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Abstract. In this paper, we consider the Diophantine equation L, %+ L,, = kx> with k € {1,2} and
we find all solutions of this equation in nonnegative integers n,m, and x when n = m(mod2).
With the help of these solutions, we solve the equation L,, — L,, = 2¢. In order to solve the last
equation, we also use lower bounds for linear forms in logarithms and a version of the Baker-
Davenport reduction method in diophantine approximation.
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1. INTRODUCTION

The Fibonacci sequence (F,) is defined as Fp =0, F; =1, and F, = F,_; + F,»
for n > 2. The Lucas sequence (L,), which is similar to the Fibonacci sequence, is
defined by the same recursive pattern with initial conditions Ly = 2, L; = 1. Binet’s
formulas

ot — Bn
F=—
VG
and
Ln — OCn + 611
5 1—+/5
are well known, where o0 = +2\f and B = Z\f’ which are the roots of the

characteristic equation x> —x— 1 =0. It can be seen that | <« <2 and —1 < B < 0.
The following relations given for Fibonacci and Lucas numbers will be useful for us:

o' <L, <20" forn>0, (1.1)
(Fns Fr) = Fln s (1.2)

S5F,,F, if n is odd,

L,L,, otherwise. ’ (1.3)

Lyim~+Ly—m= {
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and
L { LyLy, if n is odd,

o Snm 5F,F, otherwise. °
The relations (1.1), (1.3), and (1.4) can be proved using Binet’s formulae. The Fibon-
acci and Lucas sequences are the most important among the second order linear re-
cussive sequences and have been investigated by many researchers. The problem to
find all perfect powers in the Fibonacci sequence and in the Lucas sequence have been
an interesting problem for many years. Finally, this problem was solved by Bugeaud,
Mignotte and Siksek in [8]. They stated that the only perfect powers in the Fibonacci
sequence are 0, 1,8, 144 and the only perfect powers in the Lucas sequence are 1 and
4. Then, in [7], the authors found all the nonnegative integer solutions (n,y, p) of the
equations

1.4)

F,£1=y", p>2.

Later, in [12], Luca and Patel have tackled the problem to find the integer solutions
(n,m,y, p) of the Diophantine equation

FniFm:ypapzz' (L.5)

They found that if n = m(mod2), this equation has solution either
max {|n|,|m|} <36 ory=0and |n| = |m|.

Recently, many mathematicians, in [2—5], have handled some exponential Dio-
phantine equations such as

U, +uy, = 2% and u, + uy, +u, = 29,

where (u,) is the Fibonacci sequence or the Lucas sequence or the Pell sequence.
Furthermore, In [15] , we determined the nonnegative integer solutions (n,m,a) of
the equation F,, — F,,, = 2¢. In this study, we solve the equation L, +L,, = kx? with
k = 1,2 when n = m(mod2). With help of these solutions, and motivated by the
studies of Bravo and Luca [4] , we find all nonnegative integers solutions (n,m,a) of
the equation

L,—L,=2" (1.6)
In this paper, we follow the approach and the method presented in [4]. Therefore, in
section 2, we introduce necessary lemmas and theorems related to this method. Then
in section 3, we prove our main theorems.

2. AUXILIARY RESULTS

Lately, in many articles, to solve Diophantine equations such as the equation (1.6),
authors have used Baker’s theory lower bounds for a nonzero linear form in logar-
ithms of algebraic numbers. Since such bounds are of crucial importance in effect-
ively solving of Diophantine equations , we start with recalling some basic notions
from algebraic number theory.



ON PERFECT POWERS WHICH ARE SUM OR DIFFERENCE OF TWO LUCAS NUMBERS 953

Let 1 be an algebraic number of degree d with minimal polynomial
d
apx’ +aix '+ .t ag=ao[] (X —T](’)> € Z[x,
i=1

where the g;’s are relatively prime integers with ag > 0 and n(i)’s are conjugates of
M. Then

h(n) = é <logao+§{log (max{|n(i)|, 1})) (2.1)

is called the logarithmic height of . In particularly, if N = a/b is a rational number
with ged(a,b) = 1 and b > 1, then h(M) = log (max {|al,b}).

The following properties of logarithmic height are found in many works stated in
references:

h(n iy) < h(n) —I—h(y) +log?2, 2.2)
h(ny™') < h(n) +h(y), (2.3)
h(n®) = [s|h(n). (2.4)

The following theorem, is deduced from Corollary 2.3 of Matveev [13], provides a
large upper bound for the subscript n in the equation (1.6) (also see Theorem 9.4 in

)2

Theorem 1. Assume that 1,7, ...,"Y; are positive real algebraic numbers in a real
algebraic number field K of degree D, by,b,,...,b; are rational integers, and

A=y —1

is not zero. Then
|A| > exp (—1.4-30" 142 D*(1 +1og D)(1 +log B)A1As..A,) ,
where
B > max{|bi|,...,|b|},
and A; > max {Dh(Y;), |logYi|,0.16} foralli=1,...,t.

The following lemma, was proved by Dujella and Pethd [10], is a variation of
a lemma of Baker and Davenport [1]. And this lemma will be used to reduce the
upper bound for the subscript n in the equation (1.6). In the following lemma, the
function || - || denotes the distance from x to the nearest integer. That is, ||x|| =
min{|x —n| : n € Z} for a real number x.

Lemma 1. Let M be a positive integer, let p/q be a convergent of the continued
fraction of the irrational number 7y such that ¢ > 6M, and let A,B,u be some real
numbers with A > 0 and B > 1. Let € := ||uq|| — M||yq||. If € > O, then there exists no
solution to the inequality

0<|uy—v+ul <AB™",
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in positive integers u,v, and w with

u<Mandw > M.

logB
From (1.3) and (1.4), we can give the following lemma.
Lemma 2. Assume that n = m(mod2). Then

SFsm) 2 Fn—m) 2 if n = m+2(mod4),
Linsmy2Lin-myj2 if n = m(mod4).

)

M+M—{

and
L,—L z{meWMwmﬂﬁ”Em+%mM®,
o SFnsmy/2Fn—my/2 if n = m(mod4).

The following two theorems and lemma are given in [9] and [11].

Theorem 2. IfF, =x2, thenn=0,1,2,12. IfF, = 2x?, then n=0,3, 6. If L, = x%,
thenn=1,3 and if L, = 2x°, then n = 0,6.

Theorem 3. Let m > 3 be an integer and F, = F,,x* for some x € Z. Then n = m.
Lemma 3. There is no integer x such that F,, = 5F,x> for m > 3.

The proof of following theorem is similar to that of the above lemma. Therefore,
we omit its proof.

Theorem 4. There is no integer x such that F, = 10F,x*> form > 1.

From Theorem 4.1 and Theorem 4.2 given in [14], we can deduce the following
results.

Theorem 5. IfL,L,, = x* for | <m < n, then n=m or (n,m) = (3,1).

Theorem 6. If L,L,, = 2x* for 1 <m < n, then (n,m) = (3,1),(6,1), or (6,3).

3. MAIN THEOREMS

Theorem 7. Let m < n and n = m(mod2). Then all solutions of the equation L, +
Ly, = kx? with k = 1,2 in nonnegative integers n,m, are given by

(n,m,x) = (6,6,6),(17,7,60),(6,4,5), and (4r,0,Ly,) with r > 0
when k=1, and
(n,m,x) = (1,1,1),(3,3,2),(11,1,10), and (8,2,5)
when k =2.
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Proof. Assume that n = m(mod2). If n = m, we have L, = 27> for k = 1, which
implies that n = 0,6, or L, = x% for k =2, which implies that n = 1,3 by Theorem 2.
Then, assume that n > m.

Firstly, letn =m+2(mod4). Then we can write 5F(,, 1) /2 F(n—m)/2 = kx* by Lemma
2. Thus we get the equations Fi,,,,)/2 = aFqu?, Flumyp = bEp? for k =1 and
F(n+m)/2 = aquz, F(nfm)/Z = 2deV2 or F(n+m)/2 = 2aqu2, F(nfm)/Z = deV2 for
k=2, where ab =5 and (F,4m)/2, Fiu_m)2) = Fa by (1.2). Assume thata=1,b=5.
Then we have F,, ;)2 = u?, Foump= 5v2 fork =1 by Lemma 3, and F(;, ;)2 =
2Fqu?, Fly_myjn = 5Fgv* for k = 2 by Theorem 4. If F,ypmn = %, Fluomyp =
5v? = F5v?, then it can be easily seen that n = 17 and m = 7 by Theorems 2 and
3. I Flyqmy = 2Fu?, Flumy2 = 5F;v%, then d < 2 by Lemma 3, i.e., Fluimy2 =
2u?, Fiumyp = 5v%. Thus we get n = 11 and m = 1 by Theorems 2 and 3. Assume
that a = 5 and b = 1. Then we have the equation F(,, )2 = 5u?, Fomy = v? for
k=1by Lemma 3, and F(;, )2 = SFyu?, Flum)2 = 2F;v? for k = 2 by Theorem 4.
Similarly, it can be seen thatn =6,m =4 fork=1and n =8 ,m =2 for k = 2.

Secondly, let n = m(mod4). Then we can write L,y m) /2L(n—m)/2 = kx? by Lemma
2. Using Theorems 5 and 6, we get m =0 orn =4,m =2 for k =1, and (n,m) =
(4,2),(7,5),(9,3) for k = 2. If m = 0, then n = 0(mod4). This implies that n = 4r
for some integer r. Besides, if m = 0, we have X=L,+2=1L4y+2= L%r. Hence
(4r,0,L,,) is a solution of the equation L, + L,, = x. Also, it is clear that Ly + L, #
kx? for k=1,2, and L7 + Ls # 2x*, Lo+ L3 # 2x*. O

Since the proof of the following theorem is similar, we omit its proof.

Theorem 8. Let n = m(mod2). Then all solutions of the equation L, — L, = kx*
with k = 1,2, in nonnegative integers n,m, and x, are given by

(n,m,x) = (4,2,2),(7,3,5) or (4r+2,0,Lyy41) withr >0

when k=1, and
(n7m7x) = (77573)7 (97376)
when k = 2.

The following lemma, which will be used in the next theorem, gives a sufficient
condition for a rational number to be a convergent of a given real number.

Lemma 4. ([0])Let ¥ be a real number. Any non-zero rational number % with

Theorem 9. The only solutions of the Diophantine equation L,, — L,,, = 2% in non-
negative integers m < n, and a, are given by

(n,m,a) € {(2,0,0),(3,0,1),(6,0,4),(2,1,1)}
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and
(n,m,a) € {(3,2,0),(4,2,2),(5,2,3),(5,4,2)}.

Proof. Assume that the equation L,, — L,, = 2¢ holds in nonnegative integers m <
n, and a . Firstly, let n = m(mod2). Then by Theorem 8, it is possible only for
(n,m,2%?) = (4,2,2), which implies that (n,m,a) = (4,2,2) or (n,m,2%/?) = (4r +
2,0,Lz,+1). This yields to (n,m,a) = (2,0,0),(6,0,4). Secondly, let n # m(mod2). If
n—m = 1, then we get the equation L,_, = 2°. This equation implies that (n,m,a) =
(3,2,0),(5,4,2),(2,1,1) by Theorem 2. If n—m = 3, then we have the equation
L, > =2%"! which shows that (n,m,a) = (3,0,1),(5,2,3) by Theorem 2. Thus we
may assume that n —m > 5. With the help of Mathematica program, one can see that
the equation (1.6) has no solutions for 0 < m < n < 200 and n —m > 5. From now
on, assume that n > 200 and n —m > 5. Now, let us show that a < n. Using (1.1), we
get the inequality

29 =L,—Ly <L, <20" < 2"
which yields to a < n.

On the other hand, rearranging the equation (1.6) as o* —2¢ = L,, — " and taking
absolute values, we obtain

1
o = 2| = |Lyy = B"[ < L+ [B|" < 20" + 5
by (1.1). If we divide both sides of the above inequality by ", we get
_ 3
[1=2%"| < = (3.1)

where we have used the facts that %(x*m < 1 and n > m. Now, let us apply Theorem
1 with y; := 2,7y, := &« and b; := a,b; := —n. Note that the numbers 7y; and Y, are
positive real numbers and elements of the field K = Q(+/5), so D = 2. It can be shown
that the number A := 240" — 1 is nonzero. Indeed, if A; = 0, then we get

2“:(1":Ln—Bn>Ln—1ZLn—Lm:2a7

1 0.4812...
which is impossible. Since (Y1) = log2 = 0.6931... and h(12) = 2% — ;

by (2.1), we can take A} := 1.4, A, := 0.5. Also, since a < n, we can take B :=
max {|al,| —n|,1} = n. Thus, taking into account the inequality (3.1) and using The-
orem 1, we obtain

> |A| > exp (—1.4-30°-2*-2%(1 +1og2)(1 +logn) (1.4) (0.5))

O(‘nfm
and so

(n—m)logo—1log3 < 1.4-30%-2%3.22(14+1og2)(1 +logn) (1.4) (0.5) (3.2)
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Now, we try to apply Theorem 1 a second time. Rearranging the equation (1.6) as
ot — o —2% = —f" + " and taking absolute values in here, we obtain
o (1 —a™™") = 29| = [—B"+B"| < |B|" + [B" < 4/3,

where we used the fact that |B|" + |B|" < 4/3 for n > 200 and m > 0. Dividing both
sides of the above inequality by o’(1 — o "), we get

4/3
1—2% (1 —am )~ ! _ 33
} a ( o ) } < 0("(1 _(xm—n) ( )
Since . . o
o" " = < =<z,
o o 3
it is seen that ,
l—a" " >1—===,
3 3
and therefore |
T =
Then from (3.3), it follows that
_ o 4
[1—2%0 (1" ") < o (3.4)

Thus, taking y; :=2, o :=, y3:= (1 — o™ ")~ and by :=a, by := —n, b3 :=1,
we can apply Theorem 1. One can see that the numbers ¥;, ¥», and Y3 are positive
real numbers and elements of the field K = Q(v/5), so D = 2. Put Ay := 2%a " (1 —
am=)~! —1. Since
an(l_um—n):an_am:Ln_Bn_Lm_‘_Bm#Za
for n > m, the number A, :=2%0.~"(1 — o ~")~! — 1 is nonzero. Also, since A(y;) =
logaw  0.4812...
log2 = 0.6931..., and h(p) = —2* = by (2.1), we can take A; := 1.4

and A, := 0.5. Besides, using (2.2), (2.3), and (2.4), we get that h(y3) < log2 +
loga

A simple computation shows that |logys| < log4 + (n — m)loga.

(n—m)
So we can take A3 :=log4 + (n —m)loga. Also, since a < n, it follows that B :=
max {|al|,| —n|,1} = n. Thus, taking into account the inequality (3.4) and using The-
orem 1, we obtain

% > |Az| > exp(—C)(1+1og2)(1+1logn)(1.4)(0.5) (log4+ (n—m)loga)
or
nlogo—log4 < C(1+1og2)(1+1logn)(1.4)(0.5) (logd+ (n—m)loga), (3.5)

where C = 1.4-30°-3%3.22 Inserting the inequality (3.2) into the last inequality, a
computer search with Mathematica gives us that n < 1.81-10%.
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Now, let us try to reduce the upper bound on n applying Lemma 1. Let
71 :=alog2 —nloga.
Then
|1 —e| <

(xl’l*m
by (3.1). The inequality

o =L,—P">L,—1>L,—L, =2

1
< — for n—m > 5, it follows that

implies that z; < 0. In that case, since eI

el < 2. Hence, we get

0< far] < el —1 =Pl 1 —e7| <

on—m’
or
6
0 < |alog2 —nloga| < porl
Dividing this inequality by loga and a, we get
log2 13
g o T (3.6)
logat a  a-or ™
n—m

Assume that n —m > 137. Then it can be seen that >1.6-10*” > n>q, and

13 1
SO we ha’;/e lllggi -1 o < 3 This implies by Lemma 4 that the rational
number " is a convergent to Y = llggé. Now let [ag,ay,az,...] = [1,2,3,1,2,3,2,4,...]

be the continued fraction expression of y and let Pk be its k th convergent. Assume
qk

that gy & for some ¢. Then we have 1.88-10% > qs6 > 1.81- 10 > a. Thus
a q:
t€{0,1,2,...,55}. Let ayy = max{a;|i =0,1,2,...,56}. Then we find that ay; = 134.
From the known properties of continued fraction, we know that
1 1 1 1
- G-y i 2
(Vg tae-1)a (i1 + @ a7 (a1 +2)g;  (am+2)g;

and this shows that

Y——|=
q:

'pt

)43 1
- > 7’
‘Y q: (apm +2)a?

where we have used the facts that @, = |7; | and ¢,— < ¢g;. Thus, from (3.6), we obtain
13 1
> )
a-onm " (apy+2)a?
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which implies that
1 13 1 1
32107 " o7~ 136-qse 2551077
a contradiction. Therefore n —m < 137. Substituting this upper bound for n — m into

(3.5), we obtain n < 3.5- 10,
Now, let

20 :=alog2 —nloga —log ((1 —ocm*")) .
In this case, 4
[1—e?| < —
(xl’l

4 1 4
by (3.4). It is seen that o < oA Ifzp >0,then0 <z <e? —1< ol If z < 0, then

[1—e2|=1—-¢2< o < 5 From this, we get e/l < 2 and therefore

8
0<|za] < el2l — 1 = o2l I1—e?| < =
a}’l
In both case, the inequality
8
0< |z < o
is true. That is,

8
0< ‘alogZ—nlogoc—log(l —(x’"’”)‘ < ot

Dividing both sides of the above inequality by loga, we get

log2 log(1 — o)1
0<af 182 _,  losl <70 3.7)
loga loga
log2
Lety:= IOga and M :=3.5-10". Then the denominator of the 63" convergent of y
0g

exceeds 6M. Also, taking
o log(l _ (xmfn)fl
o log o

a quick computation using Mathematica gives us that

e:e(u) = [|ugl| —M||yq|| >0

for every odd n —m € [5,137]. Let A:= 17, B:= o, and w := n in Lemma 1. Then,
it follows from Lemma 1, applied to the inequality (3.7) in order to reduce a little bit
the upper bound on n, that

_ log(Ages/€)
logB
Thus we can say that if (n,m, a) is a solution of the equation (1.6), then n < 155. This
contradicts our assumption that n > 200. This completes the proof.

< 155.
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