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1. INTRODUCTION

Approximation theory, which has a close relationship with other branches of math-
ematics, has been used in the theory of polynomial approximation and various do-
mains of functional analysis [2], in numerical studies of differential and integral op-
erators [ 1 5], and in the studies of the interpolation operator of Hermite-Fejér [6—8, 10]
and of the partial sums of Fourier series [16]. Most of the classical approximation
operators tend to converge to the value of the function being approximated. How-
ever, at points of discontinuity, they often converge to the average of the left and
right limits of the function. There are, however, exceptions such as the interpolation
operators of Hermite-Fejér [6]. These operators do not converge at points of simple
discontinuity. In this case, the matrix summability methods of Cesaro type are strong
enough to correct the lack of convergence [7]. The main purpose of using summab-
ility theory has always been to make a nonconvergent sequence converge. Some
results regarding matrix summability for positive linear operators may be found in
the papers [3,4, 14,23]. Our interest in the present paper is to obtain a Korovkin-
type approximation theorem for a sequence of positive linear operators defined on
Hy (1 2), which is the subspace of all continuous and bounded real valued functions
on 1% = [0, 00) x [0, 00) by using #-summation process.

A double sequence X = {Xn n}m neN is convergent in Pringsheim’s sense if, for
every ¢ > 0, there exists N = N(¢) € N such that |x,, , — L| < & whenever m,n > N.
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In this case L is called the Pringsheim limit of x and is denoted by P —limx = L
(see [22]).

If there exists a positive number M such that |xp, | < M for all (m,n) € N> =
N x N, then x = {x;, »} is said to be bounded. Note that in contrast to the case for
single sequences, a convergent double sequence need not to be bounded.

Let

A = [aj,k,m,n]’ j’k’man € N,

be a four-dimensional infinite matrix. For a given double sequence x = {x;;, »}, the
A-transform of x, denoted by Ax := {(Ax); x}, is given by

(Ax)j’k = Z ajk.mnXm,n, ],k € |N,

(m,n)eN2

provided the double series converges in Pringsheim’s sense for every (j,k) € N2.
We say that a sequence x is A—summable to / if the A-transform of x exists for all
J.k € N and is convergent in the Pringsheim’s sense i.e.,

p q
P —lim YD ajkmn¥mn=yjxand P ~limyje =1
meNneN

In summability theory, a two-dimensional matrix transformation is said to be regular
if it maps every convergent sequence to a convergent sequence with the same limit.
The well-known characterization of regularity for two dimensional matrix transform-
ations is known as Silverman-Toeplitz conditions (see, for instance, [13]). In 1926,
Robison [24] presented a four dimensional analog of the regularity by considering an
additional assumption of boundedness. This assumption was made because a double
P-convergent sequence is not necessarily bounded. The definition and the charac-
terization of regularity for four dimensional matrices is known as Robison-Hamilton
conditions, or briefly, R H -regularity. (see, [12,24])

Recall that a four dimensional matrix A = [a; k ] is said to be RH -regular if it
maps every bounded P -convergent sequence into a P-convergent sequence with the
same P-limit. The Robison-Hamilton conditions state that a four dimensional matrix
A =[a;jk m,n]is RH-regular if and only if

(i) P _lirl?aj,k,m,n = 0 for each (m,n) € N2,
Js
(i) P=lim Y ajgmn=1,

k
/ (m,n)eN?2

(iii) P_HII? Z ‘aj,k,m,n
" meN

(iv) P _mI?Z ‘aj,k,m,n} =0 foreach m € N,

H

=0foreachn € N,

nelN
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(v) Z ‘aj,k,m,n‘ is P —convergent for each (j, k) € N2,
(m,n)eN2

(vi) there exist finite positive integers A and B such that Z ‘a ikoman| < A

m,n>B

holds for every (j,k) € N2.

Now let A := {A(i ’1)} = {aj(.i,’cl )m n} be a sequence of four-dimensional infinite
matrices with non-negative real entries. For a given double sequence of real numbers,
X = {Xm n} is said to be A—summable to [ if
: ()} —
P _IJH]? Z aj,k,m,nxm’” =1
™ (m,n)eN2
uniformly in i and /. If AGD = A, four-dimensional infinite matrix, then
A—summability is the A—summability for four-dimensional infinite matrix.
Some results regarding matrix summability method for double sequences may be
found in the papers [20], [21], [25].
Now let A = [a; k m,»] be a non-negative RH -regular summability matrix, and
let K C N2. Then, a real double sequence x = {xp, ,} is said to be A-statistically
convergent to a number L if, for every ¢ > 0,

P —1lim E ajkmn =0,
J-k
(m,n)eK(e)

where
K(g) :={(m,n) € BeginExpansionN?: |Xm,n—L| > e}
In this case we write stj —limx;, , = L. Observe that, a P-convergent double se-
m,n

quence is A-statistically convergent to the same value but the converse does not hold
true.

We should note that if we take A = C(1,1), which is the double Cesaro matrix,
then C(1,1)-statistical convergence coincides with the notion of statistical conver-
gence for double sequence, which was introduced in [18, 19]. Finally, if we replace
the matrix A by the identity matrix for four-dimensional matrices, then A-statistical
convergence reduces to the Pringsheim convergence.

2. A KOROVKIN-TYPE APPROXIMATION THEOREM

We recall that the Korovkin-type theorem on the Hy, ([0, 00)) space was given by
Gadjiev and Cakar in [11]. Similarly as in [11], let us introduce a space denoted by
Hy (12), where 12 := [0,00) x [0, 00).

Let w be a modulus of continuity type functions such that the following conditions
are satisfied:

i) w is a non-negative increasing function on [0, 00),
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i) (81 +62) <w (1) +w(82).
iii) Slin})a) () =0.

Let H, (I 2) be a subspace of real valued functions satisfying the following con-
ditions: for some M > 0

u v X y
|f uwv)—f(x.p)] =M (‘(1+u’ 1+v)_(1+x’m)‘) e

where

u v X y _ u x )2 n v y \?
1+u 14 1+x 14+y )| V\i14+u 14x 1+v 14+y)°
Let Cp (I 2) be the space of all continuous and bounded functions on /2. Then

Cp (I 2) is a linear normed space with

1 fllcy 2y = sup 1f (.2l
x,y>0

Due to (ii), we can say that H,, (12) CcCp (12) .

A sequence {L, ,} of positive linear operators of H,, (1 2) into Cp (I 2) is called
an -summation process on Hy, (I2) if {Ly» (f)} is A-summable to f for every
f €Hy(I?),ie,

P - j,lliinoo Z aj(lkl)mn Lnn(f)—f =0, uniformlyini and/
(m,n)eN? Cp(12)
2.2)
where it is assumed that the series in (2.2) converges for each i,/, j,k € N and f.
Note that, the results of type (2.2) are extensions of type
P —j’]lciinoo Z aj(’kl)mn | Limn (f)— f”CB(IZ) =0, uniformlyini and/
(m,n)eN2
forall f € H,, (I?).
We establish a theorem of Korovkin type with respect to the convergence behavior
(2.2) for a double sequence of positive linear operators of Hy, (I 2) into Cp (1 2).
Let {L,, »} be a sequence of positive linear operators of H,, (1 2) into Cp (I 2)
such that .
sup Y ati I Lma (Dl (r2) < 00 2.3)
i’l’j’k(m,n)elNz

Furthermore, fori,/, j,k € Nand f € H, (12), let
1,0 i,
B;jk )f = Z aﬁfk’)m,an,n (f)

(m,n)eN2
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which is well defined by (2.3) and belongs to Cp (1?).
Altin, Dogru and Ozarslan [1] obtained the following Korovkin theorem.

Theorem 1 ([1]). Let {Ly n} be a double sequence of positive linear operators
acting from H,, (12) into Cp (12). Then, for all f € Hy, (12)

P=lm Ly (/)= flley(r2) =0
is satisfied if the following holds:
P=tim | Lo ()= filley(r2) =0 (0 =0.12.3)
where
v
1+v’

foGuv) =1, fi(u.v)= ﬁ fo(uv) =

2 2
Sf3(u,v) = (I—FLM) +(liv) .

A-statistical analog of Theorem 1 can be given as follows.

Theorem 2 ([9]). Let A = [aj,k,m,n] be a non-negative R H -regular summability
matrix method. Let {Ly, »} be a double sequence of positive linear operators acting

from Hy, (I?) into Cg (I?). Then, for all f € H, (1?)
st —Im | Lmn (f) = fllcg(r2) =0
is satisfied if the following holds:
stg=lim||Lmn ()= filley(12) =0 (=0,1,2,3)

where
v
b

fov)=1, fi(u,v)= 1+Lu frluw) =

u 2 v 2
f3(”’”)=(m) +(1+v) :

If we replace the matrix A in Theorem 2 by the Cesaro matrix C (1,1), we imme-
diately get the statistical Korovkin result.
Now we give the following generalization by using a #-summation process.

Theorem 3. Let A = {A(i A )} be a sequence of four-dimensional infinite matrices

with non-negative real entries such that

il
sup Z aj(.fk’)m,n < 00. 2.4)
lalaj9k (m’n)eNz
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Let {Lm n} be a double sequence of positive linear operators acting from H,, (I 2)
into Cp (12). Assume that (2.3) holds. Then, for all f € H,, (12)

P —1lim Z a'th Lunn(f)—f =0 uniformlyini andl

J.k.m,n
(m,n)eN?2 CB(IZ)

is satisfied if the following holds:

. i,
P—tim| 3 ai,  Lmn ()= =0 (2.5)
I (m,n)eN2 Cx (12)

uniformly ini and l (r =0,1,2,3), where
u
fo(u’v) =1, fl (M,U) = l—v f2(u’v) =
+u

2 2
Sf3(u,v) = (1_7_14) +(1—1|)—v) .

Proof. 1f f € H, (I1?), then from (2.1) we have that for any & > 0 there exists a
number 6 > 0 such that | f (u,v)— f (x,y)| <eif

2 2
u X . vy <5
I+u 1+x 1+v 1+y

Since f is bounded, there exists a positive constant N such that

2N u x \? v y 2
If(u,v)—f(x,y)|<5—2{(1+u—1+x) +(1+v_m) }

2
if \/(HLM —L)z—i—( Y J ) > §. Therefore for all (u,v), (x,y) € 1? one

v
1+v’

1+x 1+v = 1+y
can write

2N U x )2 v y 2
|f(”’v)_f(x’y)|<8+5_2[(1+u_1+x) +(1+v_m) } 20

Now using the linearity and the positivity of the operators L, , and considering the
inequalites (2.6) and (2.4) , for all (x, y) € I?, we obtain

i1 .
3 aj('fk,)m,an’” (f:x,9)—f(x.»)

(m,n)eN2

)
< X Gl (S @)= f ():x)

(m,n)eN2
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@n
2: 4 k,m,n

(m,n)eN2
2N
e+ 5—2

@n
Z ajkmn m,n

(m,n)eN2

@n
Z a] k,m,n m,n
(m,n)eN2

2N
(m,n)eN2

5
>

(m,n)eN2

Lm,n (1;x,y)—1
2
) +(

(Lix,y)—1

+ 1/ ()l

v
14+v

X
1+x

u
1+u

<

@0
= Z ajkmn m,n

(m,n)eN2

+N

+N (I;x,y)—1

(
(

@n
Z a/kmn m.n

(m,n)eN2
2
o)
2
) ;x,y)

<e+e¢ (L;x,y)—1

u X

%D .
1+u 14+x

kan m.n

v
1+v

v
1+v

2N
52

(1))

LhmmLmﬂ

N
8+N+8—2)

§8+(

2N

2

(M)
Jok,m,n = MLN

2

(m,n)eN2

2

(m,n)eN2

@0
J.k.m,n

()

U
14+u

!

(L;x,y)—1

2
o)
v

m,n

v
1+

V()
((+2))-
(55)e2)-

2 Gl (ix.) =1

(m,n)eN2

(=

@n
Z ajkmn m,n

(m,n)eN2

()]
Z a]kmn m,n

(m,n)eN2

1+x

X
1+x

_y
1+y

<e+ B
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(.0 u ) x

+ Z a. k mn((—),xay)_
(mn)eINZJ m,n 1+u I+x
a%h v . Yy
L5 () )
(e “jlem.n I+v I+y

<

2 2
@0 v .
+ Z 4 komn mn<(1+u) +(1+v) ,x,)’)

(m,n)eN2
B X 2 N y 2
I4+x 1+y

where B := max {s + N+ 48—1;', 28—1;], ‘jg—f;’}. Then taking supremum over (x,y) € 12,

we have
N
> ad Lma () -1
(m,n)eN2 Cr (12)
A
<e+Bi| D af,  Lma(fo)= fo
(m,n)eN2 Cu(12)
@ g _
+ Z @k mnLma (1) = fi
(m,n)eN2 Cu(12)
A
+ Z aflk)m aLmn (f2)— f2
(m,n)eN2 Cx (12)
@0 L _
+ Z aj,k,m,n m,n (f3) f3
(m,n)eN2 Cu(12)
Using (2.5) and by taking limit as j,k — oo, we obtain the desired result. O

Remark 1. If we take A0 =7, 1 being the four-dimensional identity matrix in
Theorem 3, then we immediately get Theorem 1.
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Corollary 1. Now we present an example such that our new approximation result
works but its classical case does not work. Let I? = [0,00) x [0,00) and f : I?> — R.
We consider the double sequence {L, n} of positive linear operators defined by

Lmn (fix,y)= (1 +am,n) Bmn (f:x,y)
where { By, » } is the Bleimann, Butzer and Hahn [5 ] operators defined by

Bm,n(f;X,y)
% (1+y)”]§)§)f(m—k+l’n—l+l)(k)(l)x Y

and (am,n) is a double sequence defined by om n = (— pm+n,
From []], we have

Bm,n (fosx,y) =1,

m X
B ;a = )
m,n(flxy) mill+x
noy
B ;7 = —’
m,n(fZXy) n+11+y
mm—1) x? m X
B 1X,Y) =
mon (f3:.5) m+1% (1+x)> m+1>1+x
nin—1)g y? n y
n? a 2 D21+y’
(n+1)" (I+y)* (m+1) y
where
fov) =1, fi@v)=—— f(uv)=—
u,v)=1, u,v)=———, u,v) = s
0 ! 1+u 72 1+

2 2
LﬁWJ0=(T%;)+IAiU).

A double sequence x = {xm n} of real numbers is called almost convergent to a
limit s if
j+p—1k+qg—1

P— lim sup |[— Z Z Xmp—s| =0,

P40 k>0 | P9 mej nek
that is, the average value of {Xy n} taken over any rectangle
{mmn):j<m<j+p-1k<n<k+q-—1}
tends to s as both p and q tend to oo, and this convergence is uniform in j and
k. Now assume that A = {A(i’l)} = <aj(lkl)mn} is a sequence of four-dimensional
(N9

infinite matrices defined by A mn = _]Lk fi<m<j+i-11l<n<k+1-1
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@0

J.k,m,n
convergence of double sequences introduced by Moricz [17]. Observe that (am,n) is
almost convergent to zero, but it is not convergent in Pringsheim’s sense. Also (ozm,n)
is not C(1,1)-statistically convergent. We conclude that for the double sequence
{Lmn}, since (ozm,n) is almost convergent to zero, { Ly, 5} satisfies the conditions of
Theorem 3. Also, since (ocm,n) is not convergent in Pringsheim’s sense and C(1,1)-
statistical sense, { Ly, n } does not satisfy Theorem 1 and Theorem 2 (for A = C(1,1)).

and a = 0 otherwise. In this case A -summability method reduces to almost
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