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Abstract. We shall consider alternating Melham’s sums for Fibonacci and Lucas numbers of the
form

Pn
kD1 .�1/

k F 2mC"
2kCı

and
Pn
kD1 .�1/

kL2mC"
2kCı

; where ";ı 2 f0;1g.
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1. INTRODUCTION

The Fibonacci Fn and Lucas numbers Ln are defined by the following recursions:
for n > 0;

FnC1 D FnCFn�1 and LnC1 D LnCLn�1;

where F0 D 0, F1 D 1 and L0 D 2, L1 D 1, respectively.
If the roots of the characteristic equation x2�x�1D 0 are ˛ and ˇ, then the Binet

formulas are

Fn D
˛n�ˇn

˛�ˇ
and Ln D ˛nCˇn:

Wiemann and Cooper [6] raised certain conjectures for the Melham sum:
nX
kD1

F 2mC1
2k

:

Ozeki [2] considered Melham’s sum and he gave an explicit expansion for it as a
polynomial in F2nC1.

More generally, Prodinger [3] derived a formula for the sum:
nX
kD0

F 2mC"
2kCı

;

where ";ı 2 f0;1g. He also evaulated the corresponding sums for the Lucas numbers.
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 2011 Miskolc University Press
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In this paper, we consider the alternating analogs of Melham’s sums. We derive
explicit formulas for the sums:

nX
kD1

.�1/kF 2mC"
2kCı

and
nX
kD1

.�1/kL2mC"
2kCı

;

where ";ı 2 f0;1g.

2. ALTERNATING MELHAM’S SUMS FOR FIBONACCI NUMBERS

In this section we will start with some lemmas and then we shall derive our results
about the alternating Melham’s sum.

Lemma 1. For positive integers n;m and t such that m� t;

i/ .�1/tC1F.2m�2tC1/nCF.2m�2tC1/.nC1/

D

2m�2tX
jD0

.�1/j .t�2/F.2m�2tC1/nCjC.1�3.�1/t/=2;

and

i i/ F2.m�t/.nC1/� .�1/
t F2.m�t/n D

�
F2.m�t/nCm�tLm�t if m is odd,
L2.m�t/nCm�tFm�t if m is even.

Proof. i/ We can write

.�1/tC1F.2m�2tC1/nCF.2m�2tC1/.nC1/

D .�1/tC1

 
˛.2m�2tC1/n�ˇ.2m�2tC1/n

˛�ˇ

!

C

 
˛.2m�2tC1/.nC1/�ˇ.2m�2tC1/.nC1/

˛�ˇ

!

D

˛.2m�2tC1/n
�
.�1/tC1C˛2m�2tC1

�
˛�ˇ

�

ˇ.2m�2tC1/n
�
.�1/tC1Cˇ2m�2tC1

�
˛�ˇ

D

8̂̂̂<̂
ˆ̂:

2m�2tP
jD0

.�1/j
�
F.2m�2tC1/nCj CF.2m�2tC1/nCjC1

�
if t is odd,

�

2m�2tP
jD0

F.2m�2tC1/nCj �F.2m�2tC1/nCjC1 if t is even,
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D

8̂̂̂<̂
ˆ̂:

2m�2tP
jD0

.�1/j F.2m�2tC1/nCjC2 if t is odd,

2m�2tP
jD0

F.2m�2tC1/nCj�1 if t is even,

D

2m�2tX
jD0

.�1/j .t�2/F.2m�2tC1/nCjC.1�3.�1/t/=2:

i i/ The proof is similar to the ones for the Binet formulas of fFng and fLng : �

From [4], we have the following result for the Gibonacci sequence fGng, defined
by for n > 0

GnC1 DGnCGn�1;

with arbitrary initial values G0 and G1:

Lemma 2. Let a;p ¤ 0; q be arbitrary integers. Then for n > 0;
nX
iDa

GpiCq D
Gp.nC1/CqC .�1/

pC1GpnCqC .�1/
pGp.a�1/Cq �GpaCq

Lp�1� .�1/
p ;

and
nX
iDa

.�1/i GpiCq

D
.�1/nGp.nC1/CqC .�1/

pCnGpnCqC .�1/
aGpaCqC .�1/

aCpGp.a�1/Cq

1C .�1/pCLp
:

As a consequence of Lemma 2, for further use we state the following result:

Corollary 1. For any integer r and positive even integer t;
nX
kD1

.�1/kr Lkt D
.�1/nr Ft.nC1/C .�1/

nr�r Ftn�Ft

Ft

and
nX
kD1

.�1/kr Fk.tC1/ D
.�1/.nC1/r F.tC1/nC .�1/

nr F.tC1/.nC1/�FtC1

LtC1
:

Proof. Clearly
nX
kD1

.�1/kr Lkt D .�1/
r Lt CL2t C : : :C .�1/

nr Lnt :
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For the first claim, we consider two cases: the first case is when n is an odd integer.
Here

nX
kD1

.�1/kr Lkt D .�1/
r
.nC1/=2X
jD1

L.2j�1/t C

.n�1/=2X
jD1

L2jt : (2.1)

If we take aD 1; p D 2t; q D�t and n! nC1
2

in Lemma 2, then we get

.nC1/=2X
jD1

L.2j�1/t D
Lt.nC2/�LtnCL�t �Lt

L2t �2
:

The following identities are well known [1, 5]:

LcCt �Lc�t D 5FcFt (2.2)

for even t , and
L2c � .�1/

c 2D 5F 2c and L�c D .�1/cLc (2.3)

for any integer c: Thus we have

.nC1/=2X
jD1

L.2j�1/t D
5Ft.nC1/Ft

5F 2t
D
Ft.nC1/

Ft
: (2.4)

Meanwhile, if we take a D 1;p D 2t;q D 0 and n! n�1
2

in Lemma 2, then we
get

.n�1/=2X
jD1

L2jt D
Lt.nC1/�Lt.n�1/CL0�L2t

L2t �2
:

Since t is even, by (2.2) and (2.3), we rewrite the last equation as

.n�1/=2X
jD1

L2jt D
5FtnFt

5F 2t
�1D

Ftn

Ft
�1: (2.5)

If we sustitute (2.4) and (2.5) in (2.1), then we obtain
nX
kD1

.�1/kr Lkt D .�1/r
�
Ft.nC1/

Ft

�
C

�
Ftn

Ft
�1

�

D
.�1/r Ft.nC1/CFtn�Ft

Ft
: (2.6)

For the second case, let n be an even integer, thus

nX
kD1

.�1/kr Lkt D .�1/
r
n=2X
jD1

L.2j�1/t C

n=2X
jD1

L2jt : (2.7)
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By taking aD 1; pD 2t; q D�t and n! n
2

and aD 1; pD 2t; q D 0 and n! n
2

in
Lemma 2, respectively, we obtain the following result by (2.2) and (2.3), for even t;

n=2X
jD1

L.2j�1/t D
Ftn

Ft
; (2.8)

n=2X
jD1

L2jt D
Ft.nC1/

Ft
�1: (2.9)

If we put (2.8) and (2.9) in (2.7), we get
nX
kD1

.�1/kr Lkt D .�1/r
�
Ftn

Ft

�
C

�
Ft.nC1/

Ft
�1

�

D
.�1/r FtnCFt.nC1/�Ft

Ft
: (2.10)

Combining (2.6) and (2.10), we get the final result:
nX
kD1

.�1/kr Lkt D
.�1/nr Ft.nC1/C .�1/

nr�r Ftn�Ft

Ft
;

as claimed.
Finally by taking a D 1; p D t C 1; q D 0 in Lemma 2, the second claim is

obtained similary to the first claim. �

Theorem 1. i/ For positive odd m,

nX
kD1

.�1/kF 2mk D
1

5m

m�1X
iD0

.�1/i.nC1/Cn

 
2m

i

!
F.m�i/.2nC1/

Fm�i

�
1

5m

 
2m�1

m

!
�
1

5m

 
2m

m

!
n;

and, for positive even m;
nX
kD1

.�1/kF 2mk

D

8̂̂̂̂
<̂
ˆ̂̂:

1

5m

 
m�1P
iD0

.�1/i

 
2m

i

!
L.m�i/.2nC1/

Lm�i
C

 
2m�1

m

!!
if n is even,

�
1

5m

 
m�1P
iD0

 
2m

i

!
L.m�i/.2nC1/

Lm�i
C

 
2m�1

m�1

!!
if n is odd,
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and

i i/
nP
kD1

.�1/kF 2mC1
k

D
1

5m

mP
iD0

 
2mC1

i

!
.�1/i.nC1/Cn

L2m�2iC1

�

2.m�i/P
jD0

.�1/j .i�2/F
n.2m�2iC1/CjC 1�3.�1/i

2

�
1

5m

mP
iD0

.�1/i

 
2mC1

i

!
F2m�2iC1

L2m�2iC1
:

Proof. i/ For odd m, consider
nX
kD1

.�1/kF 2mk

D

nX
kD1

.�1/k

 
˛k �ˇk

˛�ˇ

!2m

D

nX
kD1

.�1/k
1

.˛�ˇ/2m

2mX
iD0

.�1/i

 
2m

i

!
˛kiˇk.2m�i/

D

nX
kD1

.�1/k

5m

 
mX
iD0

.�1/i

 
2m

i

! �
˛k.2m�i/ˇki C˛kiˇk.2m�i/

�
�.�1/m

 
2m

m

!
.˛ˇ/km

!

D
1

5m

 
m�1X
iD0

.�1/i

 
2m

i

!
nX
kD1

.�1/k.iC1/L2k.m�i/

C

 
2m

m

!
nX
kD1

.�1/m.kC1/Ck

!
:

By taking iC1D r and 2.m� i/D t in Corollary 1, we write
nX
kD1

.�1/kF 2mk

D
1

5m

m�1X
iD0

.�1/i

 
2m

i

!

�

 
.�1/n.iC1/F2.m�i/.nC1/C .�1/

.nC1/.iC1/F2.m�i/n�F2.m�i/

F2.m�i/

!
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C
1

5m

 
2m

m

!
nX
kD1

.�1/m.kC1/Ck

D
1

5m

m�1X
iD0

.�1/i.nC1/Cn

 
2m

i

! 
F2.m�i/.nC1/� .�1/

i F2.m�i/n

F2.m�i/

!

�
1

5m

m�1X
iD0

.�1/i

 
2m

i

!
C

1

5m

 
2m

m

!
nX
kD1

.�1/m.kC1/Ck :

Using .i i/ in Lemma 1, we have the claimed result. For even m, the desired result is
also obtained.
i i/ Consider

nX
kD1

.�1/kF 2mC1
k

D

nX
kD1

.�1/k

 
˛k �ˇk

˛�ˇ

!2mC1

D

nX
kD1

.�1/k

.˛�ˇ/2mC1

2mC1X
iD0

 
2mC1

i

!
.�1/iC1˛kiˇk.2mC1�i/

D

nX
kD1

.�1/k

.˛�ˇ/2mC1

mX
iD0

 
2mC1

i

!
.�1/i

�
˛k.2mC1�i/ˇki �˛kiˇk.2mC1�i/

�
D

1

5m

mX
iD0

.�1/i

 
2mC1

i

!
nX
kD1

.�1/k.iC1/Fk.2m�2iC1/:

By taking r D iC1 and t D 2.m� i/ in Corollary 1, we write

nX
kD1

.�1/kF 2mC1
k

D
1

5m

mX
iD0

.�1/i

 
2mC1

i

!
�

.�1/.nC1/.iC1/F.2m�2iC1/nC .�1/
n.iC1/F.2m�2iC1/.nC1/�F2m�2iC1

L2m�2iC1

D
1

5m

mX
iD0

.�1/iCn.iC1/

 
2mC1

i

!
.�1/iC1F.2m�2iC1/nCF.2m�2iC1/.nC1/

L2m�2iC1
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�
1

5m

mX
iD0

.�1/i

 
2mC1

i

!
F2m�2iC1

L2m�2iC1
:

By Lemma 1, we obtain the claimed result. �

For further use, we state a consequence of Lemma 2:

Corollary 2. For even positive integer t and n > 0;
nX
kD1

.�1/kL2tk D
.�1/nLt.2nC1/

Lt
�1:

Proof. Substituting aD 1; p D 2t and q D 0 in Lemma 2, we get
nX
kD1

.�1/kL2tk D
.�1/nL2t.nC1/C .�1/

nL2tn�L2t �2

2CL2t

D
.�1/n

�
L2t.nC1/CL2tn

�
� .L2t C2/

2CL2t
:

For even t; from [1, 5], we have that

LcCt CLc�t D LcLt (2.11)

and for any c;
L2cC .�1/

c 2D L2c : (2.12)
Thus we obtain

nX
kD1

.�1/kL2tk D .�1/
n L.2nC1/t

Lt
�1;

as claimed. �

Theorem 2. For m> 0;

i/

nX
kD1

.�1/kF 2m2k

D

8̂̂̂̂
<̂
ˆ̂̂:

1

5m

m�1P
iD0

.�1/i

 
2m

i

!
L2.m�i/.2nC1/

L2.m�i/
C
.�1/m

5m

 
2m�1

m�1

!
if n is even,

1

5m

m�1P
iD0

.�1/iC1

 
2m

i

!
L2.m�i/.2nC1/

L2.m�i/
�
.�1/m

5m

 
2m�1

m�1

!
if n is odd,

and

i i/

nX
kD1

.�1/kF 2mC1
2k
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D
1

5mC1

mX
iD0

.�1/i

 
2mC1

i

!
.�1/nL.2m�2iC1/.2nC1/�L2m�2iC1

F2m�2iC1
:

Proof. i/ We write
nX
kD1

.�1/kF 2m2k D

nX
kD1

.�1/k

 
˛2k �ˇ2k

˛�ˇ

!2m

D

nX
kD1

.�1/k
1

.˛�ˇ/2m

2mX
iD0

.�1/i

 
2m

i

!
˛2kiˇ2k.2m�i/

D

nX
kD1

.�1/k

5m

 
m�1X
iD0

.�1/i

 
2m

i

!�
˛2k.2m�i/ˇ2ki C˛2kiˇ2k.2m�i/

�
C.�1/m

 
2m

m

!
.˛ˇ/2km

!

D

nX
kD1

.�1/k

5m

 
m�1X
iD0

.�1/i

 
2m

i

!
L4k.m�i/C .�1/

m

 
2m

m

!!

D
1

5m

 
m�1X
iD0

.�1/i

 
2m

i

!
nX
kD1

.�1/kL4k.m�i/C .�1/
m

 
2m

m

!
nX
kD1

.�1/k

!
:

If we take t D 2.m� i/ in Corollary 2, we write
nX
kD1

.�1/kF 2m2k

D
1

5m

m�1X
iD0

 
2m

i

!
.�1/i

�
.�1/nL2.m�i/.2nC1/

L2.m�i/
�1

�

C
1

5m

 
2m

m

!
.�1/m

nX
kD1

.�1/k

D
1

5m

m�1X
iD0

.�1/nCi

 
2m

i

!
L2.m�i/.2nC1/

L2.m�i/
�
1

5m

m�1X
iD0

.�1/i

 
2m

i

!

C
1

5m

 
2m

m

!
.�1/m

nX
kD1

.�1/k

D
1

5m

m�1X
iD0

.�1/nCi

 
2m

i

!
L2.m�i/.2nC1/

L2.m�i/
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C
1

5m
.�1/m

  
2m�1

m�1

!
C

 
2m

m

!�
.�1/n�1

2

�!
:

According to the choice of n as an odd or as an even number, we have the conclusion.
i i/ The proof is obtained similary to the proof of .i/. �

For further use, we state the following result:

Corollary 3. For positive even integer t and n > 0;
nX
kD1

.�1/kL.2kC1/t D
.�1/nL2t.nC1/�L2t

Lt
:

Proof. Substituting aD 1; p D 2t and q D t in Lemma 2, we get
nX
kD1

.�1/kL.2kC1/t D
.�1/nL.2nC3/t C .�1/

nL.2nC1/t �L3t �Lt

2CL2t

D
.�1/n

�
L.2nC3/t CL.2nC1/t

�
� .L3t CLt /

2CL2t
:

By (2.11) and (2.12), we rewrite the last equation as for even t;
nX
kD1

.�1/kL.2kC1/t D .�1/n
LtL2t.nC1/

L2t
�
L3t CLt

L2t

D .�1/n
L2t.nC1/

Lt
�
L2t

Lt
:

Thus we have the conclusion. �

Theorem 3. For m> 0,

i/

nX
kD1

.�1/kF 2m2kC1

D

8̂̂̂̂
<̂
ˆ̂̂:
�1

5m

m�1P
iD0

 
2m

i

!
L4.m�i/.nC1/CL4.m�i/

L2.m�i/
�
1

5m

 
2m

m

!
if n is odd

1

5m

m�1P
iD0

 
2m

i

!
L4.m�i/.nC1/�L4.m�i/

L2.m�i/
if n is even,

and

i i/

nX
kD1

.�1/kF 2mC1
2kC1

D
1

5mC1

mX
iD0

 
2mC1

i

!
.�1/nL.4m�4iC2/.nC1/�L4m�4iC2

F2m�2iC1
:
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Proof. i/ Consider

nX
kD1

.�1/kF 2m2kC1

D

nX
kD1

.�1/k

 
˛2kC1�ˇ2kC1

˛�ˇ

!2m

D

nX
kD1

.�1/k

.˛�ˇ/2m

2mX
iD0

.�1/i

 
2m

i

!
˛.2kC1/iˇ.2kC1/.2m�i/

D

nX
kD1

.�1/k

5m

 
m�1X
iD0

.�1/i

 
2m

i

!
�
˛.2kC1/.2m�i/ˇ.2kC1/i C˛.2kC1/iˇ.2kC1/.2m�i/

�
C

 
2m

m

!
.˛ˇ/2km

!

D

nX
kD1

.�1/k

5m

 
m�1X
iD0

 
2m

i

!
L2.2kC1/.m�i/C

 
2m

m

!!

D
1

5m

 
m�1X
iD0

 
2m

i

!
nX
kD1

.�1/kL2.2kC1/.m�i/C

 
2m

m

!
nX
kD1

.�1/k

!

If we take t D 2.m� i/ in Corollary 3, we write

nX
kD1

.�1/kF 2m2kC1

D
1

5m

m�1X
iD0

 
2m

i

!
.�1/nL4.m�i/.nC1/�L4.m�i/

L2.m�i/
C

1

5m

 
2m

m

!
nX
kD1

.�1/k

D
.�1/n

5m

m�1X
iD0

 
2m

i

!
L4.m�i/.nC1/

L2.m�i/

�
1

5m

m�1X
iD0

 
2m

i

!
L4.m�i/

L2.m�i/
C

1

5m

 
2m

m

!�
.�1/n�1

2

�
:

According to the chice of n as an odd or as an even number, we have the conclusion.
i i/ The proof of .i i/ is obtained similary to the proof of .i/: �



98 EMRAH KILIÇ, NEŞE ÖMÜR, AND YÜCEL TÜRKER ULUTAŞ

3. ALTERNATING MELHAM’S SUM FOR LUCAS NUMBERS

Theorem 4. i/ For positive odd m,

nX
kD1

.�1/kL2mk D

m�1X
iD0

.�1/.iC1/n

 
2m

i

!
F.m�i/.2nC1/

Fm�i
�22m�1

C

 
2m�1

m

!
C

 
2m

m

!
n;

and, for even m;

nX
kD1

.�1/kL2mk

D

8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

m�1P
iD0

 
2m

i

!
L.m�i/.2nC1/

Lm�i
�22m�1C

 
2m�1

m

!
if n is even,

m�1P
iD0

.�1/iC1

 
2m

i

!
L.m�i/.2nC1/

Lm�i
�22m�1

C

 
2m�1

m

!
�

 
2m

m

! if n is odd,

and

i i/

nX
kD1

.�1/kL2mC1
k

D

mX
iD0

 
2mC1

i

!
.�1/.iC1/nC1

L2m�2iC1

�

2.m�i/X
jD0

.�1/j iC1L
n.2m�2iC1/CjC 1�3.�1/i

2

C2

mX
iD0

.�1/i

 
2mC1

i

!
1

L2m�2iC1
�22m:

Proof. i/ By the Binet formula of fLng, we have

nX
kD1

.�1/kL2mk D

nX
kD1

.�1/k
�
˛kCˇk

�2m
D

nX
kD1

.�1/k

 
m�1X
iD0

 
2m

i

!�
˛k.2m�i/ˇki C˛kiˇk.2m�i/

�
C

 
2m

m

!
.˛ˇ/km

!
:
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Since ˛ˇ D�1, we get
nX
kD1

.�1/kL2mk D

m�1X
iD0

 
2m

i

!
nX
kD1

.�1/k.iC1/L2k.m�i/C

 
2m

m

!
nX
kD1

.�1/k.mC1/ :

From Corollary 1, we write
nX
kD1

.�1/kL2mk

D

m�1X
iD0

 
2m

i

!
 
.�1/.iC1/nF2.m�i/.nC1/C .�1/

.nC1/.iC1/F2.m�i/n�F2.m�i/

F2.m�i/

!

C

 
2m

m

!
nX
kD1

.�1/k.mC1/

D

m�1X
iD0

.�1/.iC1/n

 
2m

i

!
F2.m�i/.nC1/C .�1/

iC1F2.m�i/n

F2.m�i/

�

m�1X
iD0

 
2m

i

!
C

 
2m

m

!
nX
kD1

.�1/k.mC1/

D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
:̂

m�1P
iD0

.�1/.iC1/n

 
2m

i

!
F.m�i/.2nC1/

Fm�i
�22m�1

C

 
2m�1

m

!
C

 
2m

m

!
n

if m is odd,

m�1P
iD0

.�1/.iC1/n

 
2m

i

!
L.m�i/.2nC1/

Lm�i
�22m�1

C

 
2m�1

m

!
C

 
2m

m

!�
.�1/n�1

2

� if m is even.

According to the choice of n; the claim is obtained.
i i/ The proof is similar to the proof of i/. �

Theorem 5. i/ For m> 0 and even n > 0,
nX
kD1

.�1/kL2m2k D

m�1X
iD0

 
2m

i

!
L2.m�i/.2nC1/

L2.m�i/
�22m�1C

 
2m�1

m

!
;
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and, for odd n > 0;

nX
kD1

.�1/kL2m2k D�

m�1X
iD0

 
2m

i

!
L2.m�i/.2nC1/

L2.m�i/
�22m�1�

 
2m�1

m

!
:

i i/ For positive integers m and n;

nX
kD1

.�1/kL2mC1
2k

D .�1/n
mX
iD0

 
2mC1

i

!
F.2m�2iC1/.2nC1/

F2m�2iC1
�22m:

Proof. i/ We write

nX
kD1

.�1/kL2m2k

D

nX
kD1

.�1/k
�
˛2kCˇ2k

�2m
D

nX
kD1

.�1/k

 
m�1X
iD0

 
2m

i

!�
˛2k.2m�i/ˇ2ki C˛2kiˇ2k.2m�i/

�
C

 
2m

m

!
.˛ˇ/2km

!

D

m�1X
iD0

 
2m

i

!
nX
kD1

.�1/kL4k.m�i/C

 
2m

m

!
nX
kD1

.�1/k :

If we take t D 2.m� i/ in Corollary 2, we can write

nX
kD1

.�1/kL2m2k

D

m�1X
iD0

 
2m

i

!�
.�1/nL2.m�i/.2nC1/

L2.m�i/
�1

�
C

 
2m

m

!
nX
kD1

.�1/k

D .�1/n
m�1X
iD0

 
2m

i

!
L2.m�i/.2nC1/

L2.m�i/
�

m�1X
iD0

 
2m

i

!
C

 
2m

m

!
nX
kD1

.�1/k

D .�1/n
m�1X
iD0

 
2m

i

!
L2.m�i/.2nC1/

L2.m�i/
�22m�1C

 
2m�1

m�1

!
C

 
2m

m

!�
.�1/n�1

2

�
:
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According to the choice of n; the proof is complete by the fact that 
n

k

!
D

 
n�1

k�1

!
C

 
n�1

k

!
:

i i/ The proof of .i i/ is similar to the proof of .i/: �

Theorem 6. For m> 0,

i/

nX
kD1

.�1/kL2m2kC1

D

8̂̂̂̂
<̂
ˆ̂̂:

m�1P
iD0

.�1/i

 
2m

i

!
L4.m�i/.nC1/�L4.m�i/

L2.m�i/
if n is even,

.�1/mC1

 
2m

m

!
�

m�1P
iD0

.�1/i

 
2m

i

!
L4.m�i/.nC1/CL4.m�i/

L2.m�i/
if n is odd,

and

i i/

nX
kD1

.�1/kL2mC1
2kC1

D

mX
iD0

.�1/i

 
2mC1

i

!
.�1/nF2.2m�2iC1/.nC1/�F2.2m�2iC1/

F2m�2iC1
:

Proof. i/ Using the Binet formula of fLng, we have
nX
kD1

.�1/kL2m2kC1

D

nX
kD1

.�1/k
�
˛2kC1Cˇ2kC1

�2m
D

nX
kD1

.�1/k

 
m�1X
iD0

 
2m

i

!�
˛.2kC1/.2m�i/ˇ.2kC1/i C˛.2kC1/iˇ.2kC1/.2m�i/

�
C

 
2m

m

!
.˛ˇ/.2kC1/m

!

D

nX
kD1

.�1/k

 
m�1X
iD0

.�1/i

 
2m

i

!�
˛.2kC1/.2m�2i/Cˇ.2kC1/.2m�2i/

�
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C

 
2m

m

!
.�1/m

!

D

m�1X
iD0

.�1/i

 
2m

i

!
nX
kD1

.�1/kL2.2kC1/.m�i/C

 
2m

m

!
.�1/m

nX
kD1

.�1/k :

If we take t D 2.m� i/ in Corollary 3, we get
nX
kD1

.�1/kL2m2kC1

D

m�1X
iD0

.�1/i

 
2m

i

!�
.�1/nL4.m�i/.nC1/�L4.m�i/

L2.m�i/

�

C

 
2m

m

!
.�1/m

nX
kD1

.�1/k

D

m�1X
iD0

.�1/i

 
2m

i

!
.�1/nL4.m�i/.nC1/

L2.m�i/
�

m�1X
iD0

.�1/i

 
2m

i

!
L4.m�i/

L2.m�i/

C

 
2m

m

!
.�1/m

nX
kD1

.�1/k

D .�1/n
m�1X
iD0

.�1/i

 
2m

i

!
L4.m�i/.nC1/

L2.m�i/
�

m�1X
iD0

.�1/i

 
2m

i

!
L4.m�i/

L2.m�i/

C

 
2m

m

!
.�1/m

�
.�1/n�1

2

�
:

According to the choice of n, the claimed result is clear.
i i/ The proof is similar to the proof of i/: �
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Yücel Türker Ulutaş
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