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Abstract. We shall consider alternating Melham’s sums for Fibonacci and Lucas numbers of the
form Y p_, (—Dk F2215n++88 and Y7 _, (—1k L%Z’i;, where ¢,8 € {0, 1}.
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1. INTRODUCTION

The Fibonacci F,, and Lucas numbers L, are defined by the following recursions:
forn > 0,
Fot1=Fo+ Fy—1 and L1 = Ly + Lp—1,

where Fp =0, F1 =1 and Ly =2, L1 = 1, respectively.
If the roots of the characteristic equation x> —x — 1 = 0 are  and f3, then the Binet
formulas are

an _ n
F, = —ﬁandLn =a" +p".
a—p
Wiemann and Cooper [6] raised certain conjectures for the Melham sum:
n
2m+1
D E
k=1

Ozeki [2] considered Melham’s sum and he gave an explicit expansion for it as a
polynomial in Fo,41.

More generally, Prodinger [3] derived a formula for the sum:
n
D F
k=0
where ¢, € {0, 1}. He also evaulated the corresponding sums for the Lucas numbers.
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In this paper, we consider the alternating analogs of Melham’s sums. We derive
explicit formulas for the sums:

n n
> (DRI and 30 (1 L
k=1 k=1
where ¢,6 € {0, 1}.

2. ALTERNATING MELHAM’S SUMS FOR FIBONACCI NUMBERS

In this section we will start with some lemmas and then we shall derive our results
about the alternating Melham’s sum.

Lemma 1. For positive integers n,m and t such that m > t,
. 1
i) (=)' Fom—srt1yn + Fam—at+1)(m+1)

2m—2t

(12
= Z (-1 )F(zm—2t+1)n+j+(1—3(—1)’)/2’
j=0

and
Fom—tyn+m—tLm—¢  if m is odd,

.. t
i) Fam—tyn+1) — (=1) Fagn—t)n = { Lotnosynsm—t Fms ifm is even.

Proof. i) We can write
(=)' Fam—ar+1n + Fam-20+1)@m+1)
(_1)t+1 Ol(2m—2t—i—1)n _13(2m—2t+1)n
a—p
N a(2m—2t+l)(n+1) _ﬂ(2m—2t+1)(n+l)
a—p

o@m=2t+1)n <(_1)t+1 +a2m—2t+1)

oa—pB
ﬁ(Zm—2t+1)n ((_1)t+1 +ﬁ2m—2t+1)

a—p
2m—2t

> (=1 (Fom—2i+1n+j + Fom—2i4n+j+1)  if £ is odd,
Jj=0
2m—2t . .
— Y Fom—ai+n+; — Fom—2i41)n+j+1 if 7 is even,
=0
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2m—2t

> (=1 Fam-artntjsz  iftisodd,
— J=0
- 2m—2t . .
3 Fom—2t+1)n+j-1 if ¢ is even,
j=0
2m—2t
j(t—2
= Z (—1)]( )F(2m—2t+1)n+j+(1—3(—1)t)/2'
j=0

ii) The proof is similar to the ones for the Binet formulas of {F,,} and {L,}. O

From [4], we have the following result for the Gibonacci sequence {G, }, defined
by forn >0

Gn+1=Gn+ Gp—1,

with arbitrary initial values G and G .

Lemma 2. Leta, p # 0, q be arbitrary integers. Then for n > 0,

“ G.: _ Gp(n+1)+q + (_1)p+1 Gpn+q + (_l)p Gp(a—1)+q - Gpa+q
Z pit+q =

- L,—1—(=1? '
and
n .
D (=1 Gpisg
i=a
= (=1)" Gpnt1)+4 + (=pr* Gpntq+ (=" Gpatq + (=D**? Gpa-1)+q
1+(-D?+L, '

As a consequence of Lemma 2, for further use we state the following result:

Corollary 1. For any integer r and positive even integert,

- ( l)kr Lk _ (_l)nr Ft(n+1)+(_1)nr_r Ftn_Ft
E — ;=
k=1

F;
and
i( DF" Frgn = DD Fogyn + (D" Faayoen = Fran
_ = '
k=1 ¢+ Lyt

Proof. Clearly

n
S (=D Ly = (1) Le+ Los + ...+ (1" Lus.
k=1
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For the first claim, we consider two cases: the first case is when 7 is an odd integer.

Here
(n+1)/2 (n—1)/2

n
DD Ly =1 Y Lej-iu+ Y. Lo @.1)
k=1 j=1 j=1

J’_

Ifwetakea =1, p=2t,q = —t andn — "3~ L in Lemma 2, then we get

1)/2
(n—i/ Lo _ Lin2y—Lin+ Lt — Ly
— @j-r = Ly —2 '

The following identities are well known [1,5]:

Lc+t —Le—t =5F. F; (2-2)
for even ¢, and
—(=1)°2=5F%and L_, = (-1)° L, (2.3)
for any integer c¢. Thus we have
+1)/2
. 2j—-1t SFtZ Fl : :
Meanwhile, if we take a = 1, p =2t,¢q =0 and n — % in Lemma 2, then we
get
1)/2
(nz)/ L, _ Lin+1y—Lin- 1)+L0—L2t
2jt =

Lot —2

Since ¢ is even, by (2.2) and (2.3), we rewrite the last equation as

(n—1)/2
5Fin F F
Z Lyjr=—"m"t—1=—"—1 (2.5)
t

If we sustitute (2.4) and (2.5) in (2.1), then we obtain

. , n Fin
Benrue = o (FER)« ()

-1 F, + Fy— F
_ ( ) t(n—i—;) tn t‘ (2.6)
t

For the second case, let n be an even integer, thus

n/2 n/2

Z( DY Ly = (=1)" ZL(ZJ 1),+ZLz,t 2.7
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Bytakinga =1, p=2t,g=—tandn — 5 anda=1,p=2t,g=0andn — % in
Lemma 2, respectively, we obtain the following result by (2.2) and (2.3), for even ¢,

n/2 F,
n
Y Loj-iy = R (2.8)
j=1 !
n/2
F
S Loy = %-1. 2.9)
=1 t

If we put (2.8) and (2.9) in (2.7), we get

n

F F
E :(_1)/” Ly, = (=1) (ﬂ) + (M_l)
e Fi Fy

(—=1)" Fin+ Fr(n41)— Fr

= 2.10
F, (2.10)
Combining (2.6) and (2.10), we get the final result:
n nr nr—r
- F + (-1 F; — F,
Z (—l)kr th _ ( ) t(n+1) ( ) tn t,
Fy
k=1
as claimed.
Finally by taking a =1, p =t +1, ¢ = 0 in Lemma 2, the second claim is
obtained similary to the first claim. O

Theorem 1. i) For positive odd m,

- | 2m\ Fop;
YN DERm = S (kD (2| T DEntl)
5 i=0 ! Fin—i

k=1
1 [2m—1 1 [2m
—_—— —_—— n’
5m m 5Mm\ m

and, for positive even m,

n

Z (_1)k Fk2m

k=1

1 m=1 2m\ Ln—i 2n+1 2m—1 . .
on (Eo (=1 ( . )—(len):_ln ) 4 " if n is even,

- 1 (m=l (2m\ Lon—iyen+1) 2m—1
__ Zm—)@nt1) i1 is odd,
5m (igo( i ) Ly—i + m—1 ifniso
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and
.. n 1 m (2m+1 ( l)l(n+1)+n
i) Y (~DF Rt = % =p
k=1 ™ =0 i Lom—2i+1
2(m—i)
ii-2) g
) jZO =D n(2m— 21+1)+J+M
L i (P Famzinn
™ i=0 ' Lom—zit1

Proof. i) For odd m, consider

n

Z (—l)k FkZm

= 2
“Eere)
= Z(—) ZmZ(—> ( ) ki grem=D
_ Z( D* (Z( 1y (2'") (oK Cm=ghi 4 ki gECm=i)

k=1

o)

m—1 n
= ;n (Z( b’ ( )Z(—l)k(Hl)sz(m—i)

i=0 k=1

2m\ N~ e 1)k
)

k=1

By taking i + 1 =r and 2 (m —i) = ¢ in Corollary 1, we write
n
Z (—l)k F2m
k=1
m—1 m
- e ()

. (—1)"('+1) Fogmeiynan) + (DD B = Foni)
FZ(m—i)
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L (2m\ ¢ mk+1)+k
+s—m(m ) 2. D

k=1

_1 /
- Lmz (—1)itD+n 2m\ [ Fagm-iyn+1)— (=1 Fam—ijn
5m = i F2(m—i)

m—1

b i (2L L [2m « _ymk+D+k
wx o () g

Using (i) in Lemma 1, we have the claimed result. For even m, the desired result is
also obtained.
ii) Consider

n
Z (—l)k FkZm-i-l

k=1

n b ok 2m]
_ k[ B

k=1
ko 2m+1
_ v (D S (21 i ki gk@m1—i)
2m+1 ; =D e p
=1 @—h) i=0

_ X”: (—1)2k _ m (2m+1) (—1) (ak(2m+1—i)ﬂki_akilgk(Zm—H—i))
-p"

o (@ i=0 !
1 & (2m+1) & ,
= S—mZ(—l)l ( ; ) Z(—l)k(lﬂ)Fk(zm—ziH)-
i=0 k=1

By taking r =i 4+ 1 and t = 2 (m —i) in Corollary 1, we write

n

k=1
1 & (2m+1
= S_mZ(_U’( ; )x
i=0
(D)D) F it iyn + D™D Fomoit 1yt 1) — Fam—2i+1
Lom—2i+1

— Li(—l)i—i—n(i—l—l) 2m+1\ D" Fom-aityn + Fam—2i+nm+1)
5 L i Lom—2i41
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1 « (2m 41\ Fam—2;
__mZ(_l)l . 2m 21+1‘
S i) Lam—it1
By Lemma 1, we obtain the claimed result. (]
For further use, we state a consequence of Lemma 2:

Corollary 2. For even positive integert and n > 0,

n n
-1)" L
S (D Loy = D" Lien+n
bt L;

Proof. Substitutinga =1, p = 2t and ¢ = 0 in Lemma 2, we get

“ k (=D)" Lotgrg1y + (=1)" Logn — Loy =2
Y (D Ly = )
=1 2t
_ (=n" (L2t(n+1) + Lzm) — (L2 +2)
24+ th )
For even ¢, from [ 1, 5], we have that
Levt+Le—t=LcLy (2.11)
and for any c,
Lyc+(=1)2=L2 (2.12)

Thus we obtain

- L
> 1 Ly = (-1 2y

k=1 L
as claimed. O
Theorem 2. For m > 0,
n
i Y (=D FR
k=1
] m=l1 (2 Lym—i D" (2m—1
o 2 (=) m 2tn=)@ntl) + ) " if n is even,
5m i=0 l L2(m—i) 5m m—1
B 1 m=1 1 (2m\ Lagn—i )™ (2m—1
L Z (_1)l+1 m 2(m—i)(2n+1) (=1 m if n is odd,
5m 2o I Logn—i) 5m m—1

and

n
iy Y (~DHFFR!
k=1
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- 1y 2m+1 (D" Lom—2i+1)@n+1) — Lam—2i+1
F2m —2i+1 '

Proof. l) We write

k_ g2k
( 1) F2m: ( 1)k a? 132
2%k T
_ Z(_l) ﬂ)zmz(_ ) (2m) 2ki g2k @m—i)
k=1
DS [(2m [ okmeiy goki | ki gokm—i)
- Z 5m Z( D i (Ol T+ B )
k=1 i=0

+(=1)" ( )(ﬂ)z"’”)
- B e () (2)

- & (mzl( 1y (2’")2( D¥ Lageguoiy + (—D)" ( )Z( 1))

If we take t = 2 (m —i) in Corollary 2, we write

PGV 74

k=1

1 "= (=1 Loy
_ S_m Z ( lm) (_1)1 (( ) 2(m 1')(2n+1) _1)
i=0

Lz(m—l)

1 (2m . i
+5—m(m)(—1) > (=D
k=1
_ 1 = nti [2m Lam—iy@2n+1) - 2m
- 5_’”,~_Zo( 1) (l.)—Lz(m ;. SmZ( 1)!
1 (2m m i
+5—m(m)<—1) k;(—l)

12 nti [2m\ Lagm—iy2n+1)
= 5_m§(_1) S
l:

LZ(m—l)
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g D ((2,1';”__11) * (2;21) ((_I)T_l)) |

According to the choice of n as an odd or as an even number, we have the conclusion.
ii) The proof is obtained similary to the proof of (i). O

For further use, we state the following result:

Corollary 3. For positive even integer t and n > 0,

n n
(=1)" Lasns1) — Lot
—Dr L = )
kz_l( )" L2k+1) L,

Proof. Substitutinga =1, p =2t and ¢ = ¢ in Lemma 2, we get

(=D" Lon+3y + (=" Liopg1yr — L3 — L,
24 Loy
(=" (L2n+3)ye + Ln+1ye) —(L3s + Lt)
24 Lo ’

By (2.11) and (2.12), we rewrite the last equation as for even ¢,

n

Z (—1F Liok+y: =

k=1

LiLain+1) _ L3+ Ly

Y D Lakgne = (=1

P L7 L?
(—1)" Lot  Las
L; L;’
Thus we have the conclusion. O

Theorem 3. Form > 0,
n
Ny 0,
k=1

—1m=1(2 L —i + L —i 1 (2
S ( m) 4(m—i)(n+1) T La(m—i) __< m) ifn is odd
m

A Lagn—i) >

- 1 m=1(2 L —L
1 Z m\ Lam—i)(n+1) 4(m—i) if n is even,
Sm =0 i LZ(m i)

and

n m
2 1 )" L —L
i) Z( l)k Fzzlzjl S m + 1" (4m—4i+2)(n+1) am— 4z+2'
k=1 5m F2m —2i+1
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Proof. i) Consider
n
Z (_1) F 221?1+1
k=1

Y o a2t — g2k 2m
= Z(_l) (T

k=1

_ Z (=1 zmz( ( )(2k+1)z’3(2k+1)(2m i)
no ok m—1

-39 (2< o (7)
k=1

(a(2k+1)(2m—z)ﬁ(2k+1)z +a(2k+1)iﬂ(2k+1)(2m—i))
2m
m
( 2m 2m
= Z Z | E2eknm-n T\
i=0

m—1 n
= SLm (Z (Zm) Z( 1) Look+1)m—i) + (2mm) Z (—l)k)
k=1

i=0 k=1

If we take t = 2 (m —i) in Corollary 3, we write
n
> (DO,
k_

1 [2m\ (=1D)" L, s —Ls 1 (2m) &
— 5_mZ(l> (m—i)(n+1) (m— l)+5m i Z(_l)k

L2(m —i) k=1

- (_l)nmz 2m\ Lagm—iy(n+1)
5m 4 i

L2(m—1)

-1
_Lm 2m L4(m_,-)+i 2m ((—1)"—1)
5m i | Lym—iy 5™\ m 2 '

According to the chice of n as an odd or as an even number, we have the conclusion.
ii) The proof of (ii) is obtained similary to the proof of (i). O
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3. ALTERNATING MELHAM’S SUM FOR LUCAS NUMBERS
Theorem 4. i) For positive odd m,

n m—1 F
Z (—l)k Lim — Z (_1)(i+1)n (27’)’1) (m—i)(2n+1) _22m—1
i
k=1

F -
i=0 mt

)

and, for even m,
n
I
k=1

m=1 (> L,_; 2m—1
Z(m)w_zzm—l+(mm ) if n is even,

- ’”il (—1)it+! 2{” Lon—d@n+1) _yom—1
=0 1 Lm—i

if n is odd,
<2m - 1) <2m)
+ _
m m
and

n m i+1)n+1
3 2m+1) (=)
S N e
k=1

Lo o:
i=0 2m—2i+1

2(m—i)

_—
X Z —1)/ithL ;
=1 n@m—2i+1)+ ) +1=3-100

j=0
m
(2m+1 1
+2) :(—1)’< m )——22’".
l
i=0

Lom—2i+1

Proof. i) By the Binet formula of {L,}, we have
“ k2 . k( ko ak)*™
> DF L= 30 ) (o + )
k=1 k=1

n m—1
= > ( (27") (k@D ghT 4 i gm=i)) 4 (2’”) (aﬁ)k’”) .
1 ! m

= i=0
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Since aff = —1, we get

n m—1 m n ) m n

> nf =3 ( i ) > DR Loy + (m ) > (nFmD.
k=1 i=0 k=1 k=1

From Corollary 1, we write

n
> (=nFLim
k=1

- 5(7)

DD E ey + (DT By = Fomei)
Foim—i)

2m\ =, kGnt1)
+(m)2( 1)

k=1

i Foim—i)

= (2m 2m) ¢ k(m+1)
_Z i + m Z(_l)

k=1

_ mz (—1)G+Dn (2’") Fym-iyon+1) + D' Fagnoipn
i=0

mil(_l)(i—i—l)n 2m\ Fn-i@nt1) _ som-1
<o i Fn—i

if m is odd,
<2m - 1) <2m)
+ + n
m m

mil(_l)(i+l)n 2m )\ Lin-i@nt1) _ 2m—1
<o i Lm—i

5 | 5 if m is even.
m— m 1y
m m

According to the choice of n, the claim is obtained.
i1) The proof is similar to the proof of 7). 0

Theorem 5. i) Form > 0 and even n > 0,

n m—1
3 3 2m\ Lagn—iy@2n+1) - 2m—1
_1 kL2m — _22m 1 ,
k—1( F b ( i ) T\ om

= Logn—i)
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and, for odd n > 0,
n m—1
2m\ Lagn—i 2m—1
Z ( 1) sz — Z m 2(2” l)(2n+1) _22m—1 _ m .
k=1 i=o \ ! 2(m—i) m

ii) For positive integers m and n,

n m
2m+1\ Foopm—n;
k 1 2m+1 n (2m—2i+1)(2n+1) om
E -D* L = (-1 E —2°7,
k—l( " =y ( i )

Froo:
i—0 2m—2i+1

Proof. i) We write
n
> (VLA
k=1
. k( 2k p2k)*"
= DDk (a4 p)
k=1

n

= 2 1

k=1
" (2m m—i) p2ki i m—i 2m km
(;) ( i )(azk(z ) p2ki 4 o 2ki g2k(2 )) + (m ) (af)? )
" om\ & k 2m\ w k
= > ; > (=D* Lag(n—iy + . > o=k
i=0 k=1 k=1

If we take t = 2(m —i) in Corollary 2, we can write
n

> (=nfLgy

k=1

m—1 n n
2m —1)" Lygn—i 2m

_ Z . (( )" Logm z)(2n+1)_1)+ Z(_l)k
i=0 ! m

Logn—i) ot

L m—i n —
S (2"1)—212(;‘2;“ 5 (2’")+(2’”) S
i=0
<2m

i=0
Lagm-ien+t))  jom— 2m—1 2m\ [(—1y"—1
( ) Z ) LZ(m—l) + m—1 + m 2
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According to the choice of n, the proof is complete by the fact that

n\ ([n—1 . n—1
k] \k—1 k)
i1) The proof of (ii) is similar to the proof of (i). O

Theorem 6. For m > 0,

i) Z( 1) L2k+1

”‘Zl( 1y m\ Lagn—iy(n+1) — Lagm—i)
_ L2(m —i)

i=0
B 2m\ L +L
( 1)m+1 ( ) Z ( 1) ( m) 4(m— l)(z—H) 4(m—i) if n is odd,
m 2(m—i)

if n is even,

and

n
i) )DL =
k=1

Z( D 2m+1 (—=D" Fem—2i+1)(0+1) — F202m— ~2i+1)
F2m 2i+1

Proof. i) Using the Binet formula of {L,}, we have

Z ( 1) L2k+1

_ Z (— 1) (a2k+1 +ﬁ2k+1)2m

k=1

_ Z( 1) (Z( )(a(2k+1)(2m—i)ﬁ(2k+1)i+a(2k+l)iﬂ(2k+1)(2m—i))

=0

. (2}:1) (aﬂ)(zk-i-l)m)

m—1

Z( 1) (Z( 1y (2m) (a(2k+1)(2m—2i)+ﬁ(2k+1)(2m—2i))
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2m
+ =n™
m

m—1 M2m n m n
> D) 2 D Lagrrnm-n +| ) <D™ Y (=D
i=0 k=1

k=1
If we take t = 2(m —i) in Corollary 3, we get

n
Z( 1) L2k+1
k=1
-1
_ mX:(—l)i 2m ((_l)nL4(m—i)(n+1)_L4(m—i))
= i Logm—i)
A2 oy o
m
k=1
-1 -1
_ mX:(—l)i 2m (_l)nL4(m—i)(n+1)_m2:(_l)j 2m Y\ Lagn—i)
= i Lon—i) = i ) Logn—i)

H) oy ok
k=1

m—1
2 L 2 Laim—i
= (=1)" Z (—1) m Lam—i)(n+1) Z( 1) m 4(m—i)
— l Lam-i) i) Lagm—i)

2m (=D"-1
(e (S,

According to the choice of n, the claimed result is clear.
i1) The proof is similar to the proof of 7). (]

l'_
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