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Abstract. In this paper, we use Schauder and Banach fixed point theorems to study the existence,
uniqueness and stability of bounded nonhomogeneous iterative functional differential equations
of the form

X' () = Aix @)+ 22xBl o) + .+ 2o + £,
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1. INTRODUCTION

Differential equations of the form

xX'(t) = f(t.x(0).x(t =71 (t)),....x(t =7 (1)))

were discussed in [ 1] and [5]. In particularly, the delay functions 7;(z), j =0,1,....k
depend not only on unknown function, but also state, 7;(z,x(z)),j =0,1,...,k have
been studied in many literatures. In [2], Cooke points out that it is highly desirable
to establish the existence and stability of periodic solutions for equations of the form

X'(t) +ax(t —ht,x(1)) = F(1),

in which the lag A (¢, x (¢)) implicitly involves x(¢). Eder [3] considered the iterative
functional differential equation

X' (1) = xP @)

and obtains that every solution either vanishes identically or is strictly monotonic.
Feckan [4] studied the equation

X () = fxP )
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by obtaining an existence theorem for solutions satisfying x (0) = 0. Stan¢k [9] stud-
ies the global properties of solutions of functional differential equation x’(z) = x (¢) +
x(x(t)), and shows that every solution either vanishes identically or is strictly mono-
tonic. Later, in [0], Si, Li and Cheng considered the equation

x/(1) = x"(r)

and establish sufficient conditions for the existence of analytic solutions. Si and Wang
[7] discuss the smooth solutions of equation

X' (1) = Aix (@) + AaxP )+ .+ 2axP @) + £(0). (1.1)

Particularly, in 2017, Zeng, Zhang, Lu and Zhang ([11]) considered a general n-
dimensional mixed type differential equation with state dependence, give the exist-
ence of solutions without requiring the return condition, and apply the result to dif-
ferential equations with iterates. For some various properties of solutions for several
delay functional differential equations, we refer the interested reader to [8, 10].

In this paper, we consider the existence of bounded solutions of Eq. (1.1).

For L > 0, define the set of all real valued continuous functions from R into R

B(L) = {x eCR,R): x| <L, Vie [R}.
Then B (L) is a Banach space with the norm

[[x | = max |x(z)].
teR
For P > 0, L > 0, define the sets
B(L.P) = {x ePr:|xl| =L, |x(t2) —x(1)| < Plia—t1], Vi1, 12 € [R},

which are closed convex and bounded subset of B (L), and we wish to find bounded
functions x € 8(L, P) satisfying (1.1).

2. EXISTENCE OF BOUNDED SOLUTIONS

In this section, the existence of bounded solutions of Eq. (1.1) will be proved.
Let us state the Schauder fixed point theorem, which will be used to prove our main
theorem.

Theorem 1 (Schauder). Let §2 be a closed convex compact subset of a Banach
space. Suppose that A : §2 — 2 is continuous. Then there exists 7 € §2 with 7 = Az.

Throughout this paper, we assume that all functions are continuous with respect to
their arguments and the following condition holds.
We begin with the following lemma.
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Lemma 1. Forany ¢,y € 8(L, P),

n—1
e =yt <> Pllo—yl,n=12,.... @.1)
=0
Proof. The result follows from the definition of 8(L, P). O

Now we rewrite (1.1) as a fixed point equation.

Lemma 2. Suppose A1 > 0. Then x(t) is a solution of (1.1) if and only if
n +o0o +o0
x(t) = —Zkl/ x[l](s)ekl(t_s)ds—f f(s)e)“(t_s)ds. (2.2)
1=2 7! t

Proof. The proof is well-known but we present it here for the reader convenience.
It is easy to see that Eq. (1.1) can be written in the form of

X (e M= Ax(r)e M = (Zklx[l](t)-l—f(t)) e ML,
=2

If x(¢) is a solution of (1.1), then integrating the above equality from ¢ to 4+o00, we
obtain

n +00 o0
x(0)==Y A / x5y =) gg — / F(s)eM s,
=2 t t

This completes the proof. O

Lemma 3. Suppose A1 < 0. Then x(t) is a solution of (1.1) if and only if

n t t
NOEDIY / x(s)er1 = gs + / F(s)eM s, (2.3)
1=2 -

—00

Proof. As in Lemma 2, Eq. (1.1) can be written in the form of
n
X (D)e M= Ax(r)e M = (Zklx[l](t) + f(t)) e Mt
=2

If x(¢) is a solution of (1.1), then integrating the above equality from —oo to ¢, we
obtain

n ; ;
x(t) = Z,\l/ x[l](s)e’“(t_s)ds—i-/ f(s)e’h(t_s)ds,
=2 % —o0

This completes the proof. O
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Now we will need to construct a mapping satisfying the hypotheses of Theorem 1.
To this aim, we consider maps A4, A1 : B8(L, P) — R defined as follows:

(Ax)(1) = —Xn:/\, / +oox[”(s)e’“(f—s)azs— / " f($)e*=ds, (2.4
1=2 1 !

n t

A =34 |

=2 B

Lemma 4. Operator A and A1 are Lipschitz continuous.

t
x(s)er1 =) gs + / F(s)eM 9 gs, (2.5)
—00

oo

Proof. Take x,y € B(L, P),t € R, then by (2.1) and (2.4), we have
|(Ax)(1) — (Ay)(1)]

n
<> Il
=2

n -1

= LS WPl
Al

[=2j=0

+o00
/ (x[l](s)_y[l](s))ell(l—s)ds
t

This proves A is Lipschitz continuous.
Using the same method, it is easy to prove A; is Lipschitz continuous. This com-
pletes the proof. g

It is easy to see by Arzela-Ascoli theorem that B(L, P) is compact. Now, we are
ready to prove the following existence result.

Theorem 2. Suppose f € B(L,P), A1 > 0,37, || <min{A1, 1} and the fol-
lowing inequalities hold

L<@Gi—) uL, (2.6)
=2

~ 1 <

P < (E—I_Z;le)P, @.7)

then Eq. (1.1) has a solution in B(L, P).
Proof. First, for any x,y € 8(L, P), by (2.6), we have

[(Ax)(2)] < i|)Ll|‘/+Oox[l](s)ekl(t—s)ds) + ’/+oo f(s)ell(t—s)ds
_l=2 ! t

L& L
< -
_M;—zl ll-i-)Ll
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<L.

Next, assuming #; < f», by (2.7), we obtain

+o00 400
/ ()t @2=9) g / ()t @=9) g
5]

5]

<

1
+ / ’ xW(s)ert1=9) g
1

+o0
/ x[l](s)(ehtz_ekltl)e—llsds
5]

(2.8)
P —hi(e—t) P —A1(t2—11)
< A_l(l e ) 4+ Z(1 e )
2P
< —ef—t)h
A1
=< 2P(tz —11),
and
Foo +o00
f(s)ekl(lz—s)ds _/ f(s)e/ll(tl—s)ds
15} f
+o00 t
= f(s)(elltz _elltl)e—hsds + / f(S)eAl(tl—s)ds
e 1 (29)

2P
< et (ta—t1)h
A1
<2P(t—11),

where —Al(l‘z —ll) < i—' <0,
By (2.8), (2.9) and (2.7), we have

|(43)(12) - (4x)00)|

z +oo +o00
=< Zl/\ll / x[l](s)ekl(tz—s)ds_/ x[l](s)e,ll(;l_s)ds
1=2 2

11
+o00

+o0
f(s)er1©2=9) g5 — f(s)err@=9) gy

t 5]

_l’_

n
<203 IMIP +P)(2—1)
=2

< P(t—11).
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So by Lemma 4, we see that all conditions of Schauder’s theorem are satisfied on
B(L,P). Thus there exists a fixed point x in B(L, P) such that x = Ax, from
Lemma 2, x is a bounded solution of Eq. (1.1). This completes the proof. O

Theorem 3. Suppose f € B(L,P), A1 < 0,5 7_, |A;| < min{-11,1},

n
L<(=2-) DL (2.10)
=2

and (2.7) holds, then Egq. (1.1) has a solution in B(L, P).
Proof. First, for any x,y € 8(L, P), by (2.10), we have

n t t
|(A1x)(t)| < ZM”‘/ x[l](s)ekl(t—s)ds‘ + ‘[ f(s)ekl(l—s)ds
—00 —00

=2
L & L
=== Il
All=2 A
<L.

Next, assuming 71 < f,, we obtain

¢ t
/2 x[l](s)e'h(tz_s)ds—/l x[l](s)ell(tl—S)ds
—0o0 —00

t
/ ' x[l](s)(ekltz _e/lltl)e—)tlsds

t
< + /zx[l](s)ell(tz—S)ds
e : 2.11)
P Ar(t2—t1) P Ar(t2—t1) ‘
f—rl(l—e )_Z(l_e )
2P
< _—Mefl (12— 11)(=A1)
§2P(t2—ll),
and
12 51
/ f(s)er1 =) g — / f(s)er =9 g
—0oQ —0oQ
151 5]
< fs) M2 —ettye=Risqg| 1| | f(s)et1279) g 5 1o
oo " (2.12)

~

2P
= Tesl (t2 —11)(—A1)
—A1

<2P(t—11),
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where )Ll(l‘z —ll) < Sl < 0.
By (2.11), (2.12) and (2.10), we have

(4x)(12) — (4x)01)|

n t /
<> Il /2 x[l](s)exl(tz—s)ds_/l ()t (1= g
=2 —o0 —00

1)

f(S)eM(tZ_s)ds —/tl f(S)e)“(tl_s)ds
o0 —00

+

n
<203 11| P+ P)(2—11)
=2
< P(ta—11).
So by Lemma 4, we see that all conditions of Schauder’s theorem are satisfied
on B(L, P). Thus there exists a fixed point x in 8(L, P) such that x = Ax, from
Lemma 3, x is a bounded solution of Eq. (1.1). This completes the proof. g

From Theorems 2 and 3 we have the following theorem.

Theorem 4. Suppose f € B(L,P), A1 # 0,57, |x;| < min{|A1], 1} and the
following inequalities hold

L=(M|=) ML, (2.13)
1=2

_ 1 &

P< (E—I_X;MZDP» (2.14)

then Eq. (1.1) has a solution in B(L, P).

3. UNIQUENESS AND STABILITY
In this section, uniqueness and stability of (1.1) will be proved.

Theorem 5. In addition to the assumption of Theorem 4, suppose that
n [—1

1 .
I'=—— AP <1, 3.1
MZD 1 (3.1)

1=2j=0
then Eq. (1.1) has a unique solution in B(L, P).

Proof. We know from the proof of Theorem 2 that A : B(L,P) — B(L, P).
Moreover, by Lemma 2, we get

Ap—Av| < Tlle—=v|, ¢, ¥ €B(L,P)
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(3.1) means I" < 1, so the fixed point must be unique by the Banach fixed point
theorem. O

Theorem 6. The unique solution obtained in Theorem 5 depends continuously on
the given constants A; and function f(t), forl =1,...,n.

Proof. First, assuming A1, 1 > 0. Let constants A;, w7,/ = 2,...,n and functions
f@), f@)e £(Z ?) be given. Then we consider the corresponding operators AA,
defined by (2.4), respectively. Assuming corresponding conditions (2.6), (2.7) and
(3.1), there are two unique corresponding functions x(¢) and X(¢) in B(L, P) such
that

Then we have
|x =X < [|Ax — AX|| + | AX — AX|| < I'||x =5 + || AT — A%,

which implies
| AX — AX||
<= 7

[[x =X < T (3.2)
If A1 > u1 > 0, then
+oo
[ A1) _ onat=5)| g
t
too | . (3.3)
— / (eul(t—S) —ell(t_s))ds -
t n1 o Ar
If w1 > A1 > 0, then
+o00
/ |eh(t—S) —e“l(t_s)|ds
t
oo . . (3.4
=/ (eh(t—S) _e,ul(t—S))ds - _
t Al M

From (3.3) and (3.4), we have
|(AT) (1) = (A%)(1)]

n +o0
=Sl [ et as
1=2 !

n +o00
+Z|/'Ll|[ |7[l](s)||e}”1(t_s)_e/lvl(l—s)lds
1=2 t

+o0 . too _
+/ |f(6) = F )™ ds + / T ($)l[eM1 =) — i1 (=94
! t
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P & 111 ~ 11
= =l + P Y il ==+ =1 =T+ P - —
A; l; Arooprl o Aq A1
n n
1 1 P 1 ~
=P+ P Y | = |+ = D=l + 1 =T,
1; Ao 1112 A

by (3.2), ||x —X]| tends to 0 when p; tends to A; and 7 tends to f.
For the case A1, 1 < 0, we have the similar proof. This completes the proof. [J
4. EXAMPLES

First, we show that the conditions in Theorem 2 do not self-contradict. Consider
the following equation:

Example 1.
x'(t) = x(t) + - x[z](t) + s1nt 4.1

where A1 = LA, = 1, f(t) = Lsint. Take P=1.L=1P=LT=7L A
simple calculation yields

n

~ 1 1
L=—<— —
= === DL,
I=2
~ 1 1 .
P=—=<-=(z— AL P.
C<1=( IZ; 1)

By Theorem 4, Eq. (4.1) has a bounded solution x such that |x(¢)| < 1, and |x(2) —
x(t)| <|2—t1], Vt1,12 € R
Next, we apply Theorem 3.

Example 2. Consider equation:
1 1 1
x'(t) = —x(t) + —x[z] () + — sint, 4.2)

where A1 = 3,12 = 4,f(t) = —smt Take P = 274,L 1, P = %,Zz %. A
simple calculation yields

= (- Al—ZMmL

(——ZMIDP

1
16 — 12

’“U?
|
\Ol\]
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By Theorem 2, Eq. (4.1) has a bounded solution x such that |x(¢)| < 1, and |x(#;) —

x(t1)| < |ta—t1], Yt1,t2 € R. Furthermore,

n -1

1 31
r=— AP =2 <1,

by Theorem 5, we know this bounded solution is unique.

Example 3.
1 1
x'(t) = gx(t) + Zx[z](t) + §sint, (4.3)

where § > 0 is a parameter. As Example | or 2, here A1 = %,Az = %, f(t) = §sint
and P = §, L = 4. Next, we consider L(§) and P(§) as variables to be defined by §.
Then (2.6) and (2.7) have the forms

1
5 < EL(S), 4.4
§< %P(S), 4.5)
3
Z(l + P()) <1, (4.6)
First, by (4.4) and (4.5) we have
L(8) > 128 4.7)
and
P(§) > 46. (4.8)
Next, (4.6) shows us
P() < % (4.9)
By (4.8) and (4.9), we have
46§ < P(0) < % (4.10)
and
0<d< 1—12 = 0.083333. 4.11)

Thus, if we taking P (§) and L(8) satisfy (4.7) and (4.8), Theorem 2 are satisfied
and Eq. (4.3) has a 27 -periodic solution such that |x(¢)| < P(§) and |x(t2) —x(¢1)| <
L(8)|ta —t1], V1,22 € R. Furthermore, if we taking L(8) and P(§) satisfy (4.7)-
(4.11), by Theorem 5, we know the 2 -periodic solution of (4.3) is a unique one.
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Remark 1. Obviously, Example 1 satisfies conditions (4.7) and (4.8), Example 2
satisfies conditions (4.7)-(4.11).
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