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Abstract. A weighted version of Ostrowski type integral inequalities is established . We use a
newly developed special type of three steps kernel. Our findings give some new error bounds for
various quadrature rules. We apply our results to cumulative distributive functions.
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1. INTRODUCTION

The importance of mathematical inequalities is due to its applications in several
branches of Mathematics such as numerical integration, optimization theory, and in-
tegral operator theory. During the past few decades, many researchers worked on
inequalities and their applications (see for instance [4]-[5], [7]-[8]).

In 1938, Ostrowski [6] introduced an interesting integral inequality which meas-
ures the deviation between a function and its integral mean. It is stated as follows:

Theorem 1. Let f:[c,d] — R be continuous on [c,d] and differentiable on
(c,d), whose derivative f':(c,d) — R is bounded on (c,d), i.e.

[ /"o = sup [f" ()] <00
tele,d]
then for all x € [c,d]

__ct+d

d 2
1 1 etd )
f(x)—ﬁff(t)dt < Z+<%) d=o|/ QD

Another important inequality is so-called Griiss inequality [5] which links the in-
tegral mean of a product of two functions with the product of their integral means. It
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is stated as follows:
d

d d
— [ Fgdx - / F)dx— / gdx|  (12)

d—c

c

1
< Z(Olz—oll)(Qz —61).

where
a1 < f(x)<ap and 01 < g(x) <0y,
for all x € [c,d]. The constant % is sharp in (1.2) .

In [3], Dragomir and Wang combined Ostrowski and Griiss inequality and ob-
tained a new inequality known in the literature as Ostrowski-Griiss type inequalities.
Dragomir [2] established some companions of Ostrowski type integral inequalities.

In [1], Alomari proved the following companion inequality of Ostrowski’s type
using Griiss inequality.

Theorem 2. Let f:[c,d] — R be a differentiable function on (c,d),—o0 < ¢ <
d<oo. If f'eL[c,d]and By < f'(t) < By forall t € [c,d], where By, By are
constants, then the inequality

f@+fetd=—x)
2

d
dl_C/f(t)dt fé(d—c)(Bz—BO (1.3)

+d
holds for all x € [c, 62 ]

In the proof of Theorem 2, Alomari defined the following mapping
t—c t €lc,x]
p(x.t)= t—# te(x,c+d—x]
t—b te(c+d-—x,d]

for all x € [c, c'gd] . The upper bound of Inequality (1.3) is obtained using the fact

that

d
x—%fp(x,t)fx—c (1.4)

for each ¢ € [c,d] and each x € [c, c;d] . However, this fact is not correct. For

: _c+d d- _c¢c+d | d—
example, if x = 62 —Wg andt = CT+5—C,then
—12(d —¢)
W)=t—d=—"7—""2,
p(x.1) G
and
c+d —(d-oc)
X — =
2 100

> p(x,t),
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which contradics Inequality (1.4). The correct property of p (x,?) is that

min{x— d,c—x% fp(x,t)fmax{c+d—x,x—c}. (1.5

foreacht € [¢,d] and each x € [c, "Jgd] . Using this property of p (x,t), the correc-

tion of Inequality (1.3) becomes

fOFflerd—x)
2

d
1 1
d_C/f(t)dt <7@d=0)(B2=B).  (1.6)

In this paper, we will present a weighted version of Inequality (1.6) using a new
three step kernel, and discuss some applications of our results. Throughout the

present paper, a weight function (or density function) over some interval [c, d], where
d

—00 < ¢ <d <00, is afunction w : [c,d] —> [0,00) with 0 < [w(t)dt < co.
c

2. MAIN RESULTS

Definition 1. Let —co < ¢ < d < 0o. Let w be a weight function over [c,d]. The
3-step linear kernel with respect to w is denoted by G,, and is defined as follows:

}w(u)du, t €c,x]
¢ d
Gy(x,t) = ftw(u)du—%fw(u)du, te(x,c+d—x] , 2.1)
ftw(u)du, te(c+d—x,d]
d

for x € [c, c'gd] andz €[0,1].
The following lemma will be used repeatedly throughout the present paper.

Lemma 1. Let —00 < ¢ < d < 00. For a weight function w over [c,d], the identity

d
/ Gw(x,0) f/(1)dt 2.2)
‘ d
1
=2 /w(z)dt [f (x)+ f(c+d—x)]
d

—fw@fawn

c
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holds for all x € [c, #] andt €0,1].

Proof. Using Definition 1, we have

/de(x,t)f’(z)dt :/x|:/tw(u)du} f(t)dt

¢ ’ ci?—x' t d
+ / /w(u)du%/w(u)du:| f(r)dt
+ /d _/tw(u)duj| f(t)d:r.
c+d—x Lb

Applying integration by parts on each integral, we get

/x|:/tw(u)du:| f@)dt = |:/)Ew(u)du:|f(x)/xw(;)f(;)dl,

c c c c

ctd—x[ t d
/ [/w(u)du—%/w(u)du:|f/(t)dt

’ c+;1x cd
—(/ w(u)du—%/w(u)du)f(wd—x)
2 1 dc c+d—x
(/w(u)dusz(u)du)f(x) [ w(t) f()de,

and

d t d
/ |:/w(u)du:|f’(t)dt—[ / w(u)du:|f(c+dx)

c+d—x Ld +d—x
d

— / w(t) f(t)dt.

c+d—x
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Thus,

d

/ Gu(x,0) f ' (1)dt

C 1 d

-2 /w(t)dt [f () + f (c+d—x)]

c
d

—/w(t)f(t)dt.

c

Remark 1. 1f we set f (¢t) =t in Identity (2.2), we have
d d d

/Gw(x,t)dt = # /w(t)dt —/w(t)dt,

c c c

for x € [c#]

1105

(2.3)

Lemma 2. Let —00 < ¢ <d < o0. If w is a weight function over [c,d], and w is

symmetric about CJgd, then
d d
fw(t)dt: # /w(t)dz ,
c c
and hence
d

/Gw(x,t)dl =0,

c

ct+d
forx € [c, 5 ]
Proof. Since w is symmetric about
d

d
/Zw(t)dt:/(c—l—d—t)w(t)dt,

c

c+d
2 9

which implies that
d

/zw(z)dr R /dw(t)dt.

2

c



1106 S. OBEIDAT, M. A. LATIF, AND A. QAYYUM

Using Identity (2.3), we get that
d

/Gw(x,t)dt = 0.

c

0

Theorem 3. Let —co < ¢ <d <ooand f:[c,d] — R be a differentiable function
on (c,d). Suppose that w is a weight function over [c,d]. If f' € L'[c,d] and
B1 < f'(t) < By, forallt € [c,d], where By, B, are constants, then the inequality

d
|:% (/w(t)dt) (f(x)+f(c+dx))I(C,d,X)-H(c,d)j|

c

d
—/w(t)f(t)dt
C
1

< ZV(C,d,X)(Bz—Bl)(d—C) (2.4

holds for all x € [c, Hz'd], where
1 d
I(c.d,x) :/Gw(x,t)dt,H(c,d) = w,
—c
C
and
c+d—x d c+d—x
V(c,d,x)—rnax{ / w(z)dt,/w(t)dt— / w(t)dt}
X C X
Proof. Note that fort € [0,1] and x € [c, #] we have
L(c,d,x) <Gy(x,t) <U(c,d,x), (2.5)
where
X c+d—x I d
U(c,d,x)zmax{/w(t)dz, / w(t)th/w(t)dt},
C C [

and

X d c+d—x
L(c,d,x)min{/w(z)dt—%/w(t)dz, / w(z)dt}.

c c d
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By Lemma 1, we have

d d

(d_C)ZC/Gw(x,t)dtC/f (t)dt

d
ﬁ/(}w(x,t)f'(t)dt—

d
:ﬁ Uw(z)dr} Lf (@) + f (c+d —x)]

[

d d
_fd)=f(o) 1
T d_e? C/Gw(x,t)dt T c/w(t)f(t)dz.

Applying Griiss Inequality and using Identity (2.5), we get that
d d d

1 ’ _ 1 /
E/G.,,(x,z)f (t)dt q )ZC/Gw(x,t)dzc/f (t)dt

c

=

(U (c,d,x)—L(c,d,x))(B,— B1).

Bl

But
Ul,d,x)—L(c,d,x)=V(c,d,x),
which implies that

d
[% (/w(t)dt) (f(x)+f(a+bx))I(ad»x%H(C’d)}

c
b

—/w(t)f(t)dt

a

< %V(c,d,x)(Bz—Bl)(d—c).

1107

O

Corollary 1. Let —oo <c <d <ooand f:[c,d] — R be a differentiable function
on (c,d). Suppose that w is a weight function over [c,d] and w is symmetric about
#. If f'eL[c,d] and By < f'(t) < B, forall t € [c,d], where By, B, are

constants, then the inequality

d
% (/w(z)dt) (f(x)+ f(c+d—x))

c
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d
—/w(t)f(t)dt
< 1 max /w(t)dt,/w(l)dl (Bo—B1)(d —c)
5% /w(t)dt (B2—B1)(d—c). (2.6)

[

+d
holds for all x € [c, 02 ]

Proof. Note that for¢ € [0,1] and x € [c, ctd ], we have

2
ctd
c X X 2
min /w(z)dt, / w()dt ; < Gy(x,t) <max /w(z)dt, / w(t)dt
X c+d c X
2
2.7)
Applying Lemma 2, and following same argument used in the proof of Theorem
3, the result follows. O

Remark 2. 1f we set w (t) = 1, Inequality 2.6 becomes same as Inequality 1.6 .

Theorem 4. Let f:1 C R — R be a differentiable mapping on 1°, the interior of
the interval 1, and let ¢,d € I with ¢ < d. Let w be a weight function over [c,d]. If
f'eL'[e,dlwith By < f'(t) < By forallt € [c,d], where By, By are constants,

ct+d

then for each x € | c, T]’ we have

d

% /w(t)dt (f(x)+ f(a+b—x))

c

d
—(BLzBﬂ-I(c,d,x)]—/w(t)f(t)dt

c

d
B> —B
<22 1[|Gw<x,r)|dr. 2.38)

c
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d
where I (¢,d,x) = [ Gy(x,t)dt.
c

Proof. Using Lemma 1, we have
d

[ ot t)(f o) - B”Bz)dr

c

c

d
—%|:/w(t)dt} [f () + f(c+d—x)]

(Bl+B2)/Gw t)dt—/f(t)w(t)dt
Note that, for each € [¢,d ]

B — <f ([)_Bl—i—BzSBz;Bl
which implies that

tg}j‘jj,] f/(t)—Bl—;Bz < 32231.

Thus,

'/Gw(x 0 (f (z)—Bl+Bz)dr

< max f/(t)—w

telc,d]

d
B>, —B
s%/ww(x,r)wz,
C

d
/|Gw(x,l)|dt
c

which implies that

d
E (/w(t)dt) (f(x)+f(c+dx))M-I(c,d,x)}

[

d

—/w(z)f(z)dt

c

d
B>, —B
BBy 22 1)/|Gw(x,t)|dt.
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0

Corollary 2. Let f:1 C R — R be a differentiable mapping on I°, the interior of
the interval 1, and let c,d € I with ¢ < d. Suppose that w is a weight function over
[c.d] and w is symmetric about % If f'eLY[c,d]with By < f'(t) < By forall
t € [c,d], where By, By are constants, then for each x € [c,d], we have

d d
3| [wwar @+ serd—ol- [ foww
c c
d
< Bz;Blfle(x,t)ldt. (2.9)
c
Proof. Using Lemma 2 and applying Theorem 4, the result follows. O

Theorem 5. Let f:1 CR— R be adifferentiable mapping on (c,d) C I. Suppose
that w is a weight function over [c,d] and w is symmetric about # If f'e

L'[c.d] with By < f'(t) < By for all t € [c,d], where By, By are constants, then
ct+d

foreachxe[c, 5= | we have
1 d d
5 /w(r)dr [f(x)+f(c+d—x)]—/f(t>w(t>dz
== (HGH0-m) o (Guen. 2.10)
tele,
and
d d

3 [w@ar |[F @+ fa@rb-n- [ fOwod

[

<(d-c) (BZ—M) sup |Gy (x,1)]. 2.11)
d—c tele.d)
Proof. Using Lemma 2
b

/Gw(x,t)dt =0,
a
which implies that

d d

/Gw(x,t)f'(t)dt = /Gw(x,t)dt (f'()—By)d:t,

c c



A WEIGHTED COMPANION OF OSTROWSKI'S INEQUALITY

and
d d

/Gw(x,t)f’(t)dz :/Gw(x,t)dt(f'(t)—Bz)dt

c c
Using Lemma 1 and the triangle inequality we get

d d
% |: w(t)dti| [f(x)+f(c+d—x)]—/f(t)w(t)dt
dC C
/\ w(x.1) (f ()= B1)|dt,
and
1 d
|2|:[w(t)dt:|[f(x)+f(c+d x)]— /f(t)w(t)a’t
dC
< [I6utx.0 ("= B2) ar
Note that
d
/\Gw(x,t)dz (f'(t)—B1)|dt
‘ d
< swp [Gurn)| [ 1770 Bl dr
rele,d] /
and
d
/\f (1) B|dt = /(f’(z)—Bl)
—f(d) f(c)—B1(d—c)
—(d— [W 31]
Similarly,

d

[ 16wt (70~ Ba)]ar

c

1111
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d
< swp [Gur)l [ | () Ba|dr.
tele,d] ]
and
d d
f\f/(r)—02|dt=/Bz—f’(z)dz
= Bo(d—0)—(f (d)— f ()
Therefore,
1 d d
3| [wwar| @ serd-ol- [ fowwd
== (LG9 n) s jGucenl
tele,
and
d d
% /w(l)dt [f(x)+f(c+d—x)]—/f(t)w(z)dt
s(d—c)(&—%) s, (6o (0l
te|c,

3. SOME APPLICATIONS

Before introducing the first two applications, recall that a tagged partition P of a
finite interval [c, d] is a finite sequence of numbers ¢ = xg < Xx] < -+ < X, = d, with
corresponding tags t; € [x;—1,x;], fori =1,...,n.

Theorem 6. Let —co < ¢ <d <ooand f:[c,d] — R be a differentiable function
on(c,d),and P :c = x9 <x1 <---<Xp =d be atagged partition with correspond-
ing values t; € [x;j—1, x"%*’xi],fori = 1,...,n. Suppose that w is a weight function
over [c,d). If f' € LY[c,d] and By < f'(t) < Ba, forallt € [c,d], where By, B>
are constants, then we have the quadrature formula

d

[w(z)f(t)dz — A(.P)+R(f.P).

c
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where
n—1
1
A(fiP)=) |:§W(xi,xi+1)(f (tit1) + f (i +Xig1 —ti41))
i=0
—I (xi,Xi+1.ti+1) - H (x;,xi+1)],
Xi41
W (xi, xi+1) = / w(t)dt,0<i <n-—1,
X
Xi41
I (xi,Xiq1,tig1) = / Gy(tig1.1)dt,0<i <n-—1,
Xi
H (xioxi41) = f(xi+1)_f(xi),0§l. S
Xj41—X;

and the remainder satisfies the inequality

(By— By) "2
[RULP) = === DV (it tir) (S = X))
i=0
where
Xi+Xi41—ti+1 XX 41—t 41
V (4o Xie1.fi 1) = max / w () d1 W (xr,x1401) — / w () dt
tig1 li+1

Proof. For each 0 <i <n —1, applying Theorem 3 on [x;,Xx;4+1] with x = t; 41,
we get that
Xi41 .
/ W(Z)f(t)dt—[ EW(xi’xi—i-l)(f(ti—l-l)"'f(xi +Xi+1—ti+1)) i|

—I (xi, Xi+1,ti+1) - H (X, % +1)
x;

_ (Ba—Bi1)
- 4
Using the triangle inequality, we find that

V(xi, Xi+1.ti+1) (Xi+1—Xi).

n—1 Xit1 1
| Wi xi) (f Givr) + f (xi +Xig1 —tit1))
;, / win) f @ dt [ ’ =1 (xi,Xi+1,ti+1) - H (xi, Xi41) }
n—1
< @ZV(XLXHLHH)(MH—Xi)-

i=0
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But
n—1 Yit1 d
> [ wosod=[worsoa
i=0 Xi c
which implies that
d

/w(t)f(t)dt — A(f P)+R(f.P)

and

(

-1
By—B1)
|R(f.P)| = Tzv(xiaxi+l,ti+l)(xi+l —xi).

i=0

Theorem 7. Let f:1 C R — R be a differentiable mapping on 1°, the interior of
the interval I, c,d € I withc <d,and P :¢c =x9 <Xx1 <---<Xxp, =d be atagged
partition with corresponding values t; € [xj_1, %] fori =1,...,n. Suppose
that w is a weight function over [c,d]. If f' € L'[c,d] with By < f'(t) < B, for
allt € [c,d], where By, B are constants, then we have the quadrature formula

d
/w(t)f(t)dt — AL P)+R(fP),

where

n—1

A(f.P) = Z[%W(xi,xi+l)(f (ti1) + f (xi + Xi41 —li+1))—3'1(Xi,xz'+1,ti+1)]

i=0
Xi+1
W (i xi1) = / w(t)dt, 0<i <n—1,

Xi

Xi+1

(X Xig1,tigt1) = / Gy (tit1,t)dt,,0<i <n—1,

and the remainder satisfies the inequality

B,—B n—1
IR(f.P)| < %Zz(xi,xi—f—l’ti—}-l)a
i=0



A WEIGHTED COMPANION OF OSTROWSKI'S INEQUALITY 1115

where
Xi+1

Z(Xi, Xi41,li4+1) = / |Gw (tit1,0)|dt.
Xi
Proof. For each 0 <i <n —1, applying Theorem 4 on [x;_1,x;] with x = #; 41,
we get that
Xi41 1
/ w(t)f(t)dt—|: W (xioXiv1) (f (i) + f (Xi +Xig1—tig1)) }

—B T (Xi,Xi41.ti+1)

Xi

Xi+1

B> —B
< B2 / G (t141.0)d

(B2— B1)
=5 Z(xi.Xit1.li).
Using the triangle inequality, we find that
n—1 Xitl 1
> / w(t)f(t)dt—[ W (xi, xig1) (f (tGig1) + f (Xi +xi41 —li41)) }

—B T (X;,Xi41.ti+1)

i=0 5
n—1
< (Bzg—&)gz(xi,xiﬂ,tiﬂ)-
But
n—1 Fit1 d
Z / w(t)f(t)dt:/w(t)f(t)dt
and ‘

1 d
Z/ Gw(x,t)|dt=/|Gw(x,t)|dt,

which implies that
d

/w(t)f(t)dt — A(f.P)+R(f.P)

and

Br—B n—1
IR(f.P)| < (2—21)22(xi,xi+1,ti+1)-
i=0
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Before we introduce the next application, recall that if X is a random variable with
values in a finite interval [c,d], ¢ < d, and f : [c,d] — [0, 1] is a probability density
function, then the cumulative distribution function with respect to f is denoted by F
and is defined as:

F(x) = /xf(t)dt for each x € [c,d].

Since f satisfies the condition fcd f(x)dx=1,F(c)=1.

Theorem 8. Let X be a random variable with values in a finite interval [c,d], ¢ <
d,and f :[c,d] — [0,1] be a probability density function. Let w be a differentiable
weight function over [c,d] such that w (d) = 1 and w be symmetric about # Let
F be the cumulative distribution function with respect to f . If f € L'[c,d] and
B1 < f(t) < By, forallt € [c,d], where By, By are constants, then the inequality

d

% /w(t)dt (F(x)+ F(c+d—x))—(d—-Eg)
I c—lz—d
fé—lt /w(l)dt (B, —B1)(d—c). (3.1)

c

holds for all x € [c, c;d] , where

d
Eg = d—/ w(t)F(t)dr.
c
Proof. Define the function G over [c, d] as follows:

G (x) =/Cx%(wF)dt,x € [c,d].

Note that
G(c)=0
and
dq
G(d)=/ Z(wF)dl
=w(d)F(d)—w(c)F(c)
=1.
Let

d g
Eqg = t— (wF)dt.
G / o wF)
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Using integration by parts, we get that

d
Eg :dw(d)F(d)—cw(c)F(c)—/ w(t) F(t)dt

d
= d—/ w(t) F(t)dt,
c
which implies that

d
f w(@)F(@)dt =d—Eg.
c
Applying Corollary 1 on F, we get that

b d

; [w(r)dr (F(x)+F(c+d—x>)—fw(t)F(r)dr
#

5% /w(r)dr (B2~ B1)(d o).

which implies that

d
% /w(t)dt (F(x)+ F(c+d—x))—(d—-Eg)

ct+d
fé_lt[/ w(t)dt | (Bs—By)(d—c). (3.2)
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