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Abstract. This paper concerns existence and stability of solutions to periodic linear evolution
equations with noninstantaneous impulses via the theory of operator semigroup. A series of
fundamental results including compactness, semigroup property, exponential estimate and peri-
odicity are established for a new introduced impulsive evolution operator. Moreover, triple suffi-
cient conditions are given to guarantee this impulsive evolution operator is exponentially stable.
In addition, a relationship between existence of periodic solutions and fixed point of impuls-
ive evolution operator is determined, and the alternative results on periodic solutions and their
asymptotical stability are obtained by using the well known Fredholm alternative theorem. Fi-
nally, an example of periodic impulsive parabolic linear partial differential equation is given for
illustration of the theoretically results.
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1. INTRODUCTION

Differential equations with instantaneous impulses [5,6, 1 2] have been widely used
to characterize the mathematical modeling in the real world life that undergo rapid
changes in their state. The duration of these rapid changes is relatively short com-
pared to the overall duration of the whole process. However, there exists another
impulsive action in many real world processes, i.e., the evolution process involving
abrupt state changes as well as keeping active on a finite time interval.
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Differential equations with non-instantaneous impulses can be used to describe
the dynamic of periodic evolution processes in hemodynamic equilibrium of a per-
son. This new class impulsive equation was introduced in [7], which is an extension
of standard impulsive differential equations. Owing to the widely application of this
new type impulsive equations, there are some generalized, improved, and extended
work on this fields, one can see [1—4, 8, 10, 13—17] and the reference therein. In fact,
Wang and Feckan [ 14, p.917] mentioned that the algebraic equation x = g (¢, x) in [7]
has the only solution depending on ¢, if g satisfied a contraction condition. To over-
come this shortcoming, a general class of impulsive evolution equations [14, (1.6)]
was established. These systems can be related to differential algebraic equations [1 1].

In this paper, we consider the following periodic linear non-instantaneous impuls-
ive evolution equations

u/(t) = Au(t), t € [Si,ti+1], I € Ng:= {0’1,2’...}7
u(t) = (E+ Bu(t;) +ci, i € Ni={1,2,--+},
u(l) = ([E—i—B,')u(li_)—i-Ci, t e (Zi,si], i €N,
u(sH) =u(sy), i €N,

where A : D(A) € X — X is the generator of a Co-semigroup {7'(¢) : ¢t > 0} on a
Banach space X with a norm |- ||, B; : X — X,i € N are bounded linear operators
with B; 1, = B; and ¢; € X with ¢; 4, = ¢;, the w-periodic time sequences {#; };eN,
and {s; };en, satisfying #; <s; <tjy1,i e Nwitht;1, =ti +wands;yp, =5+
where p € N denotes the number of impulsive points and connection points of a
periodic interval [0, w] and set so = 0, so 5, = w. Moreover, E denotes the standard
identity operator. We remark that the second equation in (1.1) follows from the third
one, but we write it for emphasizing impulses.

Denote r(¢,0) by the number of impulsive points existing in (0,7) and z4 =
max{0,z} for z € R. Throughout this paper, we suppose that T(t) By = B T(t)
fort > 0.

Consider Ut (-,-) : [0,00) x [0,00) — X given by

(1.1)

Ur(t,s) (1.2)
r(t,0)—1 r(z,0)
=T | =5r0)+—G—srs0)++ D @ri—s0)| [ E+B),
k=r(s,0) k=r(s,0)
r(t,0)—1
where weset [[ (E+ Bg)=E if r(s,0) = r(z,0). Obviously,
k=r(s,0)
Ur(t,0)
r(t,0)—1 r(t,0)

=T|t—sre0)+—O=sr00)++ Y. (rr1—s0)| [] (E+Bp)
k=r(0,0) k=r(0,0)
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r(t,0)—1 r(z,0)
=T|C—srco)++ Y, s1—s0) | [] €+ B,
k=0 k=0
and
Ur(w,0)
r(w,0)—1 r(w,0)
=T | (@=5r@0)+—O0—sr00)++ Y. (r+1—s0)| [] (E+Br)
k=r(0,0) k=r(0,0)
r(w,0)—1 V4
=T|(@=5p)+—O0=s0)++ Y (eg1—s0) | [JE+Be)
k=0 k=0
p—1 14
=T Z(tk—i-l —Sk)) 1_[(“5+ By).
k=0 k=0
Introducing
PCy([0,400),X) = {u € PC([0,00),X) :u(®) =u(t +w),t > 0},
where

PC([0,00),X) = {u:[0,00) > X : up, € C(Ji, X),Ji = (ti.ti+1].i € No
and u(tl."") and u(z;") exist for each i € IN},
where u| ’; denotes the domain of u restricted to the subinterval J; C [0, 00).
The following result is clear.
Theorem 1. The mild solution u(-,ug) € PC([0,00), X) of (1.1) with the initial
condition u(0) = ug has the form

u(t.uo) = Ur(t.0)uo+ ) Ur(t.si)ce. ¥ 1>0. (1.3)
k=1
Definition 1. We say the mild solution u(-,ug) € PC([0,00), X) of (1.1) is w-
periodic if u(t,u9) = u(t + w,up),t > 0.

Definition 2. We say the mild solution u(-,ug) € PCy([0,+00),X) of (1.1) is
locally asymptotically stable if there exists a § > 0 such that for any yy € X with
o — yoll < & such that

lim |lu(z,u0) —u(t,yo)| = 0.
t—>00

If § can be arbitrary then u(-,ug) € PCy([0,400),X) is globally asymptotically
stable.
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Clearly, local asymptotic stability for w-periodic mild solution of (1.1) coincides
with global asymptotic stability.

This paper is organized as follows. Section 2 presents the fundamental proper-
ties for the new introduced impulsive evolution operator U7 (-,-). The compactness,
semigroup property, exponential estimate and periodicity of Ut (-,-) as well as expo-
nential stability are obtained for general impulses. Section 3 establishes a relationship
between periodic mild solutions of (1.1) and fixed point of U7 (-,-) and presents al-
ternative results on periodic solutions of (1.1) and their asymptotical stability. An
example is given for illustration of the theoretically results in final section.

2. BASIC PROPERTIES FOR Ut (-,-)

In this section, we study basic properties including compactness, periodicity and
exponential stability for (1.2).
We impose the following assumptions:

(HO0) Let A be the infinitesimal generator of a Cyp-semigroup {7°(¢) : ¢ > 0} in X.
(HOY) {T(t):t >0} is compact.
(H1) Foreachi e N, tj1 ), =ti +wand si4p = s; + .
(H2) Foreachi € N, B; : X — X are bounded linear operators with B; 1, = B;
and ¢4 p =¢;.
By (H1) and (H?2), foreach N € N,

livNp =ti +Nw, siynp =i + No, BiyNp = Bj, citNp = Ci.

Theorem 2. Assumptions (HO0), (HOV) hold and suppose B; : X — X be bounded
linear operators for each i € N. Then, Ur(t,s) is linear and compact for any
w>t>s>0.

Proof. The proof directly follows from (1.2), (H0), (H0") and that B; are bounded
linear operators. 0

Theorem 3. The property of semigroup holds for Ut (-,-) in [0, w), i.e.,
Ur(t,s)=Ur(t,7)Ur(r,s),0<s<t<t<w

Proof. Note that the form of (1.2) and the semigroup property of T'(¢), one can
derive that

Ur(t,t)Ur(z,s)

r(,0)—1 r(t,0)
=T|(t=sr0.0)+—T—S@o)++ O Wyr—s0)| [] (E+Bp)
k=r(z,0) k=r(z,0)
r(z,0) r(t,0)—1

X 1_[ (E+ Bi)T | (T —Sr(z,0)+ — (5 —$r(s,0)+ + Z (k41— 5k)
k=r(s,0) k=r(s,0)
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= UT (t ’ S) °
The proof is completed. g
Theorem 4. Assumptions (HO0), (H1) and (H?2) hold. Then, Ut (-,-) is w-periodic,

ie.,

Ur(t+Nw,s+ Nw) =Ur(t,s), N € N.

Proof. Note that the form of (1.2) and the facts 7 (v + Nw,0) = r(v,0) + Np, one
can derive that

Ur(t+Nw,s+Nw)=T ((f +NO =S¢t +Nw,0)+— 8+ NO—5r(5+Nw,0))+

r(t+Nw,0)—1 r(t+Nw,0)

+ Z (Tk+Np+1 —Sk+Np)) 1—[ (E+ Brynp)

k=r(s+Nw,0) k=r(s+Nw,0)

= T((Z +Nw—(sr¢,0)+ Nw))+ — (s + No— (55,00 + No)) +

r(t,0)+Np—1 r(t,00+Np
+ D (kenps —sk+N,,>) [T (E+Biynp) =Ur,s).
k=r(s,00+Np k=r(s,00+Np
The proof is completed. O

Theorem 5. Assumptions (HO0), (H1) and (H?2) hold. Then, we have
Ur(t + Nw,0) = Ur(t,0)[Ur (w,0)]N, N € N.

Proof. We give two proofs as follows:
Method 1. Note that the form of (1.2) and the facts (v + Nw,0) = r(v,0) + Np,
one can derive that

r(t,0)—1 r(t,0)
Ur@.0Ur@. 0N =T ¢ —sr¢o)++ D r—s0) | [] (E+Bo)

k=0 k=0
r(w,0)—1 P N
x| T @=sp)++ D (ks1—s0) | [JE+Br)
k=0 k=0
r(t,0)+Np—1
=T|(t+No—(sr¢,0 t+Nw))++ Z (tk+Np+1—Sk+Np)
k=0

r(,0)+Np

x [I (E+Bisnp) =Ur(t+Now.0).
k=0
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Method 2. By Theorem 3 and Theorem 4,
Urt+Nw,0)=Ur(t+ Nw,No)Ur(Nw,0)
=Ur(t,0)0Ur(Nw,(N —1)w)Ur((N —1)w,0)
=Ur(t,0)Ur(w,0)Ur((N —1)w,0)

= Ur(t,0)[Ur(w,0)]Y, N € N.
The proof is completed. O
By (H0),3v e Rand L > 1 such that
IT(t)| < Le", Vt=>0.
Theorem 6. Forany (0 <s <t,
1UT (. 5)ll

r(t,0)—1
SLexp{v t=Sr@o)+— 6 —Sro)++ D (tee1—5%) }
k=r(s,0)
r(z,0)

Xexp{ > ln||[E+Bk||}. 2.1)

k=r(s,0)

Proof. Taking the norm for (1.2), one can obtain the desired result after some
simple calculation. 0

In the sequel, for general impulses, we suppose

p=supl|E+ Byl <00, p1= infltpss—s)>0, pa=supltgss—sg) <o
k>1 k>1

k>1
and set
O e
By (2.1), one can derive the following result.
Theorem 7. Assumptions (HO) and (H1) hold. Then it holds
Ut (,5)|l < Lpexp{r(z,s)(vie +1np)}. (2.3)
Proof. The proof is straightway, so we omit it here. O

(H 3) Suppose that
. r(t,s)
lim =
t—s—>o0 [ —§

o < OoQ.
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Theorem 8. Assumptions (HO0), (H1) and (H3) hold. Then, Ut (t,s) is exponen-
tially stable provided that viu +1np < 0.

Proof. By (H?3), for any 1 > € > 0 there exits a f > 0 such that

t
r(,s)_G <0o€, t—8§>te,
t—s
that is,
r(t,s)
(1—-e)(t—s) < <(l4e)(t—s), t—s=>t 2.4)
o

Linking (2.3) and (2.4), we derive
|Ur(t.5)|| < Lpexp{o(1—e) (v +1np)(t —5)}
for t —s > t¢. This completes the proof. g

(H4) There exists an & > 0 such that
1
v+ —Inp <—a <0,
7’

M1, a+v <0,

Where fh =10 v >0,

Theorem 9. Assumptions (HO0), (H1) and (H4) hold. Then, Ut (t,s) satisfies the
following estimate:
[Ur (t,9)|l < Lexp{ple +v[+ prafexp{—apir(s.1)}. (2.5)
Moreover, Ut (t,s) is exponentially stable when (H 3) holds.

Proof. Obviously,

r(t,0)—1
(C=sr@o)+— 6 =Sro)++ Y. (ea1—5) = (r(t.s)—Dpr,  (2.6)
k=r(s,0)
r(t,0)—1
(t=5r@,0)+ — (S —Sr(5,0)+ T Z (kg1 —5k) = (r@t, )+ Dpa. (2.7)
k=r(s,0)
Linking (2.6) and (2.7), we obtain
r(z,0)—1
pa(r(t.s)—=1) <t =spao)+— 6 =Sro)++ Y. (ka1 —5%)
k=r(s,0)

= /Lz(r(t,S) + 1)7
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which implies that
r(t,0)—1

1
—((=sr@0)+— 6 =Sr0)++ Y, (rg1—sK))—1 (2.3)
K2 k=r(s,0)
r(t,0)—1
1
<rt.) < — | C=sro)r — G —Sro)++ D (tre1—s0) | +1.
#1 k=r(s,0)
Then
— (e +v)r(t,s) 2.9
r(t,0)—1
<—@+v) | =50+ — (6 —srso)++ Y (k1 —sk) | +pla+vl.
k=r(s,0)
Note that (H 4) implies that
r(z,0) r(z,0) r(z,0)
—pa+vris)=— > ple+v)= > Inpx Y In|E+ B
k=r(s,0) k=r(s,0) k=r(s,0)
(2.10)
Linking (2.8), (2.9) and (2.10), we obtain
r(,0)—1 r(z,0)
v C=sreo)+—G—sro)++ Y. (kr1—50) |+ Y. In|[E+ B
k=r(s,0) k=r(s,0)
r(t,0)—1
<—o| E=5Sr¢,0)+— (= Sr5,0)+ T Z (tk+1—5k) | T ple+v|  (2.11)
k=r(s,0)

< —oaprr(t,s)+ pio+ ploe +vl.

Finally, substituting (2.11) to (2.1), one can derive (2.5).
Linking (2.4) and (2.5), one can verify the exponential stability of U7 (¢,s) given
by
[Ur (t.9)]l = Lexp{ple +v[+ piajexp{—ao(l—€)ui(t —s)}
for t —s > t¢. The proof is completed. g

Theorem 10. Assume (HO) and (H?3) hold. Suppose that there is a p € [1,00)
such that

o0
/ IT@®)x||Pdt < oo, Vx € X, (2.12)
0
and

o0
1_[ |E+ Bl := Mp < oc. (2.13)
k=0
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Then, Ut (t,s) is exponentially stable.

Proof. By (2.12) and [9, Theorem 4.1], there are constants M7 > 1 and v > 0 such
that || 7(¢)|| < Mre!. Taking the norm for both sides of (1.2) and noticing (2.13),
one has

1Ur (2. 9)l
r(t,0)—1
S MrMpexpq—v | (t —Sr@t,0)+— (5 —58rs,0)+ + Z (k1 —5k)
k=r(s,0)
< MrMpexp{puiatexp{—ao(l—€e)ui(t —s)}
for t —s > 1, which is exponentially stable. U

3. PERIODIC SOLUTIONS AND ASYMPTOTICAL STABILITY

In this section, we give a sufficient and necessary condition to guarantee that (1.1)
has an an w-periodic mild solution.

Theorem 11. Assumptions (HO0), (H1) and (H?2) hold. Then (1.3) is an w-
periodic mild solution of (1.1) if and only if ug satisfies

)4
(E—Ur(@.0)uo = Y _ Ur(w.sp)ck. 3.1)
k=1
Proof. Suppose (1.3) is an w-periodic mild solution of (1.1), thus, u(t + w,up) =
u(t,ug), t > 0 due to Definition 1. Of course, ug = u(w,ug), which implies (3.1),
since r(w,0) = p. Now, suppose ug € X solves (3.1). Then (1.3) implies
r(t+w,0)
ult +w,up) =Ur(t +w,0)up+ Z Ur(t+o,sk)ck
k=1

p r(t,0)+p
=Ur(t +o,0) (UT(a),O)uo +y UT(a),sk)ck) + Y Urt+o.sck
k=1 k=p+1
r(z,0)
=Ur(2,0)uo + Z Ur(t +o.Sk+p)Ck+p
k=1
r(t,0)
=Ur(t,0)up + Z Ur(t+w,s; +w)cx
k=1
r(z,0)
=Ur(t.0uo+ Y Ur(t.si)ck = u(t,uo),
k=1
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where we use Theorems 3, 4 and properties 7 (f +,0) =r(¢,0) + p, Sy, = Sk + o,
Ck+p = Ck. The proof is completed. O

Next, we give an alternative result.

Theorem 12. Let (HO0), (HOV), (H1) and (H?2) be satisfied. Then one of the
following facts is fulfilled:

(i) Foranyc; € X withc;4p = c¢;, (1.1) has the unique w-periodic mild solution.
Then [E — Ut (w,0)]™! exists and it is bounded.

(ii) For any c¢; € X with ¢j1p = ¢;, either (1.1) has no w-periodic mild solu-
tion or it has a finite dimensional set of w-periodic mild solutions. Then
[E—Ur(w,0)]~! does not exist.

Proof. Under (HO0) and (HOV), one can see U7 (,0) is linear and compact op-
erator via Theorem 2. The result follows from Theorem 11 by Fredholm Alternative
Theorem. g

To end this section, we show that w-periodic mild solution is asymptotically stable.

Theorem 13. Assumptions (HO), (H1), (H2) and (H4) hold. Then for any
ci € X with ¢j1p = ¢;, (1.1) has the unique w-periodic mild solution which is also
asymptotically stable.

Proof. Theorem 9 implies that Uz (¢,0) is exponentially stable. This gives that
the spectral radius of Ur(w,0) is less than 1. Then Neumann lemma leads that
[E — Ur(w,0)]7! exists and it is bounded. Thus Theorem 11 gives the existence
and uniqueness result. Next, by Definition 2, it remains to verify that

lim [lu(z,u0) —u(t,yo)|| = lim [|[Ur(¢,0)|[|uo — yol =0,
—>00 —>o00

which is satisfied again via Theorem 9. The proof is completed. g

4. APPLICATION TO LINEAR HEAT EQUATIONS

In this section, we use an example of periodic impulsive parabolic linear partial
differential equation to illustrate the above theoretical results.

Set X = L?(0,1)and 5o =0, = 2i —)m,s; =2im,i €N, p=1and w = 27.
Obviously, tj+, =t; +w and s; 4, = 5; + .
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Consider a parabolic type periodic linear heat equations with non-instantaneous
impulses:

Zu(,y) =12, y),

y€(0,1),t €[0,7r]U2im,(2i + 1)x], i €N, k >0,
u@,0)=u(,1)=0,1>0,

M((2l —1)7T+,y) = M((2l _l)n_’y)+blu((2l _1)”_’y)+ci(y)’ i €N,
u(t,y) =u(2i —Dr~,y) +biu(2i =™, y) +ci(y),
te(Ri—Dm2ix], i €N,

uit,y)=uRi™,y), i €N,

4.1)
for b; € R\ {0} and ¢; € X. Define Au = {g}—zzu for u € D(A) with
o 0%u
DA)=queX:—,— X, u(0)=u(l)=0; .
dy dy?2

Then, A is the infinitesimal generator of a Cy-semigroup {7°(¢),t > 0} in X.
Let un(y) = +/2sin(zny), n = 1,2,--- be the orthonormal set of eigenfunctions
of A. For any u € D(A), Au =Y o2 | (—«?n?)(u,up)up. Thus,

Tt)u:= Z exp{—k2n2t}(u, up)uyn,

n=1

with T'(-) is dissipative and compact with ||T(¢)| < e~ for all t > 0. Obviously,
L =1andv = —«2. Let B; = b;E and ¢; = ¢;(y). Then,

o0
TOBi =BT() =Y bie™ " (utn)un.
n=1

In addition, (H0), (HO%) and (H1) are satisfied. Denoting u(-)(y) = u(-,y), (4.1)
can be abstracted into (1.1). Clearly (H 3) holds with o = 1 and p = sup; ¢ |1 + b |,
W =min (2.2). By (1.2),

r(t,0)

Urt.s)= [] 1+ (4.2)

k=r(s,0)
o0
X Z exp{—k>n” ((t = sr(1,00)+ — (s = $7(s,0) + + (r(£,0) = r (s.0))7)}
n=1

is exponentially stable provided that

0> vp+lInp < sup |1 +b;| <e™ 4.3)
i€Ng
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via Theorem 8. Next, (2.13) holds either if

> 1
Z |bi| < oo, for example, b; = 2
i=1
or
o 1
Zln|1 + b;| < o0, for example, b; = teiz —1.
i=1
Then by Theorem 10, (4.2) is exponentially stable.

Now we consider the simplest periodic case, so by = b and ¢; = ¢ for any i € N.
Then obviously,

o0
Ur(w,0u = (1+0b) Z e_’cz"z”(u,un)un
n=1

and

u(w,ug) = (1+5h) Z e_'CZ”z”(uo,un)un +c(y).

n=1
So (3.1) becomes
(1—(1+b)e ™" )ity =¢,, neN, 4.4)
where 1o = 3.5 dipup and ¢ = Y2 | &yu,. From (4.4), we deduce: If
M L 14, VneN, (4.5)

then the alternative (i) of Theorem 12 holds for (4.1): There is a unique 27 -periodic
mild solution of (4.1) given by

S ey 1€ [0,7)
1T —— 5> 5_U c |V,
n=1 1—(1+b)e—’<2'127f n

b —k2n2x _
Z:o=1 (%m-i— 1) CpUp t € (m,2n].

u(t,ug) =

If bos

T =1+4+b
for some 71 € N, then the alternative (ii) of Theorem 12 holds for (4.1): If ¢; # 0
then there is no a 2m-periodic mild solution of (4.1), but if ¢; = O then there is a
1-dimensional space [u;] of 27 -periodic mild solutions of (4.1).

Next, (4.3) becomes
114 b| <e™,
which implies (4.5). For example, we choose b = 0.05 satisfying |1 4+ 0.05]| <
0027~ 1.0648.

Hence then there is a unique 2 -periodic mild solution of (4.1), which is in addi-
tion asymptotically stable (see Figures 1-3).
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FIGURE 1. The periodic solution of (4.1) with k2 = 0.02, ug(y) = y(1 —
y), y €[0,1], b; = 0.05.

FIGURE 2. The periodic solution of (4.1) with x? = 0.02, ug(y) =
1.01y(1—y), y €[0,1], b; = 0.05.

Note that for b; = b, (4.4) gives

() =c(y) =Y (1= +b)e™ " Fyitgup(y)

n=1

knowing u¢(y). For instance, if ug(y) = y(1 — y), then using the Fourier series of
the function y(1 — y) with respect to the orthogonal basis sinzny, we have

8 = sin(2n+ )my > 42
o) =—3 ) =) Gyt )
n=1 n=1

2n+1)3

SO
442

—’ 7 = 0?
Qn+ )33 M2

Udp+1 =
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uty)

FIGURE 3. The difference between the Figures 1 and 2.

&\ 4v2(1— (1 4+ b)e™"°m)
c(y)= Uzn+1(y)
nX=:1 2n+1)3n3 2l
8 (=1 +b)e T )sin(2n + Dmy
T a3 Zl 2n+1)3 '

For numerical computation, it is useful to use also another formula

¢ =uo—(1+b)u(m,up).
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