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Abstract. The aim of this study is to investigate some properties of complex quaternion and com-
plex split quaternion matrices. To verify this, we use 2x2 complex matrix representation of these
quaternions. Moreover, we present a method to find the determinant of complex quaternion and
complex split quaternion matrices. Finally, we research some special matrices for quaternions
above.
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1. INTRODUCTION

The real quaternion algebra H is a four dimensional vector space over the real
number field R and eg,e;,ea,e3 denote the basis of H and basis of R*. The set
of real quaternions are a number system that extends the complex numbers field C.
Irish mathematician Sir William Rowan Hamilton introduced it in 1843, which is
represented as

H ={a = apeo +aye1 +azez +ases :ap,ay,az,as € R}

where eq acts an identity and ef = e% = e% = e1epe3 = —1. Since exe3 # ezen

it is obvious that the real quaternions are noncommutative and differ from complex
numbers and real numbers. Furthermore any real quaternion can be respesented by
a 2 x 2 complex matrix, [2]. A complex quaternion it is called also biquaternion
g can be written as ¢ = ageg +aiej +aze; + ases where ag,ay,az,as € C and its
basis elements eg, €1, 2, e3 satisfy the real quaternion multiplication rules. In [5] and
[7] conjugates, 2 x 2 complex matrices corresponding to basis elements of complex
quaternions are expressed.

In 1849, James Cockle introduced the set of real split quaternions which is repres-
ented as

Hg={p = boeg +bieq + baes + bzes 1 bg,b1,bo, b3 € R}
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where e% =-—1, e% = e% =1 and ejeze3 = 1. Real split quaternions are noncommut-

ative, too, [6]. Also, any real split quaternions can be represented by 2 x 2 complex
matrix, [1]. While coefficients of a real split quaternion are complex numbers, then it
is called complex split quaternion. The basis elements of a complex split quaternion
have the same rules of a real split quaternion multiplication, [3].

In this study, firstly we associated the results we obtained from the conjugates of
the complex quaternion with the real quaternions. Also, we give some properties
of matrix representation of complex quaternions and complex split quaternions by
expressing these quaternions as 2 x 2 complex matrices (M (C)) with using matrices
corresponding to the basis of complex quaternions and complex split quaternions.
Moreover, we obtain a method to find the determinant for these form of quaternions.
Finally, we investigate some special matrices for complex quaternion and complex
split quaternion matrices.

2. COMPLEX QUATERNION MATRICES

A real quaternion a is a vector of the form a = agpeg + aie; +azer +aszes
where ag,a1,a»,a3 are real numbers. Here {eg,e1,e2,e3} denotes the set of real
quaternion basis with the properties

efze%ze%zelezaz—l, 2.1
ejex = —eze| = e3, exe3 = —e3ey = e, €3e] = —e1e3 = e3. (2.2)

A real quaternion a can be written as a = S, + V,; where S, = agey is the scalar
part and V,; = aje; + azes + ases is the vector part of a. For any real quaternion
a =apep+aie; +azey +ases, the conjugate of a is a = ageg —aje1 —azez —ases
and the norm of a is ||a|| = vaa = vaa = \/a% +a? + a3 +a3. For details, see
[2].

A complex quaternion ¢ is of the form ¢ = Ageg + A1e1 + Azes + Azes where
Ao, A1, Az, A3 are complex numbers and the elements of {eg,eq,e2,e3} multiply as
in real quaternions. Also, a complex quaternion ¢ can be written as Y _ (ax +iby) ey
where ay, by are real numbers for 0 < k < 3. Here i denotes the complex unit and
commutes with eg, eq,e3,e3.

For any complex quaternion ¢ = Ageg + A1e1 + Azes + Azes, the quaternion con-
jugate of g isg = Apgeg — A1e1 — Azes — Azes and gq = qq = A% + A% + A% + A%.
The complex conjugate of g is g€ = Aoeo+ Areq + Azes + Ases and the Hermitian
conjugate of ¢ is (7)€ = Ageg — A1e1 — Are, — Aszes. For more information of com-
plex quaternions the reader is referred to [5] and [4]. For a complex quaternion
q = (ap+ibo)eo + (a1 +iby1)er + (ar+ibz)er + (a3 +ib3)es, we express the
equalities below related to real quaternions and complex quaternions with using the
complex conjugate and the Hermitian conjugate of a complex quaternion.

q°q =a®+b>+2i (Vyx V) (2.3)



COMPLEX QUATERNION AND COMPLEX SPLIT QUATERNION MATRICES 47

qq° =a®>+b%—2i (Vax Vp) (2.4)
@) q = l|al® +1b|1> +2i (Sa Vi — SpVa—Va x Vi) (2.5)
q@° = llal®+ 151> +2i (SaVi—SpVa + Va x Vp) (2.6)

where a = ageg +aje1 +azes +aszes, b = bgeg+bie1 +bres +bzes and x denotes
the vector product in R3.
A complex quaternion matrix Q is of the form

0 =00E0+ Q1E1+02E2+03E3 2.7

where Qg, 01, 02, Q3 are complex numbers. The complex quaternion matrix basis
{Eo, E1, E2, E3} satisfying the equalities

E? = EZ = E? = —F,, (2.8)

E1Ey=—E>E1 =E3, EE3s=—E3E; =Ey, E3E1=—E1E3=E>;. (29)

These basis elements are 2 x 2 matrices, [5]:

10 0 0 1 0 i
EO:(O 1),E1=(6 _i),Ezz(_l O),E3:(i 6) (2.10)

The multiplication rules of the 2 x 2 complex matrices Eg, E1, E2, E3 satisfy the
multiplication rules of the complex quaternion basis elements eg,e1,e2,e3. Hence,
there is an isomorphic relation between the vector form and the matrix form of a
complex quaternion.

We denote the algebra of complex quaternion matrices by H® and define with the
algebra of 2 x 2 complex matrices:

Qo+iQ1 02+i03
—02+i03 Qo—iQ1

Forany Q = QoEo+ Q1E1+Q2E2+Q3E3€ HE, we define Sg = Qo Eo, the
scalar matrix part of Q; ImQ = Q1 E1+ Q32 E>+ Q3 E3, the imaginary matrix part
of 0. The conjugate, the complex conjugate and the total conjugate of a complex

HC= Q0E0+Q1E1+Q2E2+Q3E3=< ):Q03Q13Q23Q3€C (2.11)

quaternion matrix are denoted by O, Q€ (@C respectively these are
0 = QoEo— Q1E1—02E,—Q3E3, (2.12)

0€ = QoEo+ Q1E1+02E2+Q3E3 (2.13)
= QoEo— Q1E1+0Q2E>2—Q3E3,
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c — _ _ _ _
(Q) =(Q€)=QoEo—Q1E1—Q2E,—Q3E3 (2.14)
= QoEo+ Q1E1—Q2E>,+03E3.

In addition, forany Q = QoEo+ Q1 E1+Q2E>+ Q3 E3€ HC, we can define trans-
pose and adjoint matrix of Q by Q' and AdjQ respectively write down as

Q' = QoEo+ Q1E1—Q2E2+Q3E3, (2.15)
AdjQ = QoEo— Q1E1—Q2E,—03E3. (2.16)
So we can get o
AdjQ = Q. (2.17)
t
0 =(0)". 2.18)
The norm of a complex quaternion matrix
Q= QoEo+ Q1E1+Q2E2+Q3E3=( g ) (2.19)
412 911
is defined as
1ol = \/‘|6111|2+|€112|2‘ (2.20)
where ¢g11 = Qo+iQ1 and g12 = Q> +i0s3.
Definition 1. A determinant of O € HT is defined as
det Q = Q3det Eg+ Q% det E1+ Q3 det Eo+ Q3 det Es. (2.21)

Using the determinant of a complex quaternion matrix basis the above determinant
can be written as

detQ = Q2+ Q2 + 0%+ 02 (2.22)

Theorem 1. For any Q, P € HC and A € C the following properties are satisfied:
(i) det Q = det(Q) = det(Q€) = det (Q"),
(ii) det(AQ) = A% det Q,
(iii) det(QP) =detQdet P.

Proof. (i) For Q = QoEo+ Q1E1+0Q2E2+03E3 € HC, from (2.22) it can be
found easily that
det Q = det(Q) = det(Q€) = det(Q') = Q3+ 0%+ 03 + 03.

(ii) For any Ae C, we have AQ = (AQ¢) Eo + (AQ1) E1+ (AQ2) E2+ (AQ3) E3.
Thus,

det(AQ) = A2 QF + 1707 +2%03 +1703
=212(05+ 01+ 03+ 03)
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= A2det Q.

(lll) Let Q = QOE0+ Q1E1+Q2E2+Q3E3 and P = PyEo+ P1E1+PyE>+ P3E3
be complex quaternion matrices, Q P is calculated as

OP =(QoPo—Q1P1—02P2—Q3P3) Eo+(QoP1+ Q1Po+ Q2P3—Q3P2) Ey
+(QoP2+ 02Po—Q1P3+Q3P1) E2+(QoP3+ Q3P0+ Q1 P2—02P1) Es
and from (2.22) we have
det(QP) = Q3 P§ + Q3 P{ + Q5 P + Qg P3 + Q1 PG + QT PY + Q1 PF + 01 PF
+Q3Pg + Q3P7+Q3PF + Q3 P5 + Q3 PG + Q3PP+ Q3P7 + Q3 P3.
On the other hand, the determinants of Q and P are Q(z) + Q% + Q% + Q% and PO2 +
P12 + P22 + P2, respectively, then
det Q det P
= Q3 Pg + Q3 P{ + Q3 P3 + Qg P3 + Q1 P§ + Q1 P{ + Q1 P + Q1 P}
+ 03P+ Q3 PT+ Q3P + Q3 PF + Q3 Pg + Q3 PL + Q3 PF + Q3 P3.
Therefore
det(QP) =detQdet P.
O

Additionally, using the complex conjugate and the transpose of a complex qua-
ternion matrix we obtain the determinant of a complex quaternion matrix.

0'0¢ =0°0" = (03 + 01+ 03+ 03) Eo (2.23)
and from (2.22) the determinant of Qf Q€ is
2
det(Q' Q) = (03 + 07 + 03 + 03) (2.24)
S0,
(det 0)% = det(Q' Q). (2.25)
If det Q # 0, the inverse of a complex quaternion matrix is defined as
1 —
-1
=—0. 2.26
0 det0 0 (2.26)

From (2.12), (2.22) and (2.26) the inverse of a complex quaternion matrix can be
written as

e 05+ QZJlr 02+ 0?2 (QoEo— Q1E1-Q2E2—03E3). (2.27)
0 1 2 3
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Example 1. Let Q = Eo+iE>+ E3 be a complex quaternion matrix. Then, the

L2 ) . From (2.27), the

complex quaternion matrix Q can be written as Q = ( 0 1

inverse of Q is

Q7! = Eo—iE,—E;

(1 =2
L0 1 ‘
Theorem 2. Complex quaternion matrices satisfy the following properties for
0 €eHC:
(i) Eic =cEq, Eac = cE», Esc = cEj for any complex number c,
(ii) 0% = S5 —det(Im Q) Eg+2SgIm Q,
(iii) Every complex quaternion matrix Q is expressed as Q = Z1+ Z>E, where
ZlaZZ € Mz(q:)

Proof. Proofs of (i) and (iii) can be easily shown. Now, we will prove (ii). For
0= QoEo+ 01E1+Q2E>+03E; e HE,

02 = (03— 01 -035—0)Eo+200(Q1E1+Q02E2+ Q3 E3)

and using the following equalities

So = QoEo. ImQ = Q1E1+Q2E2+Q3E3. det(ImQ) = 07 + 03 + 03
we get
Q% = 83 —det(ImQ) Eg+2SgIm Q.

Theorem 3. Forany Q, P € HC the following properties are satisfied:
1€
mo=[©'].
(i) 0" = (0°).
(iii) (QC)_1 = (Q_l)c if O is invertible,
(iv) (@_1 = (Q7") if Q is invertible,
(v) (Qt)_l = (Q_l)t if Q is invertible,

(vi) (QP)° = Q€ P€,
(vii) (QP)"' = P7Y0~Yif O and P are invertible.

Proof. Proof of the theorem is easily shown. However, we will prove only (i i),
(iii) and (vii).
(ii) For Q = QoEo+ Q1E1+0Q2E>+0Q3E3 € HE, the complex conjugate of a
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complex quaternion matrix is € = Qg Eo— Q1 E1+ Q2 E2—Q3E3 and from (2.12)
it is obtained that

(0€) = QoEo+ Q1E1—Q2E2+ 03 Es.
The equality (2.15) implies that the transpose of Q € HT is

Q' = QoEo+ Q1E1—Q2E2+Q3E3.
Thus,

Q' =(Q°).
(iii)LetQ =QoEo+Q1E1+Q2E2+Q3E3 € HC and 0 be an invertible complex
quaternion matrix. We know Q€ = QogEo— Q1 E1+Q2E>—Q3E3. From (2.27) we
get

() = Grarragrs @t - 0aE 0k,

From (2.27) and (2.13), we find

_1\C 1
(07" = 02+ 02+ 02+ 02 (QoEo+ Q1E1—Q2E,+03E3).

So,
(29) =(e™".
(vii) Let Q = QoEo+ Q1E1+Q2E2+Q3E3 and
P = PyEo + P1E1+ P, E>+ P3 E3 be invertible complex quaternion matrices. We
denote QP as
QP = AEy+ BE1+ CE>+DEj3,

for simplicity, where

A=00Py—01P1—02P,—0Q3P3, B=0QoP1+Q1Po+ 02P3— 03P,
C=0Q0P—01P3+ Q2P0+ Q3P1, D=0QoP3+ Q1P>— Q2P+ Q3Pp.

From (2.22) the determinant of Q P is written as
det(QP) = A> + B>+ C? + D?,

where
A? 4+ B?>+C?+ D?

= Q3P; + Q3 PY + Q5 P; + Q3P + Q1 P§ + QT PL + Q1P + Q1 P
+ Q3P§ + Q3P+ Q5P7 + Q5P5 + Q3 P§ + Q3PP + Q3 P3 + Q3 P3
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and from (2.27) can be found

(oP)! = (QP) _ AEo— BE1 —CE>—DE;
det(QP) A2+ B2+ C?+ D?
On the other hand, from (2.27), the inverses of P and Q can be written as
PoEo— P1E1—PrE>—P3E3 _ QoEo—01E1—02E>—Q3E3
PZ+ P2+ P2+ P2 05+ 0T+ 03+ 03
and their product is obtained as

Pl =

and Q!

AEy—BE; —CE>,—DE3
A2+ B2+C?2+D?

P—l Q—l —

Therefore,

(eP)"'=pP7'07".

Example 2. Let Q = Eo+ Eq, P = Eo+ E;e HC. Then,
(i) (QP)€ = Eg— E1+ Ey— E3 # Eg— E1 + E» + E3 = P€ Q€
(i) (QP) ' = (Eo—E1—Ey—E3) # 2 (Eo—E1—E»+ E3)=Q 7' P!

Example 3. Let Q = Eo+ E1 + E». Then,
C —\C
0(0)” = Eo+2E1—2E3# Eg+2E1+2E3=(Q) 0.

With these examples we get the following Corollary for complex quaternion matrices.

Corollary 1. Ler Q, P € HC. Then the followings are satisfied:
(@) (QP)C £PC QC in general;
(ii) (QP) Y £ Q' P~ in general;
@@ii) Q (@)C #* (@)C O in general.

Definition 2. Forany Q = QoEo+ Q1E1+02E2+Q03E3 € HC,
(i) if off-diagonal entries of Q are 0 then Q is called a diagonal matrix and Q is in
formof Q = QoEo+ Q1 E1,
(ii)if Q' = Q then Q is called a symmetric matrix and Q is in formof Q = Q¢ Eo+
O1E1+ O3E;3,
(iii) if O = Q7! then Q is called a orthogonal matrix and Q is in form of Q =
QoEo+Q2E> and detQ =1,
(iv) if @)t = Q then Q is called a Hermitian matrix and Q is in form of Q =
QoEo+Q2E>,
(v) if (@)t = Q7! then Q is called a unitary matrix and Q is in form of Q =
QoEo+ Q1E1+Q3E3anddetQ = 1.
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3. COMPLEX SPLIT QUATERNION MATRICES

A complex split quaternion p is a vector of the form p = bgeg + b1e1 + bares +
bszes where by, b1,bs, b3 are complex numbers. Here {eg,e1,e2,e3} denotes the com-
plex split quaternion basis with the below properties

e%:—l, e§=6%=€1€2€3=1, (3.1)

eley = —epeq] = e3, epe3 = —e3ey = —eq, €3] = —e1e3 = e;. (3.2)
For details of complex split quaternions, see [3].
A complex split quaternion matrix P is of the form
P =PyEo+ P1E1+P2E2+P3E3 (3.3)
where Py, P1, P, P3 are complex numbers. The split quaternion matrix basis
{Eo, E1, E», E3} satisfy the equalities
E12 = —Eo, E% = E32- = E(), (34)
E1Ex=—F>E, = E3, E2E3=—E3E, = —Ey, E3E1=—E E3=E;. (3.5)

These basis elements are 2 x 2 matrices, [0]:

(3 8)ome(h 4 ) mm(38) (% 4 o

The multiplication rules of the complex 2 x 2 matrices Eg, E1, E>, E3 coincide with
the multiplication rules of the complex split quaternion basis elements e, e1 ez, e3.
Hence, there is an isomorphic relation between the vector form and the matrix form
of a complex split quaternion.

Let us denote the algebra of complex split quaternion matrices by HQS: Hg: can be
defined with the algebra of 2 x 2 complex matrices:

Po+iPy  Py+iPs

C__ _
Hg = P0E0+P1E1+P2E2+P3E3—( PyiPs  PoiPy

) ZP(),Pl,Pz,P3€C (37)

For any P = PoEo + P1E1+PE>+ P3Esc HC, we define Sp = PyEy, the
scalar matrix part of P; Im P = Py E1+ P> E>+ P3 E3, the imaginary matrix part of
P. The conjugate, the complex conjugate and the total conjugate of a complex split

. . - - C .
quaternion matrix are denoted by P, P€ ,(P) respectively these are

P = PyEy— P1Ei—P,E,—P3E3, (3.8)

PC = PoEg+ P1E\+PyE2+P3E3 (3.9
= PyEo— P1E1+P2E2—P3E3,

C — — — —
(P)” =(PC€)=PyEo— PLE|—P,E;—P3E3 (3.10)
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= PoEo+ P1E{—PyE,+ P3E3.

Moreover, forany P = PoEo+ P1 E1+ P2 E>+ P3Ese Hqs:, we can define transpose
and adjoint matrix of P by P’ and AdjP and these are

P! = PyEg+ P1E1+P,E,—P3E3, (3.11)
AdjP = PyEog— P\E\—P,E>—P3E3, (3.12)
AdjP =P. (3.13)

The norm of a complex split quaternion matrix
P = PyEo+ P1E1+P2E2+P3E3=( P Pz ) (3.14)

P12 P11
is defined as

RN (3.15)

where p11 = Po+iP; and p1p = P> +iPs.

Definition 3. A determinant of P € Hg is defined as

det P = PZdet Eg+ P2 det E1 + P2 det Eo+ P2 det E. (3.16)
From the determinant of a complex split quaternion basis can be written as
detP = P§ + P} — P — P3. (3.17)

Theorem 4. Forany P,Q € Hg; and € C the following properties are satisfied:
(i) det P = det(P) = det(PC) = det(P?),
(ii) det(yP) = y2det P,
(iii) det(PQ) =det PdetQ.

Proof. (i) For P = PoEo+ P1E1+PyE;+P3E3 € Hqs:, from (3.17) we get
det P = det(P) = det(PC€) = det(P") = P¢ + P2 — P} — P}.

(ii) Forany y€ Cand P = PoEg+ P1E1+P,E>+P3Ez € HS,

VP = (YPy) Eo + (Y P1) E1+ (Y P2) Ex+ (Y P3) E3.
Thus,

det(yP) = Y2 P¢ +y*PZ —y* P} —y? P}
=y?(P§ + PE—P7 —P3)
= y2det P.

(iii)Let P = PoEo+ P1E1+P2E>+ P3E3 and
0 =Q0Eo+ Q1E1+02E24+Q3E3 be complex split quaternion matrices, then

PO
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=(PoQo—P101+ P202+ P303) Eo+(PoQ1+ P1Qo— P203+ P30>2) Eq
+(PoQ2+ P2Q0—P103+ P30Q1) E2+(PoQ3+ P3Q0+ P1Q2—P201) E3

and from (3.17) the determinant of PQ can be found as in the form of
det(PQ)
= Pg Q3+ Pg Q1 + PP O3+ PP OT + P 03 + P7 03 + PF 03 + P 03
~Pg Q3 P; 03— PP 03— PP O3~ P7 05— P; 07— P 05 — P3 0.
On the other hand, the determinants of P and Q are P§ + P? — P} — P} and Q3 +
Q% — Q% — Q% respectively
det P det Q
= PyQ5+ Pg QT + PEOG+ PP OT + Py 03 + P03+ PF 03 + PF 03
—PgQ3— P;Q3— PP Q3 — PP O3 — P7 03— P; 07— P3 05 — P3 01
Thus,
det(PQ) =det PdetQ.

Moreover, the determinant of a complex split quaternion matrix can also be found
by the complex conjugate and the total conjugate of a complex split quaternion mat-
rix.

PE(P)" = (P)° P€ = (P2 + P2 P2—P})E, (3.18)
and from (3.17) the determinant of P¢ (?)C is found as
det(P€ (P)) = (P2 + P2 — P2 — P2)2. (3.19)

Hence, the determinant of a complex split quaternion matrix can be written as

(det P)? = det(PC (P)°). (3.20)
If det P # 0, the inverse of a complex split quaternion matrix is defined as
= 1? (3.21)
"~ detP '
From (3.8), (3.17) and (3.21) can be written
_ 1
07l = (PoEo— PyE\—P;E;—P3E3). (3.22)

- p2 2 2 2
P+ P} — P} — P;
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Example 4. Let P = ( ) Eo+ ( ) Ei— E2+éE3 be a complex split qua-

1

ternion matrix. Then, P can be written as P = ( 0

:; )and from (3.22), the

inverse of P is calculated as

L (1+i —1—i 1
P = > Eo + 7 Eqy+ 2E2+2E3

(1
-(0 1)
Theorem 5. Complex split quaternion matrices satisfy the following properties
for P e HE.
(i) E1ic =cE1q, Exc = cE,, Ezc = cE3 for any complex number c,
(ii) P? = S} —det(ImP) Eo+2SpIm P,
(iii) Every complex split quaternion matrix P can be uniquely expressed as P =
Z1+ ZrE,, where Z1,Z, € M5(C).

Theorem 6. Forany P,Q € H“S: the following properties are satisfied:
(i) detP = P|?,
(ii) (j ( ) if P is invertible,
@iii) (PC) = (P 1)C if P is invertible,
1 —t
(iv) [(F) ] = [(P—l)] if P is invertible,

() (PQ)° = P€QC,
(vi) (PQ)_1 = QO 'P~Yif P and Q are invertible.

The proof is analogous to the proof of Theorem 3.

Example 5. Let P = Eo+ Ex+E3 and Q = Eg + E;. Then,
(i) (PQ) = Eg— E\ +2E2#Eo— E1—2E3=0€ P€,
(ii) P(P)C = Eg—2E1 +2E3#Eo+2E1 +2E3=(P)° P.

With these examples we get the following Corollary for complex split quaternion
matrices.
Corollary 2. Let P,Q € Hg:. Then the followings are satisfied:

(@) (PQ)C # Q€ PC in general;
(ii) P(P)C # (P)C P in general.

Definition 4. Forany P = PyEg+ P1E1+ P2 E>+ P3Esc H(IS:,
(i) if off-diagonal entries of P are O then P is called a diagonal matrix and P is in
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form of PyEog+ P1Eq,

(ii) if P* = P then P is called a symmetric matrix and P is in form of P =
PoEo+ P1E1+ P2 E>,

(iii) if P* = P~ then P is called an orthogonal matrix and P is in form of
P =PyEyg+ P3EzanddetP =1,

(iv) if (F)t = P then P is called a Hermitian matrix and P is in form of P =
PoEo + P3Es,

(v) if (ﬂt = P~ ! then P is called an unitary matrix and P is in form of P =
PoEog+ P1E1+P>E> and det P = 1.

4. CONCLUSION

This paper has investigated the main properties of complex quaternion and com-
plex split quaternion matrices with the use of 2x2 complex matrix representation of
them, respectively. Then, the method of computing the determinant of given complex
quaternion and complex split quaternion matrices has been proposed. Although, the
determinant properties, conjugate products, special matrices of complex quaternion
and complex split quaternion matrices were investigated with the similar methods,
but different results were obtained due to the difference of the basis elements of these
quaternion matrices.
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