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Abstract. In [10] (p,q)—extensions of the modified Bessel and the modified Struve functions
of the first kind are presented. This article companion to [10] contains the (p,q)—extension
of modified Struve function of the second kind M, p 4 and the Bessel-Struve kernel function
Sy, p,q- Systematic investigation of its properties, among integral representation, Mellin trans-
form, Laguerre polynomial representation for both introduced special functions, while additional
differential-difference equation, log—convexity property and Turdn—type inequalities are realized
for the latter.
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1. INTRODUCTION AND PRELIMINARIES

The theory of special functions has been one of the most rapidly growing research
subjects in Mathematical Analysis due to their diverse applications in many different
areas of mathematical, physical, statistical, and engineering sciences. Further, ex-
tensions of the Eulerian Gamma function enable to define important generalizations
not only of the higher transcendental hypereoetric functions, but the Bessel and alike
functions class members. So, bearing in mind that

4n _ B(n+3.v+3)
! Cn+v+1)  Jml(v+3i)en)
the Bessel function of the first kind can be rewritten into

N GV ) R - NG
Jv(Z)—;n!F(n+v+l)_ ﬁf(v—}—%) r;)B(n+5»v+§) anl

2v>—1,n € Ny,

Then making use of the (p, g)—extended Beta function [7] ( see also, [18])

p

1
B(x,y;p.q) = / 1 =) e T dt,
0
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when min{R(x),N(y)} > 0;min{N(p),N(g)} > 0 to J,(z) several extensions, gen-
eralizations and unifications of various special functions of (p,q)—variant, and in turn
the (p, p)—, that is the p—variant have been studied widely together with the set of re-
lated higher transcendental hypergeometric type special functions by several authors,
consult for instance [3-0, 12, 15, 18]). In particular, Masirevi¢ et al. [10] applied the
(p,q)—extended Beta in introducing the (p,q)-Bessel function of the first kind

(3)° LR SR G
ﬁrv_i_%)’;)B(n-i-E,v—i-E,p,q) oo D

Jv,pgq (z) =

These publication also contains the newly defined the (p, g)—extended modified Bessel
I, p.q together with the modified Struve Ly, , 4 functions of the first kind of order v
in the form:

1 (Z)=LZB(H+1 v—i—l' )i
v,p,q \~ ﬁf(l)—i—%) 2» 2?p’q (211)'

n>0
Z(Q)v-i-l 1 ZZ"
Ly pq(z) = —20—— B(n+1,v+—;p,q)—,
ﬁr(w%)g 2 (2n+1)!
where min{p,q} > 0 while for p = 0 = g necessarily R(v) > —%. Among other

findings they reported about the integral representations [10]

1

I pa(z) = 26 /1(1 —12)"73 cosh(zt)e 2 2 dr,  (1.2)
v,p, = s .
Pa yarw+1) Jo

Ly ,4(z) = 25 (3)° /1(1_12)v—% inh(zt)e 217 dr (1.3)
Z)= smnlzr)e « -t . .
v,p.q T F(U %) o

Clearly, for p = 0 = g all these extensions reduce to their classical ancestors.

Here our aim is to introduce and investigate, in a rather systematic manner, (p,q)—
extended modified Struve function M, , 4(x) and the so—called (p,q)—extended
Bessel-Struve kernel function Sy, p 4(x) presenting their various analytical proper-
ties.

2. THE (p,q)—-EXTENDED MODIFIED STRUVE FUNCTION M, 5 4(x)

The series definition of the Fox-Wright function , ¥, (z) [17] reads

1£[ I(aj+Ajn)

z:| =y = Z_' @.1)
nz0 .HIF(,Bk“‘Bk”)
J:

/4 (alaAl)v"' v(aP’AP)
pra (131’31)7"'7(184’B4)
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where Aj, By >0 j =1,---,p;k =1,---,q and the series converges for all z € C
when A =1+ ZZ:l By — Zle A; > 05 in the case A = 0 the convergence occurs
inside the open disc

p q
lz| <V = HAJ._Af l_[Bf"
=1 =1

The modifed Struve functions of the second kind [2, p. 1388, Eq. (2)], [13, Eq.
11.2.6]

M, (x) =L, (x)—1,(x),
having integral form [13, Eq. 11.5.4]

M, (x) = — 2)’"2e ¥ dr, 2u41>0,x>0.

v 1
2(3) / (-
VEL(w+3) Jo
By routine calculation we infer the related power series representation:

Theorem 1. Forall2v +1 > 0,x > 0 we have

27V xV 11
My(x) = ———- 1% (2’21 —X|.
r'v+s) v+1,5

The proof is straightforward mentioning only that being A = 1, the series converges
for all x > 0.

We now introduce the (p, ¢)—extended modified Struve function of the second kind
as

My, p,g(x) =Ly, pq(x) =1 pq(x).

Applying this definition by taking (1.2) and (1.3), we obtain the related integral rep-
resentation

M, pq(x) = —i /1(1—f2)v_ée_x’_tg_l—qt2 dt (2.2)
P ﬁF(v—i—%) 0 ’

with min{p,q} > 0and R(v) > —% when p = g = 0. Clearly, the latter case coincides
with the original definition of modified Struve function M, (x) of second kind.
The double Mellin transforms [14, p. 293, Eq. (7.1.6)] of a suitable class of

L ([Ri)—integrable function f(x,y) with respect to the indices r and s is defined by

A} (rs) = /O /0 F 5 f(x,y) dx dy. 2.3)

provided that the improper integral in (2.3) exists. Now, we examine the existence
and the establish the shape of the double Mellin transform of M, , 4(x) when the
arguments are the extension parameters p,q.
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Theorem 2. For all min{N(r), R(s), 2R (v) + 1} > 0 and x > 0 the Mellin trans-
form of M, p, 4(x) with respect to p,q > 0 reads as follows

(2)' T res)rev+s+1)
AT (+1)

1 1
x 1% |: (3 +r.3)
Proof. By the definition of Mellin transform we find from (2.2) that

MMy, p g (X)}(r,5) = —

1
v+r+s+1,5

o0 o0
///{Mv,p,q(x)} (r,s) =/0 /0 Pr_lqs_le,p,q(x)deq

o 2(3) b
B ﬁF(u—i—%)/O(l

o0 _D S __a_
X (/ pr_le 12 dp) (/ qs_le 1—12 dq) dr,
0 0

where we have interchanged the integration order. Applying the well-known Gamma
function formula [13, p.136, Eq. (5.2.1)]

ZZ)U—% e—xt

o0
rné&"= / e €14z, R(E) >0, R(n) >0
0
to the inner p- and g-integrals we get
2(2)" reryre) °
VAT (v+1)
Vv
_2 (%) F(r)F(S) Z (_X)n /1 t2r+n (1 _t2)v+s—% dr
ﬁF(V—l—%) = n! Jo
x\V v\ 1
:_(2) F(r)Fl(s) Z( x) [ WtE3 (l_u)v-i-s—% du
VT +3) o n! Jo

_(3)' rmre) P i Hrw+s+1) (—xy
JETw+d) o To+r+s+1+5)  nl

M Mo, p g ()} (ris) = = 127 (1 — 12V s3> gy

’

taking into account the series e !, Thus, (2.1) finishes the proof. ]

—xi|, x> 0.

Remark 1. If we set r = 1 = s in Theorem 2 we get

e __@® @+ 3
/0/0 Mv,p,q(x)deCI——Tl"pl (v—21—32%)
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Next, we report on the Laguerre polynomial representation for M,, , ,(x). The

Laguerre polynomial L,({x) (p) of the degree n € Ny is given by the generating func-
tion [16, p. 202]

1 t
exp (—p—) =Y LY (p)t".  weC:ili<l.

_ e+l _
(1—1)~ 1—1 o

Theorem 3. For all min{R(p), N(g)} > 0, R(v) > —% and o € C, for which
V4o > —%, the following Laguerre polynomial representation holds true

(v+ %)(x+1 xV

Mpa ) == erta

S o+ 2L (p) L)

m,n>0

a+n+3.1
X1'1’1 ( 2°2 1
(v+2a+m+n+3,3)

Proof. Simple transformation gives

p t2a+2 @ )
_2) = o _ m.
() = L L=
mz=
g \_ (11—t @20
exp(_l_ﬂ)_ ~ ;‘)Ln (q) %",
n>
that is
e ETER =e P21 Y L) L@ ()2 (12" (24)

m,n>0
By inserting (2.4) into (2.2) and changing the order of integration and summation, we
conclude
2(3)" e e
(1 Ly (p) Ly (q)
Jarweh 2z, 0

1
1
% / t2(a+n+1) (1 _t2)v+a+m+§ e_xtdl‘,
0

My, p,q(x) =

—Xxt

and then series expansion of e™** is used. The rest is obvious. O

We close this section with a certain differential-difference equation for real argu-
ment M,, ,, 4 (x).

Theorem 4. For all min{N(p),N(q)} > 0 and for R(v) > —% when p=q =0,
we have

wl—wxw,—[2 v+ D]w, = v+ Dxwysr, x>0, (2.5)

where wy, = w, (x) =M, p 4(x).



456 RAKESH K. PARMAR AND TIBOR K. POGANY

Proof. Upon differentiating both sides of (2.2) with respect to x, we find that

d 2 21-v 1 e
(a5) e Monatn == g [ ot
2

1 2 2 —xf— B4 _
== (1—?)P 2 2T dr,

1
N ﬁF(er%)/o

which can be rewritten as follows:

d 2 —V 21 1 2 U—l —x[_ﬁ_i
dx (x Mv,p,q(x)):—m/ (1—-t)""2e 2712 dt
2
1
fz(v )/( 2yl AT
Fv+2
1 2v+1

= x—va,p,q(x) vl — 7 Mu+1,p,q4(%),

where we use the definition (2.2). Expanding the left-hand-side second derivative and
reducing the material we arrive at (2.5). O

3. THE (p,q)-BESSEL-STRUVE KERNEL FUNCTION

The so-called Bessel-Struve kernel function S, is defined by the series [ 1, p. 1845]

rv+1 F el "
Sy(x) = (U+)Z ( ) x_ v>—1,xeR.
Vroo =T +v+1)
Consider the initial value problem (see [8,9,11]):
A(v+1)
Eoux) = A2u(x), u) =1, u'(0) = ———,
pu(x) (x), u(0) (0) AT (v+3)

where for v > —%, &£, stands for the Bessel-Struve operator defined by

d? 20+1 (d d
Lou() = 5@+ (ﬁ(x)— ﬁ(m)

with some u € C*°(R). The Bessel-Struve kernel function becomes the particular
case of the unique solution Sy, (Ax) of the above initial value problem.

The function S, is expressible in terms of the Beta function viz.

__ e+ USSR
S“(x)_ﬁr(w%)ZB(erz’”z) R

n>0
and also as a specific Fox—Wright function
xi|, x € R,

Sy = | G2
v(x) =1¥ (V—I-ll
2
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mentioning that S, (0) = 1 and A = 1 which ensures the convergence of this series
on the whole real x axis.

Here, our aim is introducing and studying the novel (p, ¢)—extended Bessel-Struve
kernel function S, , 4(x) by presenting functional bound, integral representation,
Mellin transform and other properties.

Analogously to (1.1), we introduce the (p, g)—extended Bessel-Struve kernel func-
tion Sy, p 4(x) in the form

'(v+1) (n 1 1 )x”
S X)= ——F— B{=-+-=,v+=;p, —_ 3.1
v.pa (%) ﬁl’(v—i—%)’;) 2 Ty VT Pd) @-1)

with min{p,q} > 0 and R(v) > —% when p = ¢ =0.

Firstly, we derive an integral representation and a functional upper bound for
SV,Paq (x)

Theorem 5. For all min{N(p),R(q)} > 0 and for R(v) > —% when p = q =0,
we have

2r(v+1) / 20—} F—B—its
S x) = 1—¢t%)Y e dr, x>0. 3.2
v,p,q( ) ﬁF(v+%) ( ) - ( )

Proof. By virtue of the integral expression [10]
' e 2yy-1 5715
B(X,y;p,q)ZZ/ 2> =2 e 2724,
0

valid for all min{N (x),R(y)} > 0;min{N(p),N(g)} > 0, from (3.1) one yields

2T (v+1) RN
Sy pg(x) = fr(v+2),§) /t(l YT 2e dr

— 2rv+1 2V 3 12 1t2 (Xt)n
J_F(v+2)/( ) Re ,;)

with interchanged order of summation and integration. This is equivalent to the as-
sertion. U

Now, making use of the estimate [15, Lemma 2]

sup e 2T = e~ WPHVD? min{p,q} >0,

0<r<l1

in (3.2) we deduce

Corollary 1. For all min{p,q} > 0 and for v > —% if p =q =0we have
Supg(x) < WPHVD g, (x). x>0,



458 RAKESH K. PARMAR AND TIBOR K. POGANY

Theorem 6. For all min{N(p),NR(q)} > 0, for R(v) > —% if p=q =0 and for
all x € R\ {0} we have

Sv.pg(¥) =T (v+1) (%) (Jv,p,q(ix) —iHv,p,q(ix)),

2 v
Sy p.g(x) =T +1) (;) (1v,p.q(x) + Ly, pg(x)).

Proof. Using the known integral representations [10]

) D q

J X)=—~2/ / 1—12)V"2 cos(xt)e 2 1o dr,
2 (E)v 1 1 _pr__q_

H x) = —2/ 1—1%)""2 sin(xt)e 2 1-2 dr,

in right-hand side of the first stated relation we recover S, , 4(x). Similarly, with the
aid of integral forms [10]

Ly p.q(x) 2(3)° [1(1 tz)v—% h(x?) BT At
X)= ——% — cosh(xt)e 27 1—2 dt,
nP ﬁ]“(v+%) 0

2\v—4 -2
Lv,p,q(x)= —t“)"" 2 sinh(xt)e 2 1-:2dt,

2 - / (1
VaTw+3) Jo
we finish the proof of the second formula. O

Our next goal is the Mellin transform result.

Theorem 7. For all min{N(r), R(s)} > 0 and R(v) > —% the Mellin transforms
of Sy, p.q With respect to p,q > 0, read as follows:

F(v+l)F(r)F(s)F(v+s+2) 11/[ (2—|—r,2) ‘ ]
fp(v+2) +r+s+1, )

Proof. We find from (3.2) ad definitionem
o0 o0
M Sv,p,q(X)} (r,5) = /0 /0 P T Sy pg(x)dpdg

:i/W/w rw+1)p ¢! < x"B(5+3.v+3:p.9)
VAT (v+3) = n!

= F(V+1) r—1 s 1 1.
= Grroan Doy [ R G b o

MASy,p,q(X)}(r,s) =

dpdg
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By virtue of the formula [7, p.342, Eq. (2.1)]
0
/ / Pl B(x, v p.q)dpdg =T () (s)B(x +7,y +5),
0 0

valid for all min {?R(r), Sf(s)} > 0, the double integral becomes

INCESNGING) (Z+L+rv+i4s)xn

//{Sv,p,q(x)} (r,s) = Z 2 " 2 )
\/_F(l) + f) n>0 n:

After simplification we infer the asserted formula. g

Remark 2. For r = 1 = s in Theorem 7 we obtain the integration formula

/000/000 Sv,p.g(x)dp dg = F(v—i—j/)ﬁ(v—l—%)l [( 1’32’2) ‘ ]

The following Laguerre polynomial representation for S, , 4(x) has been estab-
lished by the lines of the same fashion result for M, , 4(x) in Theorem 3, therefore
we omit the proof.

Theorem 8. For all min{R(p), R(q)} > 0 and R(v) > —35 we have

L+ +3)at N .
VT el’+q2 m;OLm(P) LY@ v +a+3)m

1y |: (a+n ~|—
where the Pochhammer symbol notation (a)p, = I'(a + b)/I"(a) has been employed.

Sv,p,q (x) =

(v+2a+m—|—n—|—3,2)

To end the exposition we obtain a derivation formula for S, , 4(x).

Theorem 9. For all min{N(p),N(g)} > 0 and for R(v) > —% when p=q =0,
we have

d\? 2v+1
(a) (Sv,p.q(x)) = Sy, p.g(x) — % Sv+1,p,q(X).

Proof. Recall the series representation (3.1) of the Bessel-Struve kernel

'v+1) (n 1 1 )x”
Supa(r) = ——— ) S B (LS vt sipg) S
v.pa (%) Jarv+hy = a2 TP

With the help of the contiguous relation [7, p. 362, Theorem 3]

B(x+1.y:p.q)+B(x.y +1:p.q) =B(x,y:p.q),
a direct calculation gives

d\° T+ n 1 1
(&) (S”””q(x))_mZ(B(E_E’”E””q)

2/ n>2
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B n 1 +3. xn—2
A A Y

rw+1) (k 1 1 )xk
=——— ) Blz+zv+zipg)
ﬁr(wé)% 272" TP )

rwv+1) (k 1 3 )xk
+——— > B(z+zv+Zipg)
Jarw+h) = \2 T2 M)

The rest is obvious. O

4. LOG—CONVEXITY AND TURAN TYPE INEQUALITIES

In this section, first we prove the log—convexity properties and Turan type inequal-
ities for the normalized variant of modified Struve function of second kind M, p, 4(x).
Let us consider the normalized variant M, , ;: R4 — R, defined by

X\ Vv
My,pq(x)=—TI"(v+3) (5) My, p.q(x) (4.1)
2 1 1| B __4q_
= | (1= 2e 2T =2 dr. (4.2)
7

Theorem 10. Let min{p,q} > 0. Then the following assertions are true:

o The function v i— M, p 4(x) is log—convex on (—%, o0) for all x > 0.

o The function x — M, p 4(x) is log—convex on (0,00) for all v > —%.

o The function (p,q) = My, p q(x) is log—convex on (0,00) for all x > 0 and

1
V>—E.

Moreover, for the same parameter range there holds the Turdn inequality
1
M%,p,q(x)_va—l,p,q(x)va+1,P,q(x) <0, v > 5 (4.3)

which is equivalent with the Turdn—type inequality

1 1
Mg,p,q(x) —Mi—1,p,¢g(XIMy41,p,4(x) < v—l-—l M%,p,q(x)’ V> 5 (4.4)
2
Furthermore, for the same parameter range there holds the Turdn inequality

1
M%,p,q(x) — My, p—1,4—1(x) My, p4+1,g+1(x) <0, v > 5 4.5)

Proof. Using the integral representation (4.2) by aid of classical Hélder—Rogers
inequality for integrals, we have

2 1 _ 1 a4 D4
Mlvl—f—(l—k)vz,p,q(x) = ﬁ/o (l_tz)kl)l“l‘(l A)VZ 2e xt 27 1.2 d[
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2 ' Awi—1 MLy —xt—2 4
[ — (1—12) v1—3)+A=) (2 2)e 5147 4r
ﬁfo

> (M bt
= — — e t —t
NE

1-A
P __4_
X { (1 —tz)vl_%e Xz 1z2} dr

A
2 /1 2 _1l x4 _
<{—= ] A=t 2e 2 12 dt
%ﬁ 0

) 1 1-4
1 pP_ 49

x{— | Q=) 2e M 272 .

E7

A 1-4
My +(1=Ay2,p.q (X) < [Moy,p.g ()] [Muy,pg ()] 7, (4.6)
which proves the first assertion for all vy, vy > —%, A €]0,1] and x > 0.
In a similar manner, we can prove the next two assertions that x > M, p 4(x) is
log—convex for all v > —%, A €[0,1] and x, y > 0, that is

My p.gOx + (1=2)y) < [My pg O] [Mopa)]

while the function (p,q) = M, p 4(x) is log—convex for all py, p2,g1,92 >0, v >
—1.2€l0,1]and x > 0:

A 1-A
Mvsipl+(1—1)P25141+(1—)&)qz (x) = [‘Mvspl,lh (x)] [‘Mv,Pz,qz(x)] . @)

Next, choosing vi =v—1, v, =v+1and A = % in (4.6) we conclude the Turan
inequality (4.3).

As to the Turdn—type inequality (4.4), we replace (4.1) into (4.3) and transform the
result by

This is equivalent to

F(v—i—%)]“(v—%)_Zv—l—l 1

= , V> =,
r2w+1) 2v—1 2
Again, specifying p1 = p—1,q1=q—1, po=p+1,go=qg+1and A = % in
(4.7), we deduce the Turdn inequality (4.5). ]

Also one proves the log—convexity of S, , 4(x) for x > 0.

Theorem 11. Ler min{p,q} > 0. Then the following assertions are true:

o The function x = Sy p 4(x) is log—convex on positive real x half-axis for all

1
U>—E.



462 RAKESH K. PARMAR AND TIBOR K. POGANY

o The function (p,q) = Sy, p,q(x) is log—convex on (0,00) for all x > 0 and

1
l)>—2.

Moreover, for the same parameter range there holds the Turdn inequality

1
S]ip,q(x) - Sv,p—l,q—l(X)Sv,p+1,q+1(x) =<0, V> _5, (4.8)

Proof. Considering the integral representation (3.2) assuming x,y > 0, A € [0, 1]
we have

A 1-A
Sv.pg(Ax+(1=21)y) < {Sv,p,q(x)} {Sv,p,q(y)} .
Indeed, this follows with the aid of the Holder—Rogers inequality for integrals, viz.

1 A 1-A
/ {(1_’2)‘)_% ext_f%_ﬁ} {(1—12)”—% eyt_t%_l_qﬂ} dt
0

1 A 1 1-A
_pP__ 4 1 _pP__ 4
= / (1 _tz)v_% TR dr f (1—t3)r~2 ¥ T2 T=2 4
0 0

completing the proof in the prescribed form.
Letting p1, p2.¢1.42 >0, v> —%, 1 €[0,1] and x > 0, we obtain
A 1-A
Sy, Ap1 +(1=A) p2,hq1 +(1-A)gz (X) = [SVsPI,QI (x)] [Sv,pz,qz(x)] .

Specifying here p1 = p—1.,q1 =q—1, pp=p+1l.q2 =g+ 1and A = 5 we

conclude the Turdn inequality (4.8). ([l
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