equations, probability theory
and stochastic processes. It should be noted some books and papers in this direction
[71-[11.

As arule such problems were investigated in the regular case when the correspond-
ing linear problem has unique solution. In the presented paper we consider boundary
value problem for the second order evolution equation in Hilbert spaces (resonance
case). We obtain the necessary and sufficient conditions of the existence of solutions
of such problem in the critical (irregular) case when considering linear problem can
have set of solutions not for any right hand sides. Bifurcation conditions of solutions
are obtained in general case.

2. STATEMENT OF THE PROBLEM

Consider the following boundary value problem (BVP)
Y'(t.e) + A)y(t.e) = eA1(t)y(t.e) + (1), 2.1

[0y e =a. (2.2)
where y : J — # is a vector-function y € C2(J, #) with values in a Hilbert space #,
J C R, the closed operator-valued function A(¢) acts from J into the dense domain
D = D(A(t)) C # which is independent from ¢, [ is a linear and bounded operator
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which translates solutions of (2.1) into the Hilbert space #1, A1(¢) is a linear and
bounded operator valued function |||A1]||| = sup,cs ||A1(?)|| < 00, ¢ € H#;. In such
a way we consider the case of the so-called abstract hyperbolic equation.

3. LINEAR CASE

At first we find the necessary and sufficient conditions of the existence of solutions
of linear unperturbed nonhomogeneous boundary value problem

Yo () +ADyo) = f(©). (0. yo() = (3.1)
Let x?(t) = yo(t), xg(l) = yo(t), xo(t) = (x?(z),xg(t))T, then we can rewrite

boundary value problem (3.1) in the form of the operator system
xo(t) = B(t)xo(t) +g(t), Ixo() =, (3.2)

where
Bo=( _40 o) s0=050)" (33)
=\ —4@) o ) VT ' '
Denote by U(t) the evolution operator of homogeneous equation:
U'(t) = B@)U(t), U0) = 1.

Then the set of solutions of (3.2) has the form

xo(t,c) =U(t)c + /t UnU Y 1)g(r)dr.
0

Substituting in boundary condition /x¢(-) = @ we obtain the following operator equa-
tion

Qc = a—l/.U(-)U_l(f)g(f)dr, Q=I1U(): # — H, (3.4)
0

or in the form
QOc=gy1, ceH 3.5)
where Q =[U(-,0), g1 =a—1 [(U(. 1) f(r)d.

We have three types of solutions of the equation (3.5).

1) Classical generalized solutions.

Consider the case when the set of values of Q is closed (R(Q) = R(Q)). Then op-
erator equation (3.5) is solvable if and only if the element g1 € R(Q) or Py (p*)g1 =
0 [6]. Here Pn(p~) is the orthoprojector onto the cokernel of the operator Q. The
set of solutions of (3.5) has the form

c=0%g + PNy, YcedH.

2) Strong generalized solutions.
Consider the case where R(Q) # R(Q) and g1 € R(Q). We show that the oper-
ator Q can be extended to the operator Q in such a way that R(Q) is closed. It gives
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possibility to define the notion of strong generalized solutions and obtain solvability
condition of the corresponding equation in the case R(Q) # R(Q).

Since the operator Q is linear and bounded, spaces # and #; can be represented
in the form of a direct sums of subspaces:

H=NQ)®X, #1 =RQ)®Y,

—1
where X = N(Q)+,Y = R(Q) . Let J#, = #/N(Q) be the quotient space of H
and let 3’@ and Py (p) be the orthoprojectors onto R(Q) and N(Q), respectively.
Then the operator

Q= PriyQi~ P X > R(Q) CR(Q)
is linear, continuous, and injective. Here
p:X—>Haj:H —> FHo

are continuous bijection and projection, respectively [2]. The triple (H#, #>, j) is
a locally trivial bundle with a typical fiber #y(g)#. In this case, we can define a
strong generalized solution of the equation

QOc=g1,ceX. (3.6)

We complete the space X by the norm ||x||5 = ||@x|| ¢ [8], where F = R(Q). Then
the extended operator
@:X — R(Q) C R(Q)
is a homeomorphism of X and R(Q). By the construction of a strong generalized
solution, the equation
Qc = g1,

has a unique solution @_lgl, which is called the strong generalized solution of equa-
tion (3.6). o .

In such a way we obtain an operator Q = QP : H — J1 which is normally

resolvable (R (0) = R(Q)) and has Moore-Penrose pseudoinverse §+, H=NQ)®
X . Then the set of strong generalized solutions of the equation (3.5) has the form [6]:

3) Strong pseudosolutions.

Consider the case when element g1 ¢ R(Q) # R(Q). This condition is equivalent
to the following Py (p+)g1 # 0. In this case, there are elements ¢ of J that minimize
the norm || Q¢ — g1 |7 -

These elements are called strong pseudosolutions by analogy with [6], [8].
Considered cases give possibility to formulate the following result.
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Theorem 1. [. a) Boundary value problem (3.1) has strong generalized solutions
if and only if the following condition holds

Prighie—! /0 UU (0)g(r)dt} = 0; 3.7)

ol /O UOU (D)g(t)d € R(Q),

then strong generalized solutions are classical;
b) under condition (3.7) the set of solutions has the form

.XO(I,C) = U([)?N(é)c + (G[g,()l])([), Ve e <7€
where fﬂg)’ ?N(Q*) are the orthoprojectors onto the kernel and cokernel of the
operator Q respectively,

T T ! -1 ol ' -1
(G[g,a])(t)=/0 U)U™ (v)g(r)dt + 0 {Ot—l/OU(-)U (1)g(v)d}

is a generalized Green operator of the boundary value problem (3.1);
2. a) Boundary value problem (3.1) has strong pseudosolutions if and only if the
following condition holds

Pyite—! /0 UCOU™ N ()g(r)dT} # 0; (3.8)

b) under condition (3.8) the set of strong pseudosolutions has the form

xo(t,c) = U(t)JPN(E)C +(Glg,a])(t), Vce K.

4. BIFURCATION CONDITIONS

a) Suppose that condition (3.8) is hold. Our main goal is to obtain conditions for
A1(t) which guarantee strong generalized solvability of perturbed boundary value
problem

x'(t,e) = B(t)x(t,e) + g(t) +eB1(t)x(t,¢), 4.1)
Ix(-,e) = a. 4.2)
Here is an operator-valued function B (¢) has the following form:
A 0
B =" i ) 20 =050 @3

x(t,€) = (x1(t,€),x2(t, )T, x1(t,€) = y(t.€),x2(t,€) = y'(t,€). We will use the
modification of the well-known Vishik-Lyusternik method [9]. A solution of problem



BIFURCATION OF SOLUTIONS 143

(4.1), (4.2) is sought in the form of a segment of the series in powers of the small
parameter &:

x—1(t)
&

+o0
x(te)= Y &xi(t)= + x0(t) + ex1 (1) + 2x2(t) + ... (4.4)

i=—1

Substituting series (4.4) into problem (4.1), (4.2) and equating the coefficients of ek,
1

For ¢e7" we obtain the following boundary value problem for finding the coefficient
x_1(t) of series (4.4):

xLy(t) = B(t)x-1(1), (4.5)

Ix_1() =0. (4.6)

Problem (4.5), (4.6) has a family of solutions:
x_1(t,c—1) = U([)’?N(Q)C—l’ Ve_1 € K.

An arbitrary element c_; is determined by the condition for the solvability of the
following linear inhomogeneous boundary value problem for finding the coefficient
Xxo(?) in series (4.4):

xo(t) = B(t)xo(t) + B1(t)x-1(t) + g (1), 4.7)

Ix0(-) = a. 4.8)

A necessary and sufficient condition for the solvability of the problem (4.7), (4.8) is
given by

Prigrie—! fo UCOU ™ (0)(B1(1)x-1(t.c—1) + g(1))d 1} = 0.

From this, in view of the form of x_;(¢,c—;), we obtain an operator equation for
c—1 € H:

— P ' -1
Boc—1 = Py gryie—1 fo UOU ()8}, 9
where .
Bo = ?N(Q*)lfo UOU (0 B1(DUD)d TPy ).

A necessary and sufficient condition of generalized solvability has the following form

D ) . -1 _
Pyan v ! /0 UCU (0)g(r)dry =0. (4.10)

Here &

N . . )
e NG zo), Pn™) e orthoprojectors onto cokernels of extended adjoint operat
ors By, O respectively. Suppose that &

—+ P — = 0. Then condition (4.10) is
N(By)” N(Q)
hold. The solution set of operator equation for c—; € J has the form

Cc—1 =E_1 +<7)N(§O)Cp, ch S Jg»
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where .
_ =+ _
c-1 =B, J’N(Q*){a—l/o UU Y (v)g(r)dt}.

In view of the expression for c_;, the homogeneous boundary value problem (4.5),
(4.6) has a p - parameter family of solutions

where
X_1(t,c—1) = U(l‘)?N(@)E_l .
The general solution of the problem (4.7), (4.8) has the form
xo(t.co) = U(t)Pygyco + F-1(1) + K—1(1) Py g, Co-

where

F_1(0) = (Glg + Bix—1.a) (). K-1(t) = (G[U.0D() Py g)-

co is an element of the space #, which is determined at the next step from the condi-
tion for the solvability of the boundary value problem for finding the coefficient x (¢)
in series (4.4). To determine the coefficient x1(¢) of el in series (4.4), we obtain the
following boundary value problem

x1(t) = B(t)x1(2) + B1(t)xo(t, co), (4.12)
Ix1() = 0. (4.13)

Under condition of solvability

:?N(Q*)l/(; U(-)U_l(‘[)Bl (T)XO(f,co)d‘E — 0’
boundary value problem (4.12), (4.13) has the set of solutions in the form
xi(t,c1) = U(t)fPN(g)cl + (G[BlU'?N(g)CO ¥+ Ko 0D)(0).

The condition for the solvability of the boundary value problem for the element cg is

Buco =~Pyiry [ VOUT @B 0dr=  414)

~Prio™! fo UOU™ (1) Bi(t)K-1(T)d TPy 5) Py (Bo)Co-
From the condition & Bg‘)fN@*) = 0 follows solvability of the equation (4.14)
with the set of solutions in the following form
=+ ' _
co=—B, y)N(Q*)z/ UU Y 1)B1(v)F-_1(v)dt—
0

=+ ' _
_BO ?N(Q*)l[) U(')U 1(T)Bl(T)K—l(f)dT?N(é)?N(EO)Cp+cr/jN(§0)Cp,

co=7Co+ DO?N(E@)CP’ VCp e,
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where

_ —+ ’ _
co=—Bg Py /0 UC(U Y 1)B1(v)F_1(v)d,

N(@©")
Thus, problem (4.7), (4.8) has a p-parameter family of solutions:
X()(Z,C()) = fo(Z,Eo) +Y0(t)‘?N(§o)cP’ VCp e J,

Do=1-By P, l/ UOU™ (@) B1()K-1(D)d TPy gy
0

where
Xo(t,¢0) = U(t)Py(g)Co+ F-1(1),

Xo(t) = U(t)Py @) Do+ K-1(2).
Then problem (4.12), (4.13) has a p - parameter family of solutions
x1(t,¢1) = UQ@)Pygyc1 + Fo(t) + Ko(t) PN (B,)Co-

where

Fo(t) = (G[B1UPyg)Co+ F_1+ K-1,0D) (),
Ko(1) = (G[B1U Py gy Do. 0D (1),
c1 is an element of the Hilbert space #, which is determined at the next step from the
condition for the solvability of the boundary value problem for finding the coefficient

x2(t) in series (4.4). By induction, we can prove that the coefficients x; (¢) in series
(4.4) are determined by solving the boundary value problem

x;(t) = B(t)xi (t) + B1(t)xi—1(t,ci-1), (4.15)
Ix;(:) =0, (4.16)
which under the same condition of solvability & BS)C‘PN(E*) = 0 has a p-parameter

family of solutions

xi(t,c;) =xi(t,c;i) +Yi(t)°7)N(§o)cP’ VYep e H “4.17)
where all the terms are determined by the iterative procedure

Xi(t,¢;) =UO) Py i + Fi-1(1), (4.18)
Xi(t) = U(O)Py(g)Di + Ki-1(0), (4.19)

=+ ' -
Di =1-Bg Pyl / UOU (1) Bi(D)Ki—1(1)d TPy g), (4.20)

0

Fi—1(1) = (G[B1U Py gyCi—1 + Fi2 + Ki—2,0]) (1), (4.21)
Ki—1(t) = (G[B1U Py g Di-1.0D)(@). (4.22)

The convergence of series (4.4) for sufficiently small fixed ¢ € (0,&*] is proved in
the same manner as in [3]. Thus, the following result for perturbed boundary value
problem (4.1), (4.2) holds.
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Theorem 2. Suppose that for unperturbed boundary value problem (3.2) condition
(3.8) is hold. Under condition

Poow P —x =
‘/N(BO)‘/N(Q ) 0 (4.23)

the perturbed boundary value problem (4.1), (4.2) has a p-parameter family of strong
generalized solutions in the form of the convergent series segment
400 ‘
x(t.ep) = Y & Xi(1.0)+ Xi(O)Pygycol. Vep€X,
i=—1
whose coefficients are given by formulas (4.18)-(4.22).

b) Suppose that condition (3.7) is hold. We obtain the condition on A (¢) such that
the perturbed boundary value problem

x'(t,6) = B(t)x(t,e) + g(t) + eB1(1)x(t,¢), (4.24)
Ix(-,8) =, (4.25)

has strong generalized solutions. As in previous case a solution of problem (4.24),
(4.25) is sought in the form of a segment of the series in powers of the small parameter

&
+o00

x(t,8) = Zsix,' (1) = xo(t) +ex1(t) +2x2(t) + ... (4.26)
i=0
Substituting series (4.26) into problem (4.24), (4.25) and equating the coefficients of
k. For €0, we obtain the following boundary value problem for finding the coeffi-
cient xo(¢) of series (4.26):

xo(t) = B(t)xo(t) + (). (4.27)
Ixo() =a. (4.28)
Problem (4.27), (4.28) has a family of strong generalized solutions:
xo(t.co) = U(t) Py gyco + (Glg.aD) (D).

An arbitrary element co € J is determined by the condition for the solvability of the
following linear inhomogeneous boundary value problem for finding the coefficient
x1(2) in series (4.26):

x1(1) = B(t)x1 (1) + B1(1)xo(t.co), (4.29)
Ix1() =0. (4.30)

A necessary and sufficient condition for the solvability of problem (4.29), (4.30) is
given by

PraHl! /o. U(U ™ (1) B1(r)xo(t.co)d T} = 0.
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From this, in view of the form of x¢(¢, ¢g), we obtain an operator equation for ¢y € #:
Boco = —Py g [0 VOUT @) B (DG lg- e (D (4.31)

Under condition &,, -+

e P
NBpTN@")
set of operator equation for ¢y € J¢ has the form

= 0 the equation (4.31) is solvable. The solution

co=7Co+ fN(EO)CP’ Vep € H,
where '
_ —+ - o
co=—B, {PN(Q*)Z/O U(U (1) B1(r)(Glg.a])(v)d .

In view of the expression for cg, the homogeneous boundary value problem (4.27),
(4.28) has a p - parameter family of solutions

where
Xo(t,co) = U([)?N(E)EO + (Glg.a])(@).
The general solution of problem (4.29), (4.30) has the form
x1(t,c1) = U(Z)JDN(Q)Cl + Fo(t) + KO(I)J)N(FO)CP’

where

Fo(t) = (G[B1%0.0D(1). Ko (1) = (G[B1U Py . 0D 1),

c1 is an element of the space #, which is determined at the next step from the con-
dition for the solvability of the boundary value problem for finding the coefficient
x2(t) in series (4.26). By induction, we can prove that the coefficients x; (¢) in series
(4.26) are determined by solving the boundary value problem

x; (1) = B(t)x; (t) + B1(t)xi—1(t,ci—1), (4.33)
Ixi () =0, (4.34)

which under condition of solvability has a p-parameter family of solutions
Xi(1,¢i) =X (1,€1) + Xi () Py gy Cor Vo €H (4.35)

where all the terms are determined (as in previous case) by the iterative procedure
(4.18)-(4.22).

The convergence of series (4.26) is proved in the same manner as in [3]. Thus, the
following result holds.

Theorem 3. Suppose that for unperturbed boundary value problem (3.2) condition
(3.7) is hold. Under condition

P x P =
JN(BO)‘/N(Q ) 0 (4.36)
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the boundary value problem (4.24), (4.25) has a p-parameter family of strong gener-
alized solutions in the form of the convergent series segment
+o0
xX(t,cp) = Y [%i(.€) + Xi()Pygycol: Vep X,
i=0
whose coefficients are given by formulas (4.18)-(4.22).

Remark 1. In the case when g1 € R(Q) = R(Q) under the same condition we can
obtain classical generalized solutions for the system (4.24), (4.25).

Remark 2. Proposed theory gives possibility to investigate branching of solutions
of boundary value problem (3.1) (see [5], [4]).

5. EXAMPLE

Now we find bifurcation conditions of solutions of periodic boundary value prob-
lem for hyperbolic equation in a separable (for simplicity) Hilbert space #:

y'(t,e)+Ty(t,e) =eA1(t)y(t,e)+ f(1), (5.1

¥(0.8) = y(w.e),y'(0.8) = y'(w,e), (5.2)
where T is an unbounded operator with compact inverse 7~1. Suppose for example
that the operator A;(¢) is diagonal: A;(t) = diag{a;;(t)}ien. Then there is or-
thonormal basis ¢; € # suchthat y (1) =Y 70 | ci(t)ei, Ty (1) =Y so Aici(t)ei, Ai —
oo. In that case boundary value problem (5.1), (5.2) is equivalent to the following
countable system of ordinary differential equations:

X (t,) = V Arye(t,e),
1
Vi (t,8) = = Axp(t,) + ——=(ears ()xx (t,8) + fi (1)), (5.3)

VA
Xk (0,6) = xp(w, ), yr(0,8) = yr(w,e), (54

where ¢ () = xi (t),x,/c (t) = yr(¢). Consider critical case, when Ay = 471’”22]‘2. Sup-

pose that w = 2. Then Ay = k2. At first we find conditions of solvability of gener-
ating (¢ = 0) boundary value problem

X (1) = VA (©),

1

Ve (t) = = Apx () + \/Tfk(f)’ (5.5)
k

Xk (0) = xx(w), yi(0) = yr(w), (5.6)

It is easy to see, that generating boundary value problem (5.5), (5.6) is solvable if
and only if

2n
/ sin(kt) fx (v)dt =0, 5.7
0



BIFURCATION OF SOLUTIONS 149

2r
/ cos(kt) fr(vr)dt =0,k € N. (5.8)
0

Under condition (5.7), (5.8) generating boundary value problem (5.5), (5.6) has the
set of periodic solutions in the form

( xi(t, ¢k k) ) _( coskt sinkt ck )+ fo sink(t — 1) fr(v)dt
vilt.ckocky ) T\ —sinke coskr )\ ck Jycosk(t =) fi()dz )
Suppose for example that agy (1) = agr # 0 and

2n
/ sin(kt) fr (v)dt #0, (5.9
0

2r
/ cos(kt) fr(v)dt #0,k € N. (5.10)
0

It means that generating boundary value problem hasn’t solutions. Strong generalized
solution of the problem (5.3), (5.4) we find in the form of series by the power of small
parameter &:

x(te) =" ()

Under e~! we obtain the following boundary value problem for finding of coefficient
x—1(t) = (xfl(t),yfl(t)),{eN. For £° we obtain:

6.11)

k

Do) yEL@), Xk 0) =k 2n),
dt

dyd;(t) —kx kl(f) y= 1(0)—y 1@2m).

The set of solutions of such problem has the followmg form
1(t c_1) =coskt clt —I—smkt c?

ye 1([ c— 1)——s1nktc +cosklc

Any element c—1 = (c_1 ,c? ) Dxey We can find from the condition of solvability of
the following boundary value problem for the coefficient xo(z) = (xO ).y kanT keN"

k
%—k}io(l‘) xo(o)—XO(ZJT)
d k
yc(z)r(t)_ (Z)+k“kkx 1(te—1)+ fk(t) y&(©0) = ykn).

The set of solutions x k@), Yo k (t) of such problem has the following form

1
xlg(t,co) = cosktcék + sinktcgk + E/ sink(z —r)(akkxfl(r,c_l) + fr(2))dr,
0
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1 t
yé‘(t,co) = —sinktcék +cosktc§k + %/ cosk(t —r)(akkxfl (t,c—1)+ fr(v))dr,
0
if and only if the following system is solvable
Boc—1 =g,

where By - is a countable invertible matrix in the form of 2x2 block matrices:

By = block ( 0 —mark ) ,
TTAkk 0 keN

27 27
= (/ sin(k) fi (r)dr,—/ COS(kT)fk(f)dT)ZeN-
0 0

It is easy to see that condition (4.23) of the theorem 2 is hold and in this case strong
generalized solution is classical solution.

Then constants clk1 ,cZ have the form:

sk _ — [ cosktfi(r)dt 22k _ — [T sinktfi (v)d T
1= , = )

Ak Ak

Finally we obtain that

xg(t,co) =cosktcék—|—sinktc0 + — go (;)

where
2w t
k= [ Ko f@dr+ / sink(t — 1) fi(0)d,
0
Ki(t,t)= —(ktsmk(t—r)—smktsmkr)
y‘f(t,co) = —sinklcék —i—cosktco + gok(t)
where

2n t
@O = | Ka(t.0) fi()d+ f cosk(t =) fi (t)d,
0 0
1
Kr(t,71) = —=———(ktcosk(t —t)+sinktcoskT).
2k

Any element ¢;—; we can determine from the condition of solvability of boundary
value problem for the coefficient x; () under &' of the series (5.11):

k
% = ky¥(1),xk(0) = x¥ (2n), (5.12)
(1) k k
= —kx (t)+ akkx, L(tcim), yE©0) = yE@n). (5.13)

d
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The set of solutions has the form

x,k(t,ci) = cosktcl-lk + sinktc + gl 1k (p),

yE(t,¢;) = —sinkte!* + coskrc?* + gl 2% (1),

where
1k 2 1k ! 1k
el = o [ K0l (T /0 sink(t — g%, ()d.

2 t
PO =aw [ Kalt. g, (@) +a / cosk(t —1)g ¥, (1)d.
0

_lllfl = ——/ cosktg! 1(r)a’t,
1 2n
_121_(1 = —;/0 sinkrg,-lfl(r)dt.
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