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Abstract. In this paper, we consider a discrete population model and obtain a couple of criteria
to guarantee our model being stable, including the global attractor, the extreme stability, and the
periodicity.
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1. INTRODUCTION

This paper is devoted to consider the stable behavior for a discrete population
model with survival rate given by

x(t+1)=y@)x(@) —I—x(t(l))er(t)(l_%), teZy, (1.1)
where Z 4+ is the set of nonnegative integers, y(¢) € (0, 1) is the survival rate for each
t €Zy, t(t) € Z4 denotes the delay in ¢, and r(¢) and k(¢) stand respectively, for
the intrinsic growth rate and the carrying capacity of the habitat.

The motivation of our considerations stems from the papers [2, 3, 5, 6, 8]. Con-
cretely speaking, Diagana in [2] studied the periodic problem of population models
of the form

x(t+1D)=y@)x@)+ f(t.x(1)), teZ,
where Z is the set of integers. Hamaya considered the almost periodic solutions in
[3] for the discrete Ricker delay model

x(t+1) =x(t)e/ XD ez

In [5, 8] Liz and Saker et al. discussed respectively, the qualitative behavior of peri-
odic Ricker equation

x(t+1) = x(t)e" @@
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and in [6], the authors investigated the extreme stability of the following discrete
logistic equation

_x@)
X(t+1) = 2y O0=8) | z..

We observe that the stability is of vital importance when considering the period-
icity of a model, see, for example, [3, 6,9]. In this paper, we will concentrate our
attention on the stability of (1.1), including the global attractor, the extremely stabil-
ity and the periodicity.

In what follows, we always assume that
(H1) there exist y¢ and y; in (0, 1), and an integer 7¢ > 0 such that

inf y(t) =yo. sup y(t) =y
t€Z+ t€Z+

and
t—t9<t(t)<t fort e Zy;
(H2) there exist r; and k; in (0, 00) for i = 0, 1, such that
ro<r(t)<ry and ko <k(t) <k forteZ4,
where

inf r(t) =ro, sup r(t)=ry, inf k(t) =ko, sup r(t) =ky;
teZy teZy teZ4 teZy

(H3) the functions L(x) and U(x), and the constants M and m are defined, respect-
ively, by

rix rox

_nx _rox
L(x)=xe® % and U(x) =xe'' " %1 for x >0

k1 M
M=U{—) and m=1L ;
ro -y

(H4) for § > 1, the constant A is defined by

as well as

_ M
A ] LEMI—y)™) = LR LEM(1-y1) ™) < e,
r‘;]fo , otherwise,
where r‘;ﬁ is the fixed point of L(x). See the following diagram when allowing

§=land (1—y)~ ' =1:
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2.59

Ux)

L(x)

Let D[—1p,0] be the set of all discrete functions ¢ : {—79,—70 + 1,...,0} = R with
the norm |¢| = max_r,<s<o |¢(¢)|. For a given ¢ € D[—1¢,0], from (1.1) we can get
a unique sequence {x(f)};>—_z, satisfying x(t) = ¢(¢) for t = —79,—70 + 1,...,0.
This sequence is called a solution of (1.1), and sometimes we denote this solution by
{x(:0)} 12—

To continue our discussions in the sequel, we require some notions as follows.

Definition 1 ([9]). (i) The set S C R is said to be invariant relative to (1.1) if for
¢ € D[—10,0] with ¢(¢) € S for ¢t € [—19,0], the solution {x(¢;¢)};>—z, of (1.1)
satisfies x (¢;¢) € & for all t > —1p.

(ii) The set S C R is said to be a global attractor of (1.1) if for any & > 0 and
positive function ¢ € D[—1¢,0], there exists an integer N(g,¢) > 0 such that the
solution {x(¢;¢)}s>—x, of (1.1) satisfies

min|x(¢;¢)—s| <e forall t > N(e,¢).
SES
Definition 2 ([0]). We say (1.1) to be extremely stable provided any two positive
solutions {x(#)}s>—, and {y(#)}s>—r, of (1.1) satisfy
lim |x(¢)—y ()| =0.
t—00
Definition 3 ([7]). A sequence {x(?)};>_x, is said to be asymptotically o-periodic
if there exist two sequences {p(¢)}s>—r, and {g(?)};>—z, such that
x(t) = p)+4q(@),
where {p()}s>—_+, is a o-periodic sequence, and () — 0 as t — oo.
2. STABILITY OF (1.1)

In this section we study the stability of (1.1). For this end, we first note that any
solution {x(¢;¢)}s>—r, of (1.1) verifies that

t—1 t—1[t=2
x(t:9) = [[r@e©+ ) [1‘[ y(s + 1)} f.x@@). t=1, @1
v=0

v=0 Ls=v
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where
L 1ol
Foa0 =ue”0H) T y) = o).y -1,
v=0
and x (7 (v)) expresses the term x (t(v); ).

Since (1.1) denotes a realistic model of populations, we only consider the positive
initial values ¢ € D[—19,0]. Then, from (2.1) it follows that the solution {x (¢;¢)};>—x,
of (1.1) is positive.

In addition, in view of the assumption (H2), we have

_nu _Trou
ue®" %o < f(v,u) <ue''” *1 for veZ4 and u >0, 2.2)
which results in
k
fv,u) <M = r—;e”_l for veZ4+ and u > 0. (2.3)

Now, for the positive initial value ¢ € D[—1p,0], in combination with the assump-
tion (H1), we have from (2.1) and (2.3) that

t—1
x(t;9) < yip(0) + M ;)V{‘”‘l o
=yl + M1 —y) '1—yl), tezy.
Hence, for |¢| € (0,6M (1 —y1)~!] with § > 1, coupled with (2.4), it holds that
x(t:9) <SM(1—y)~ ! 1 €Zy. (2.5)

On the other hand, by the assumptions (H3)-(H4) and the left inequality in (2.2)
we have

f,u)>A for veZ4 and u e [A(1—yo) L.6M1—y1)7 '], (2.6)

where the constant A defined as in (H4). Consequently, similar to (2.4) it follows
from (2.1) and (2.6) that when |@| € [A(1 —yo) ™1, 8M (1 —y1)7 1],
t—1
xX(t:9) = vop ) + A vy

t = -1 t 27)
= Y2(0) + A(1—y0)" (1 —7%p)

>A(l—yo) Y, tezy.
Summarizing (2.5) and (2.7) we obtain the following result:

Theorem 1. Under the assumptions (HI)-H(4), the set [A(1 —yo)~!,6M(1 —
v1) "] is invariant relative to (1.1), here § > 1, and A is defined as in (H4).
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Let m = min{m, %}. Note that in Theorem 1, A = m as § = 1. Note further
that, since yg and y; € (0, 1), for any given ¢ > 0 and positive function ¢ € D[—10, 0],
there exists an N (e, @) > 0 for which it follows that

yilp0) =M1 -y <&, pyle0) (1 —yo)~'| <& fort > N(e,g).
Consequently, from (2.4) and (2.7) we have
x(t;9) <M(1—y1) L +¢e fort> N(e @)
and
x(t;9) >m(l—yo) L —e fort > N(e ¢).
This induces our second result:

Theorem 2. Under the assumptions (H1)—(H3), the set [m(1—y0)~1, M(1—y1)7!]

is a global attractor of (1.1), here m = min{m, r‘;]fo 3

Next we continue to employ 77 = min{m, %} and consider the extreme stability
with respect to (1.1). To do this, we first show the following conclusion.

Lemma 1. Suppose that {x(t;¢)}i>—z, ({x(t)} for short) is a solution of (1.1)
and

~

" o (2.8)
ki(l—yo) = '
Then, under the assumptions (HI)—(H3), it follows that
msap |1 = TOXEO) | o (1-24552)
t—>00 k(t)
I"()IT’I ri M }
<max?{ |1 — 11— . 2.9
H k1(1—1yo) ' ko(1—y1)
Proof. We proceed in steps.
Assertion 1:
i | r(t)x(z(t)) - { ‘1 rom ‘ rnM }
imsup |l — ———=| < max —_ |, [l =7 .
P k(t) k1(1—1yo) ko(1—y1)

Indeed, for a given solution {x(;¢)}:>—r, of (1.1), Theorem 2 indicates that for any
given ¢ > 0, there exits an N = N(e, ¢) such that

~

L—s<x(r(t))< +¢ for t > N. (2.10)
I—vo l—n
Hence, from (2.10) we have fort > N,
t t m
I_EEEQLQ_Q(HZ_Q @.11)
k(1) ki \1=yo

and

1_M>1_2(L ) (2.12)

+ ¢
k(t) ko \1—y1
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Since ¢ ia arbitrary, with the aid of (2.11)—(2.12), we see that our statement is true.
Assertion 2:

lim sup er(t)(l_ x%t)») <1.

t—>00
Indeed, by (2.8) and the left inequality in (2.10), we can derive
t m 1 1
x(x(1)) m 1——=¢& for t > N,

> ——>
k(t) ki(1=yo) ki k1
which lead to the result

t
limint =) -
i—oo k(1)
This implies the assertion 2 is valid.
In summary, the conclusion (2.9) is effective. The proof is complete. O

We now consider the extreme stability of (1.1).

Theorem 3. Let m = min{m, %}. Suppose that condition (2.8) in Lemma 1 is
verified and
rom nM
Ck=yo) || ko(T—y)
Then (1.1) is extremely stable under the assumptions (HI1)—(H3).

’

max”l } <1l—y. (2.13)

Proof. By the condition (2.13), we can choose a real number M so that
m M
_rom | M } 2.14)
ki(1—yo) ko(1—y1)

Let {x(¢)} and {y(¢)} be any two positvie solutions of (1.1). Then, both {x(¢)} and
{y(t)} verify (1.1). Thereby, it follows that for any integer N > 0,

9’

1—y1>ﬁ>max{‘l

i~1 izl =2 ] X(z ()
w0 = [ roxm)+ 3| [Tre+0 |x@epe @060 > n
v=N v=N LS=V i
as well as
1 e s ] (@)
vy = [T @y + 3 [ T e+ 0 | yaane @055 > N
v=N v=N Ls=v i
Hence, it holds that
t—1
x@)—y@) = [ y@&®N)—y(N)
v=N

- [T x(z(v))
> {HV“H)} {x&(v))e’(”)(l‘ )

v=N Ls=v
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yeene OUFEN o,

which derives

x() =y <y T x(N) = y(N))] (2.15)
T Zyl L —r (ﬁgf((v))) - E("r((”v))))W(f(v))—y(r(v))l,tzN,

where E(r(v)) is between x(t(v)) and y(z(v)). Hence, Lemma 1 implies that there
exists an N for which

‘l—r(v)

§(z(v)
k(v)
Note that Theorem 1-2 imply that {x(z) — y(¢)} is bounded. Thus, we can set

SOUEE) 37 forr > . (2.16)

limsup |x(¢) — y(¢)| = w.
t—00

Consequently, for any & > 0, there exists an N1 = Nj(¢) large enough such that
lx(z())—y(t(t))| <w+e fort > Nj. 2.17)

For convenience, we deem that (2.16)—(2.17) hold whenever ¢ > Nj. Then, by invok-
ing (2.15)—(2.17) we have

(1) = y()] < i (x(N1) = y(N1))]

l—yt_Nl
+ 1 M(w—l—e),tle,
1=y
which results in
1 —~
w =< M(w +¢).
N

Now we impose (2.14) on the inequality above and then obtain w = 0. This shows
that lim; o | X () — y(¢)| = 0. The proof is complete. O

Next we give an example to illustrate our results above.
Example 1. Let
y(t) = 0.34+0.14sint, r(t) = 0.51 +0.01sin¢, k(¢) = 1.1 +0.1sin¢

and consider
x(t=2)

X+ 1) = y(O)x () + xt -2 Q) ez, (2.18)

Then
v0=02,y1=048,r0=0.5,1r1=0.52; ko =1, k1 =1.2;
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M
— ro—r
and, for M = ’f—ée” Landm = %e 0 M ko=vD) |

~ . { I’()ko} I’()ko 50
m=min\m,——; =

ry ri 52
as well as
ri M ro m
- = —0.485080140, 1 — —- =0.4991987179.
ko 1—y1 ki 1—yo
Therefore, we have "
m
—— =1.001602564,
k1(1—yo)
and
{ rolf’r’l ' r1M } <1
max — , [1— — 1.
(=0 | | ko(l=y1) y

S . _127.
So far, Theorem 2 implies that the interval [1(2)—2, %e 25] is a global attractor of

(2.18), and Theorem 3 shows that (2.18) is extremely stable. The following diagram
supports partly our inferences.

° Ty 60*exp(-12/25)/13
| Part of a solution for (2.18) il

25—
oq 2 R °®

N Q P\
AT A AUV WAL W 1 AN A /ﬁ\ FN
: 125/104

05—

Part of difference of two solutions for (2.18)

|
|
05|
|
\

3. PERIODICITY OF (1.1)

This section is devoted to consider the existence of periodic solutions of (1.1). For
this purpose, we consider the Banach space

1 :={x={x(}iz—: sup |x(£)] < oo}

equipped with the norm defined by ||x|| = sup,>_,, [x(?)|. Let
roko }

m=min{m, —
ry
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and the set § C [°° be defined by

8= {x(O}rz—n €1 (1= yo) ' < x| = M1 —y1)7}.

The following result is similar to Lemma 1, and since the proof is analogous, we
neglect it.

Lemma 2. Suppose that {x(t)} € § and

~

m
—>1.
ki(1—yo)
Then, under the assumptions (HI)—(H2), it follows that

‘1 _rOxE@) | ro(1-552)
k(1)

r()i?l

<max{ |l ————
B {‘ k1(1—yo)

' r1M
' ko(1—1y1)

},Z‘ZO.

We now establish a criterion to guarantee the existence of periodic solutions of
(1.1). As we shall see below, our work is due to the celebrated Krasnoselskii fixed-
point theorem:

Lemma 3 ([1,4]). Let 8 be a closed, convex, and bounded subset of a Banach
space X, and T, U : 8 — X be two operators such that
(i) T is a contraction,
(ii) U is completely continuous, and
(iii) Tx+ Uy € & forall x,y € 8.
Then T + U has a fixed point in §.

Theorem 4. Suppose that the assumptions (HI1)—(H3) hold and {y(t)}, {r(t)} and
{k(t)} are all periodic with the common period o. Suppose further that

t(t +0) =1t(t)+ 0 forall integer t >0, 3.D
—>1 3.2)
k1(1—=yo)
and
ma { Tol M } <1 (3.3)
x{|1— 1= — 1. )
=y | | ko(=y1) .

Then the following is true:
(S1). equation (1.1) admits an unique o -periodic solution;
(S2). any solution of (1.1) is asymptotically o-periodic.
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Proof. To prove the first statement (S1), we introduce a subset /g, C [*° defined
by
laof, = {x €[ : x isasymptotically o-periodic }.

Then /75 becomes a Banach space according to the norm || - [| of /°°. Let

Sap = ()} 12— €153 1 7(1 —y0) ™ < ||x]| < M(1—y) ™'},

It is clear that §,, is bounded, convex and closed. Now we define two operators
T.U : Sap — lg; as follows:

0, t=—-1, —10+1,...,0,
(TX)(’):{ p(t—Dx(t—1)+ f(t—1,x(x(t=1)), t>1 v

and

_ X(I), t=—-19, —70+1,...,0,
wow={ o 127

where f(t —1,u) = uer(t_l)(l_k“u—”). Then, for any x,y € 845, we have from
(H1) and (H3) that
(Tx)@®)+Uy)@) =yt —Dx(t 1)+ f(r = 1,x(z(t —1)))

+M

=71
Y =y

=M(1-y)~ " 1>1

as well as

~

(T +ONO 2707

=m(l—yo) !, t>1,

+m

where the relation 771(1 —y9) ™! < x(t —1) < M(1 —y;)~! have been employed for
the first and second inequality. Hence, we have shown that

(1 —y0) "L < (Tx)(t)+ Uy)(t) < M(1—y1)" ! forall r > —1o. (3.4)
Next we proceed in several steps.
(i) Assertion 1: if {x(¢)} is asymptotically o-periodic, then { f(z,x(z(¢)))} is also
too.
Indeed, since {x(¢)} is asymptotically o-periodic, we have the following decom-
position
x(t)=pt)+4q@). t = —70, (3.5)
where {p(¢)} is o-periodic and ¢(t) — 0 as ¢t — oo. In addition,

ft,u) = uer(t)(l_%) implies that W = (1 — %u) er(’)(l_%), Then, by
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the mean value theorem, it holds that
1— x(@) 1— o)
£ x(@) — £t p@)] = [x (e O0EB) _ e ©(1-H)

_ ‘1_ rE)
k()

JOUED) x) - p0). (36)

where, £(¢) is between x(¢) and p(¢).

Hence, in the light of (3.5)— (3.6) we see that { f(¢z,x(¢))} is asymptotically o-
periodic, which, together with (3.1), infers the assertion 1 is true.

(ii) Assertion 2: Tx + Uy € 8, forany x,y € 84p.

It is clear that the assertion 1, together with (3.4), results in T'x € 84, for any
X € 84p. The belonging Uy € 8, is obvious. Hence, with the aid of (3.4), we have
shown that the assertion 2 is valid.

(iii) Assertion 3: T is contractive.

Indeed, for any x,y € 8,4, we have

(Tx)@)—(Ty)@) =yt —Dx@E-D)—yE—-1)+
(fe-1x(@@-1)—fe—-1,y@—-1)), 1 =1,
which amounts to

[(Tx) (@) = (Ty)(@)]

<7villx—=yll+

r@=DECE=D)| re-n(1-Egi=2)
- k=D x —y||, £ > 1, 37
‘ k(t—1) [lx=yll. 1= (3.7

where £(t(t — 1)) is between x(z(t — 1)) and y(z(t —1)). Now by (3.3) we can
choose a g9 > 0 so that
roﬁ ‘ }’1M

max{ |l — — -
{ ki(1—yo) ko(1—y1)
Then, in association with (3.3) and Lemma 2, from (3.7) it holds that

(Tx)() = (Ty)O)| = A—eo)llx—yll. 1 =1,

which implies that T is a contraction.

(iv) Assertion 4: U is completely continuous.

As a matter of fact, U&,, C R™ and the boundedness of U38,, mean that it is
relatively compact. Consequently, U is completely continuous.

In summary, the Krasnoselskii fixed-point theorem implies that, there exists X €
Sap so that

} <1-y1—eo.

X(t) =(TX)(1) + (UX)(1). t = —70,

which indicates that
X+ 1) =y@)x@t)+ f(t,X(z(2))), t = 0. (3.8)
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In other words, X is an asymptotically o-periodic solution of (1.1).
(v) Assertion 5: Equation (1.1) has a unique o -periodic solution.
Indeed, note that X = {X(¢)} can be decomposed by

X(t) =p0)+q@). t = —o,

where {p(t)} is o-periodic, and ¢(¢) — 0 as t — oo. Then, from (3.8) we have

~

- o ro(1-2682)
pPE+1)—=>y@)pt)+p(())e ast — o0. (3.9

~

i~ r(r)(l—”‘kiiﬁ”) , - .
Note that {y(t)p(t) + p(z(t))e } is o-periodic. Hence, from (3.9) it
follows that

~

_p@)

3041 =y +5eene T g

That is, {p(t)} is a o-periodic solution of (1.1).
Lety be another o-periodic solution of (1.1). Then Theorem 3 shows that

lim [5(0) ()] =0,
o0

which, induces
V() ="p(t) forall t > —1y.
That is, the first statement (S1) is true.

To prove the second statement (S2), assume that {x(¢)} is any solution of (1.1).
Then, invoking Theorem 3 again, we arrive at

lim |x(t)—p(t)] =0,
t—>00
which leads to
x(1)=p@)+4q(@), t > —7o,

where () — 0 as t — oo. That is, {x(¢)} is an asymptotically o-periodic solution
of (1.1). The proof is complete. U

Example 2. Let
. Lt Lt
y(t) =0.34+0.14sintw, r(t) = 0.51 +0.01sin > k(t)=1.1 +0.lsm7

and consider

r()(1-552)
x(t+1)=y@)x@)+x(z(2))e O ) teZs, (3.10)
where
(1) = t—3, tiseven;
)= t—2, otherwise.

Then, referring to example 1 we see that all the conditions in Theorem 4 are veri-
fied. Hence, (3.10) has a unique 4-periodic solution, and others are asymptotically
4-periodic. The facticity can be confirmed partly by the following:
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25—
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1
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N R @ R ? e Q { ’ @ g R R
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TR e \é \prs e e \d \d e to \s RV Ve \g g vp o \e A-E
Hs\édoab’d@oob’é{¢®o%{8do®¢8@
i
Ay
I
e
I
15 The first 100 terms of a solution for (3.10) ,
i
I
I
|
|4‘\ L L L L L L L L L

where we choose x(—2) = 1, x(—1) = 1.5 and x(0) = 2.5 as the initial values of
(3.10).
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