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Abstract. In this paper, the second regularized trace formula for the differential operator with
antiperiodic boundary conditions is obtained.
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1. INTRODUCTION

In the Hilbert space H = L,[0, ], we consider operator L. generated by the dif-
ferential expression

() ==y +q(x)y.
with the antiperiodic boundary conditions
y(0) = =y(m),»"(0) = —y'(m),
where g(x) € C?[0, ] is real function and satisfies the condition
q(0) = q(m). (1.1

It is well known from [13] that the eigenvalues of the operator L form double series

2
Co 1
An,j = (211—1—1—2’1_1 +0(;)) ,
where co = 5= [ ¢(x)dx,j =1,2,0(2) include j and n = 1,2, .... Let L¢ denote

the operator L with g(x) = 0. The eigenvalues of operator L¢ are

Un=02n—12% n=12,..

The orthonormal eigenfunctions corresponding to the eigenvalues u, are

[2 [2
Yyl =/ Zcos@2n—1)x,y2 =/ =sin@n—1)x,n =1,2,.... (1.2)
T T

© 2019 Miskolc University Press



18 F. AYDIN AKGUN, M. BAYRAMOGLU, AND A. BAYRAMOV

It is natural to define second regularized trace of operator L as
o0
Y (g +Ar,—202n—1)*), (1.3)
n=1
where the symbol 7’ means that something in this sum is discarded to provide its
convergence. The sum in (1.3) is the main interest of this article.
The regularized trace formula
o T T
3 (= [aonas) = 1O L7
ne0 T Jo 4 21 0

of the Stum-Liouvile operator

—y" +q(x)y =2y.y'(0)=0,y'(x) =0, (1.4)
with ¢(x) € C'[0, 7] was first studied by Gelfand and Levitan ([6]), where the A,
are the eigenvalues of the operator in (1.4). Afterwards, trace formulas for different
differential operators are studied by several mathematicians(see [1-5,8,10-12,14,15]
and references therein).
Note that the first regularized trace formula

o0

D [Ana+An2—2@2n—1)*=2¢o]| =0,

n=0
was obtained for operator L with a real potential g(x) € L»(0,7), by [10] and with
an arbitrary complex ¢(x) € L,(0,7), by [15].The similar formula was obtained by
[12] for the operator L with operator function g (x).
Trace formulas are used in inverse problems of spectral analysis of differential equa-
tions(see [14]) and for approximate calculation of the first eigenvalues of the related
operator [1,4,5,7,9,14].

2. SOME FORMULAS ABOUT THE OPERATOR ¢R

Let RR and R, be the resolvents of the operator L¢ and L, respectively. Then, for
any A € p(L) and u € p(Lg) where p(.) is the resolvent set of an operator, R, : H —
H and Rf{ : H — H are trace class operators, that is, R, RR € 01(H). Therefore,

tr(R —RO)—i Lo 2
ATV A=A Apa—A @n—-1)2-2)"

n=1

Multiplying both sides of the above equality by A?/27i then integrating over the
circle [A| = b, = 2p—1)> +4p,
1 P
— A2tr(R; — RO)d A = Z 2@n—1*=22,—22,) (2.1

271 Jia|=b, 1
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is obtained. Taking in the account that Ry — Rg =—R MRR, from equation (2.1),

N

Z 21 A2, —20n -0 = > M+ Myy (2.2)
n=1 j=1

is obtained. Here

M] = o / 22r | RS @R |
27l Jial=b,
and N
(_1) / 2 0\N+1
M,y = A2tr| Ry (qR dx, 2.3
PN 2ni Jais, r[ A(@R}) ] (2.3)

where ¢ = g(x) and N is an integer.
The formula )
(=1’

2wij J Al=b,
can be proved similarly as in Theorem 2 in [12].
From equations (1.2) and (2.4), we write

J —
My =

Atr(gR9) dA, (2.4)

1
My =—— o {AZ(qR wn,wn)Jr(qun,wﬁ)]}dk

n=1

dA

A
_22[(qz/fn,wn>+<q1/fn4’fr3)]2m /W_b A

== Z(Zn — 1)2/ q(x)[cos?(2n —1)x +sin®>(2n — 1)x]dx
n=1 0

4 & w
:;Z(Zn—l)zfo g(x)dx. (2.5)
n=1
Now, we shall compute M pz‘ From equation (2.4),
1 o0
My =5 e bpx{};[((quzwé,w,%)+(<qR2>2w3,w3)]} da
1 o0
=20t o1y ZM [(aR3qV-Vu) + (qRwa,%,w,%)]§dk
_ 1 o 1 1 1 1
=20 Sy, {;g( _A)( oy L@va-ve) @vr )
+ (qVn-¥7) (@¥7 W) + (g v)) (a0 va) + (a v w7) (aw? i) ]} dA
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For convenience, let

Gnr = 1@VE YD+ Vs VD + 1@y 2 v H P+ 1@y vH > (2.6)
Then,

00 00 A
dA

; ; "owi /)Ll:bp (A—pn)(A—pr)
p D

A
;;q 2mi /)L|=bp ()&—Mn)()t—/ir)d)L

p 00 A

+ Z Z nr "owi /,usz (k—lin)(k—.ur)dk

n=1r=p+1

A

o0 V4
+ Z Zq "owi /,usz (k—lin)(k—.ur)dk

n=p+1r=1
o0
A
dA
2 s /M=b,, A=) o= 1r)

e8]
>
n=p

+1r=p+1
14
ZZQnr+2Z Z Qnr
n=1r=1 n=1lr=p+1
2\ = Ir +
r n
= dnr .
nglrgl nzlr ;—1 Hn o
Thus,
P o0
=3t —ap, 2.7)
n=1r=1
where
Mr+Mn
Op = .
g er:Ir 2p—:|—1 o

By using equations (1.2) and (2.6), we have
Op = 0p1 +ap2 +ap3, (2.8)

where
2

o0 2 2 i
@r—12+@n—1) H/ q(x)cos2(n—r)xdx| +
0

p
opr =213 ) 2r—1)2—(2n—1)2

n=1r=1
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+ ‘/0 q(x)sin2(n—r)xdx

_ (2r—1)2+(2n—1)2 2
apy =272 g(x)cos2(n+r—1)xdx| ,
" ZZ a7

2
ap3 _ 27[_2 Z Z (2’"— 1)2+ (27’1 — 1)2

T
/ q(x)sin2(n+r—1)xdx
0

—_1)2 _ —_1)2
= Qr—-0D%?—-Q2n-1)

The formula of ap1 can be written as

o0 12
o =222% Y (1+(2r_21<)22n D 1)2) 2.9)

, —(2n—
=1y _pn=i
n=<p
r>p
/4 2 T 2
{‘/ g(x)cos2ixdx +‘/ q(x)sin2ixdx } (2.10)
0 0
Fori <p
Z (2”—1)2 _ Z (2(P—j)—1)2
o @r=102=02n=12 = Q2p—j+i)-1)2=Q2(p—j)=1)?
254
:”i(2(p—j)—1+i>2—2(2(p—j)—1+i)i+i2 @.11)
= 4i2(p—j)—141)
C2p—1  1-2i i
4 Z4(2p—1—2] +i)’

For any integers p and i, let

E={(r,n):rrneN;r—n=in<p;r>p}
Then using (2.11), we write

2(2n—1)2 N (2n—1)?
2 (1 M T Py 1)2) - +2cr_2n:=i Qr—1)2—(2n—1)2

n,reE
n<p
r>p (2.12)
i & 1
= — _ ] <
p+2§ TS (i < p).

j=p—i+1
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It is easy to see that
p 1 )

i I
— — < —.
3 2 3oiTi

j=p—i+1 P

Using this inequality and equation (2.12),

2(2n—1)? L 3
ngE(H_(zr—l)z—Qn—l)z)_p+l o(p™), @<p)

is obtained.
Here O(p~!) depends on p and i, and satisfies the inequality

lo(p™™Y)| < const.p~!.
In a similar form, for i > p, it can be shown that

22n—1)? B
2 (1 * (2r—1)2—(2n—1)2) =0p).

n,rekE

Here O(p) depends on p and i, and satisfies the inequality
|O(p)| < const.p.
From (2.9), (2.13) and (2.14), we obtain

St E4
op1 = 271_2172 { '/0 q(x)cos2ixdx

i=1

2 T
+ ‘/ q(x)sin2ixdx
0

|
- 2,1 " 2 "
+Zl Oo(p ){‘/0 g(x)cos2ixdx| + ‘/0 g(x)sin2ixdx

i=1

o0 2
+ Y 0p)

i=p+1
(" P
=—/ lg(0)2dx — 2
T Jo T

Here, since ¢(0) = ¢g(x),

p
Zi20(p‘1){

i=1

b3
fconst.p_I/O lq’ (x)dx,

2 EL4
+ '/ q(x)sin2ixdx
0

b
'/ q(x)cos2ixdx
0

/071 q(x)dx

2
(1 )
—i—apl —i—ozpl .

2 14
|c>cp1 | = + ‘/0 q(x)sin2ixdx

b4
/ g(x)cos2ixdx
0

(2.13)

(2.14)

|
(2.15)

(2.16)
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and
0 k14 2 4 2
|al()21)| = Z Oo(p) ‘/ g(x)cos2ixdx| + ’/ g(x)sin2ixdx }
i=p+1 0 0 (2.17)
b1
< const.p_I/ lg’ (x)|?dx
0
is obtained. From (2.15)-(2.17), we get
p T p b4 2
“p1=—/ qz(x)olx——2 / g(x)dx| +0(p~h). (2.18)
T Jo = 1Jo

Since g(x) satisfies the condition in equation (1.1), it can be shown that
lap; | < const.(p™h), (j =2.3). (2.19)
From equation (2.6), we have

p oo P 2 T
D3 dnr = D Alava P+ lgviity = =2 /0 Pdx. (220)

n=1r=1 n=1

From equations (2.7), (2.8) and (2.18)-(2.20),
A 2 p i 2 -1
My==1[ q(x)"dx+ g(x)dx | +0(p~),
T Jo 0

72

is obtained.

3. THE SECOND REGULARIZED TRACE FORMULA

In this section we obtain the second regularized trace formula for the operator L.
To do this, we will first show that the formulas

Jim Mf=0. =3, 3.1)
lim MY =0, N =>6, (3.2)
p—>00
are satisfied.
The inequalities
lgR lloy ey < C RSN < Cp~ IR < Cp™Y, (1Al = bp) (3.3)
are true(see [12]). Here C > 0 is a constant. From (2.4) and (3.3), we have
. 1 .
M| = — / Atr(gR9) d
[Al=bp

nj

bp H 0yj
<2 R JH da
— 7j Jial=b, (@R cn(H)| |
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<2 [ GRD |y any @R 1
j JIA|=b, !
Ch : —
<= lgl? =" | (R 1a]
T [Al=bp

< Clps_j (C1>0).

This implies that

lim MJ =0, (j >6),

p—>00

but we claim that it is also true for j = 3,4,5. Now let we prove the formula (3.1)

for j =3.

1
3~
My = 3mi Z Z Z /|A|=b,, (un =2 (r = A) (g — A)

n=1lr=1k=1
«{((qUn- YD)V} VOV + Q¥ YDV
H@Vn VDGV AVDOVE + @QUEVDVE V) a4
+ (qVr YOV YDV + @¥) YDV '
+H@Vr D@V OV + @ DV YD}
A rdA

1
=l /m=b,, (= 1) (r — M) (1t — 1)

n=1lr=1k=1

Fn,rk),

where

F(n,r.k) = @Vn V)@V )@V V) + @V )@V VD @VE V)
+ (UL D VE D@V U + QU DR Dy R vh
+ (U2 DU D @i v + QU Dyl v quE vl
+ (V2 VDGR D QU VD + @U2 D QU R VD WE VD).
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Since F(n,r,k)= F(r,n,k)= F(k,n,r)= F(k,r,n)= F(n,k,r)= F(r,k,n), from
equation (3.4)

1 & & Ad A
- k
PE i 2 Z / G =) Ce— i) =gy - 1R

n=1lr=p+lk= p+1 1A1=bp

1 & Ad A
- k
ol > / A=) =) =gy - 1R

n=1r=1k=p+1°1*=b»
n#r

1 & & AdA
il L Lo, G

— [Al=b
nelk=pa 3.5)
o0 o0 Mn
) F(n,rk)
,;,zpﬁk;l(ur ) (ke — fhn)
p P © 0
+4 Z F(n,rk)
,; Z_lkZH (kn = pr) (en = 1)
n# P
—22 Z —————F(n.n.k)
i p_H(Mk M)
is obtained. Let
b1
Fi(n,rk) = n_3/ g(x)cos2(n—r)xdx
P ° - (3.6)
/ q(x)cosZ(r—k)xdx/ g(x)cos2(k —n)xdx,
0 0
Fz(n rk)=F(n,r.k)— Fi(n,rk), (3.7

o0

p
Api=>_ Z > Fi(n,r,k), (3.8)

o i P /Ln)(uk Hn)

14 p o]

Bpi=> > Y Fi(n,r.k), (3.9)

s R e (1 — Mr)(un k)

n#r

o0

303

n=lk=p+1
From equation (3.6), we obtain

Fi(n,r.k) = Fi(n,k,r), Fi(n,n, k)= Fi1(n,k,k).

T )2F(n nk), (i=12). (3.10)
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Using these equalities and equation (3.8), we have

Ap1 = Z Z Z Fi(n,r,k)

n=lcr=p+lk=p+i (r — ,un)(/fbk Mn)
r>k 3.11)

+Z Z Fl(nnk)

n=lk=p+1 (Mk

In similar way, it can be shown that,

By =—Z Z Z Fi(n,r.k). (3.12)

it e ke B — un)(uk [n)
n<r

Let
14 o] o0
3D DI D RS
n=ler=p+lk=p+1 Hr — /'Ln) Kk — Kn)
r>k
B$=— 1 (3.14)
Z Z Fi(n,n.k). (3.15)
n= lk p+1/"Lk /-’l’l’l

Hence, by using equations (3.5)-(3.15), we obtain
My =44, —4B,—2C, +2A4p + 4By —2Cp>. (3.16)

Let us find a formula for AII).
Let
Ei={(n,r,k) :n,r,ke N;r—n=ik—n=j;n <p;r,k > p},

where p,i and j are integers such that p > j,i > j, then

Z Z Z Fi(n,rk)

o i P (2 un)(uk Mn)
r>k k—n<p

D o0

+>) Z Fi(n,r,k)

n=lr=p+lk=pti (r — Mn)(ﬂk Mn)
r>k k-n>p

4

0 p
:”_322 Z i Hn | q(x)cos2ixdx

22721 | nrkek — in) (g — tn)

1>]
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X /nq(x)COSZ(i —j)xdxfnq(x)COSijdx]
0 0

+Z Z Z Fi(n,rk).

i re gt gy (P~ un)(uk fn)
r>k k—-n>p

Let

/3 T T
Bij = 71_3/ q(x)cosZixdx/ q(x)cos2(i —j)xdx/ q(x)cos2jxdx,
0 0 0

3.17)
and

oo p
AR D)3 | D D Camy |

i=2j=1| \n.rker, Pn) (ke — Hon)
i>j

Ay = Z Z Z Fi(n,r.k), (3.18)

it km gy P Mn)(uk [n)
r>k k—-n>p

then we write
Ay =A0 + A2 (3.19)
By similar proof of (2.14), it can be shown that

fn
> o

norkek, T M) (e — Hn) -

— (2n _ 1)2

o kZE (@r—12—@n—-1)2)(2k-1)2-(2n-1)?) (3.20)
1

= Tei + = 0(1)

where O(1) satisfies the condition
|O(1)| < const.

and depends on p,i and j. Moreover, if ¢(x) has a continuous derivative of second
order at [0, r] and satisfies the condition in (1.1), then it can be shown that
const.
Bij = FETER (3.21)
From (3.18), (3.20) and (3.21),
0(1)
A“ :311 ’

i>j
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is obtained.

Since
0
ZZ () <const.p~ (Zl )Z <const.p 1lnp,
i 21—1 i=1 j=1
we find
Bi
ANt = ZZ 2 - +o(l). (3.22)
i= 2]—1
i>j

Here o(1) is an expression which satisfies the condition
lim o(1) =0,
p—>00

and depends on p. From 3.19 and 3.22, we obtain

Zzﬁ” + AN +o(1). (3.23)

i=2j=1
i>]

Now, to find the formula for B 1, let

By % i)

oS e un)(uk fr)

n<r,k— nfp

and

12 _ k
B ZZ Z (g — Mn)(ﬂk //«r)Fl(n’r’ )

n=1lr=lk=p+1
n<r,k—n>p

then from (3.12) and (3.14), we have
1_ pll 12
B, =B, +B,". (3.24)
By using equations in (3.6) and (3.7), B;l can be written as
p p—l

B =Y T L (3.25)

i\ s, W ) (e — )

where E> is a set defined by
E,={(n,rk):n,r,ke N;r—n=ik—n=j;n,r<pk>p}
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fori < j < p. Moreover it can be shown that

L
3 Pk =+ o). (3.26)
nrier, W= i) Guc—pr) 16— p

From (3.21), (3.25) and (3.26), we obtain
By (B, 00]

j=2i=1
J>i

and, since B;; = Bji, we write

p p— 1,3
B)' = ZZ i +0(1)
Jj=2i=1
J>i

By using above equation and 3.24, we have

p p— 1,3
ZZ i + B)% +o(1). (3.27)

i 2]—1
i>j

From (3.24), we get

Bi 7o
Lkl = o(1),
2 & Bif Gl | 1 1
DD ILTAEID DD SEUNEY () SRR D ol Pl
i=p+1j=2 i=p+1j=2 i=p+1 J=1
Therefore, by (3.27), we have
> P Bij
1 _ ij 12
B) _ZZI—&,JFBP +0(1). (3.28)
i=2j=1
i>]
From (3.16), (3.23) and (3.28), we obtain
M) =447 —4B)> —2C) 424y + 4By —2Cp2 +0(1). (3.29)
Here, it can be easily seen that,
lim A)? = lim B)2> = lim C! = lim Ay = Jim_ Bpz = lim Cp2 =0.
p—oo P p—oo P p—oo P p—oo

(3.30)
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From (3.29) and (3.30), we obtain
lim M>?=0.

p—oo P
In a similar way, it can be proved that

lim M4_ lim M?> =0.

p—>00 p—oo P

Now, let us prove the expression given in (3.2). By employing (2.2) and (3.3), we
obtain

_ 1 2 0\N+1
Mo ] = 5 / xzr[RA(qu) ]d/\

2
B[ Jarn], e
SO X I

=5 [ iraar)Can
— N

scnpt [ 1ar" |GRY 4
|Al=bp

< consz.ps_N.

This shows that
lim M,y =0, N >6.

p—>00

By using the equations (2.2), (2.5), (3.1) and (3.2), we find

V4 T
Y (A +Az,—202n—1)Y) Z(Zn—l)Z/ g(x)dx
n=1 0

p p ([ 2
+ —/ ¢’ (x)dx + — (/ q(x)dx) +o(1).
T Jo T 0
As aresult, we get

V4 T
Z[)\z +A7 —2(2n—1)4—i(2n—1)2/ g(x)dx
n=1 ° (3.31)

_ _/ (x)dx—— (/ (x)dx)2i| ~0.
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The left hand-side of this equality is called the second regularized trace of the oper-
ator L. Thus we have proven the main result of this article given by the following
theorem.

Theorem 1. If ¢(x) € C?[0,7] is a real function which satisfies the condition
(1.1), then the equality obtained in (3.31) holds for the second regularized trace of
the operator L.
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