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Abstract. In this paper, by considering the Wardowski’s technique, we present fixed point results
for multivalued mapping on a space with two metrics. Also, taking into account ci-admissibility
of a multivalued mapping, we provide some more general results.

2010 Mathematics Subject Classification: 54H25; 47TH10

Keywords: fixed point, multivalued F-contractions, complete metric space

1. INTRODUCTION AND PRELIMINARIES

In 2012, Wardowski [18] introduced a new concept for contraction mappings
called F-contraction by considering a class of real valued functions. Let ¥ be the
set of all functions F : (0,00) — R satisfying the following conditions:

(F1) F is strictly increasing, i.e., for all o, € (0,) such that a < J,

F(a) <F(B),
(F2) For each sequence {a,} of positive numbers

lim a, =0 < lim F(a,) = —eo,
n—yoo n—oo

(F3) There exists k € (0, 1) such that limg_,o+ 0*F (o) = 0.

Then a self mapping T of a metric space (X,d) is said to be F-contraction if there
exist F' € F and T > 0 such that

Vx,y€X, d(Tx,Ty) >0=1+F(d(Tx,Ty)) < F(d(x,y)). (1.1)

Taking different functions F € ¥ in (1.1) one gets a variety of F'-contractions, some
of them are of a type known in the literature. For example, let F; : (0,00) — R be given
by the formula F; (o) = Inc. It is clear that F; € F. Then each mapping 7 : X — X
is an F-contraction such that

d(Tx,Ty) < e *d(x,y), forall x,y € X with Tx # Ty. (1.2)

Therefore every Banach contraction mapping with contractive constant 0 < L < 1
is an F-contraction with Fj(a) = Ino and T = —InL > 0. Also by condition (F1),
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every F-contraction is a contractive mapping and hence it is continuous. From the
Banach and Edelstein fixed point theorems, we know that every Banach contraction
mapping on a complete metric space has a unique fixed point and every contractive
mapping on a compact metric space has a unique fixed point. That is, passing from
Banach to Edelstein fixed point theorem, when the class of mapping is expending by
contractive condition, the structure of the space is restricted. Now, it may come to
mind, is there any change of structure of the space when investigating the existence of
the fixed points of F-contractions. Therefore, Wardowski [ 18] proved the following
result without restricting the structure of the space:

Theorem 1. Let (X,d) be a complete metric space and let T : X — X be an F-
contraction. Then T has a unique fixed point in X .

In the literature, there are many generalization of Theorem 1 (see [4,7,11,12,17]),
one of them as follows:

Theorem 2 ([11]). Let (X,d) be a complete metric space and let T : X — X be a
mapping. If there exist F € F and Tt > 0 such that

Vx,y € X, d(Tx,Ty) >0= 1+ F(d(Tx,Ty)) < F(m(x,y)), (1.3)

where

() = { o). ). d 0 ). S T9) + 0]

then T has a unique fixed point in X provided that T or F is continuous.

It is our main aim in this work to give a fixed point theory for generalized multival-
ued F-contraction on a space with two metrics. First we recall some useful properties
of multivalued mappings.

In 1969, using the concept of the Hausdorff metric, Nadler [13] introduced the
notion of multivalued contraction mapping and proved a multivalued version of the
well known Banach contraction principle. Let (X,d) be a metric space. Denote by

e P;(X) the family of all nonempty subsets of X

e C;(X) the family of all nonempty, closed subsets of X,

e CB;(X) the family of all nonempty, closed and bounded subsets of X,
e K;(X) the family of all nonempty, compact subsets of X.

It is well known that the function H, : CB4(X) x CB4(X) — R defined by

H;(A,B) = max {sup d(x,B),sup d(y,A)}
X€EA yEB

for every A,B € CB;(X), is a metric on CB4(X), which is called Hausdorff metric
induced by d, where d(x,B) = inf{d(x,y) : y € B}. Let T : X — CB4(X) be a map,



MAIA TYPE FIXED POINT RESULTS 821

then T is called a multivalued contraction if for all x,y € X there exists L € [0,1) such
that

Ha(Tx,Ty) < Ld(x,y).

Nadler proved that every multivalued contraction mapping on a complete metric
space has a fixed point [13].

Furthermore, let X and Y be two metric spaces. Then, a multivalued mapping
T :X — P(Y) is said to be upper semicontinuous (lower semicontinuous) if the in-
verse image of closed sets (open sets) is closed (open). A multivalued mapping is
continuous if it is upper as well as lower semicontinuous. 7 is a closed multivalued
mapping if the graph G(T) = {(x,y) : x € X,y € Tx} is a closed subset of X x Y. If
T is a closed multivalued mapping, then it is closed values. Conversely, if T is both
upper semicontinuous and closed values, then it is a closed multivalued mapping (see
Proposition 2.17 of [9]).

Taking into account the ideas of Wardowski and Nadler, Altun et al [4] introduced
the concept of multivalued F-contractions and obtained a fixed point result for these
type mappings on complete metric space. After Acar et al in [1] presented the fol-
lowing definition and proved the following theorem:

Let (X,d) be a metric space and 7 : X — CB,;(X) be a mapping. Then T is said
to be a generalized multivalued F-contraction with respect to d if F € F and there
exists T > 0 such that

x,y € X,Hy(Tx,Ty) >0 =1+ F(Hy(Tx,Ty)) < F(M(x,y)),

where
M(x,y) = max {d(x,y),d(x, Tx),d(y,Ty), % [d(x,Ty) +d(, Tx)]} :

Theorem 3 ([1]). Let (X,d) be complete metric space and T : X — K (X) be a
generalized multivalued F-contraction with respect to d. If T or F is continuous,
then T has a fixed point in X.

In 2012, Samet et al [ 16] introduced the concept of a--y-contractive and oi-admiss-
ible mapping and established various fixed point theorems. Also, Asl et al [5] defined
the notion of a-admissible and ol,-admissible multivalued mappings as follows:

Let (X,d) be a metric space, T : X — Py(X) and o : X x X — [0, 00) be a function.
Then T is said to be an oi-admissible mapping if for each x € X and y € Tx with
o(x,y) > 1 implies o(y,z) > 1 forall z € Ty and T is an o.-admissible mapping if for
each x € X and y € Tx with a(x,y) > 1 implies a..(Tx,Ty) > 1, where o (Tx,Ty) =
inf{ol(a,b) : a € Tx,b € Ty}. It is clear that an a,.-admissible mapping is also o-
admissible.

Subsequently, in 2016, Durmaz and Altun [8] presented a fixed point results for
o-admissible multivalued mappings.



822 MURAT OLGUN, TUGCE ALYILDIZ, OZGE BICER, AND ISHAK ALTUN

Let (X,d) be a metric space, T : X — CBy(X) and o : X X X — [0,c) be two
mappings. Define a set

To = {(x,y) : o(x,y) > 1 and Hy(Tx,Ty) >0} C X x X.

Given F € ¥, then T is said to be a multivalued (o, F)-contraction with respect to d
if there exists a function 7 : (0,00) — (0,00) such that

Ud(x,y)) +F(Ha(Tx,Ty)) < F(d(x,y)) (1.4)
for all (x,y) € Ty. In this case, the function 7 is called the contractive factor of 7.

Theorem 4 ([8]). Let (X,d) be a complete metric space and T : X — K;(X) be an
o-admissible and multivalued (Q., F)-contraction with respect to d with contractive
factor T. Suppose that

liminft(z) > 0, forall s >0 (1.5)

t—st
and there exist xo € X and x| € Txo such that a(xo,x1) > 1. If T is a closed multival-
ued mapping, then T has a fixed point.

On the other hand, fixed point theory studies can be established both for single
valued and multivalued contraction type mappings on space with two metrics. Unlike
the conventional, here it is accepted that the mapping is contraction or contraction
type according to the one metric when the space is complete for the other metric. It
can be find the fundamental version of these type fixed point results in [2,6,10,14,15].

In this paper, we will present fixed point results for multivalued F-contraction
mappings on a space with two metrics. Then, using oi-admissibility of a multivalued
mapping, we will give some more general results.

2. MAIN RESULTS

Theorem 5. Let (X,p) be a complete metric space, d another metric on X and
T : X — Ky(X) be a generalized multivalued F-contraction with respect to d. Sup-
pose that there exists ¢ > 0 such that

p(x,y) <cd(x,y) foreachx,y € X. 2.1

If T is a closed multivalued mapping (with respect to p), then T has a fixed point in
X.

Proof. Let xop € X. Since Tx is nonempty for all x € X, we can choose x; €
Txo. If x; € Txy, then x; is a fixed point of T and so the proof is completed. Let
x1 ¢ Tx;. Then d(x;,Tx;) > 0 since Tx is closed. On the other hand, from (F1) and
d(xl,Txl) < Hd(Txo,Txl), we get

F(d(xl,Txl)) < F(Hd(Txo,Txl)).
Since T be a generalized multivalued F-contraction with respect to d, we obtain that
F(d(xl,Txl)) < F(Hd(Txo,Txl)) < F(M(X(),xl)) —7T (22)



MAIA TYPE FIXED POINT RESULTS 823

_ d(xo,x1),d(x0,Txg),d(x1,Tx1), B
- (max{ L d(xo, Tx1) +d(x1,Txo)] }) K

1
<F <max {d(xo,xl),d(xl,Txl), zd(xo,Txl)}> —7T
d(XO,Xl),d(Xl,Txl),
<F —T
- <maX{ %[d(xo,xl)—i—d(xl,Txl)]
= F (max {d(xo,x1),d(x;,Tx1)}) — 1.
If d(x0,x1) < d(x1,Tx), then we have F(d(x;,Tx;)) < F(d(x1,Tx;)) — T, which is
a contradiction since T > 0. Thus we get
F(d(xl,Txl)) < F(d(X(),xl)) —T.
Since Tx; is compact with respect to d, we obtain that x, € Tx; such that d(x,xp) =
d(x1,Tx). Therefore, from (2.2)
F(d(x1,x)) < F(Hy(Txo,Tx1)) < F(d(x0,x1)) — T

If we continue recursively, then we obtain a sequence {x, } in X such that x, | € Tx,
and

F(d(xmxn-‘rl)) SF(d(Xn,Xn_l)—’C (2.3)
for all n € N. If there exists nyg € N for which x,,, € Tx,,, then x,, is a fixed point of

T. Therefore, suppose that for every n € N, x,, ¢ Tx,. Denote d,, = d(x,,xp+1), for
n=20,1,2,.... Then, d,, > 0 for all n and, using (2.3), the following holds:

F(d,) <F(dy—1)—t1<F(dy—2)—2t<...<F(dy) —nr. 2.4)
From (2.4), we obtain lim F(d,) = —eo. Hence, from (F2), we have
n—soo
limd, = 0.
n—yeo

By (F3), there exists k € (0,1) such that
lim d*F(d,) = 0.
From (2.4), the following holds for all n € N
drF (dy) — diF (do) < —dint < 0. (2.5)
Letting n — oo in (2.5), we obtain that

limnd* = 0.
n—yoo

Hence, there exists n; € N such that ndﬁ < 1 for all n > n;. Therefore, we have

1
dy < — (2.6)
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for all n > ny. In order to show that {x,} is a Cauchy sequence, consider m,n € N
such that m > n > n;. By (2.6) and using the triangular inequality for the metric, we
have

d(xnv-xm) < d(xmxn-i-l) +d(xn+laxn+2) + .. +d(xm—17xm)
= dn+dn+1 + ... +dm71

m—1 ) < q

From the convergence of the series Z A /“ we obtain hmd (xn,X%m) = 0. Thus {x,}

is a Cauchy sequence in (X,d). From (2 1) the sequence {xn} is a Cauchy in (X,p)
too. Since (X,p) is a complete metric space, there exists x € X with p(x,,x) — 0 as
n — oo,

Since T is a closed multivalued mapping (with respect to p), we have x € Tx. Thus,
T has a fixed point in X. g

Remark 1. 1f we take d = p in Theorem 5, then Theorem 3 holds.

Corollary 1. Let (X,p) be a complete metric space, d another metric on X which
satisfies (2.1) and T : X — K4(X) be a multivalued operator. Suppose that there exist
F € F and t© > 0 such that

x,y € X,Hy(Tx,Ty) >0= 1+ F(Hy(Tx,Ty)) < F(d(x,y)). (2.7)

If T is a closed multivalued mapping (with respect to p), then T has a fixed point in
X.

Remark 2. Note that in Theorem 5, Tx is compact for all x € X. Thus, one can
ask: Does T has a fixed point if 7 : X — CB,4(X) is a generalized multivalued F-
contraction? The following example, which is modified from Example 3.2 of [3],
shows the answer is negative.

Example 1. Let X = [0, 1], p is the usual metric and

0, xX=y
d(x,y) = :
1+‘X—y‘, x;éy

Then it is clear that (X,p) is a complete metric space and p(x,y) < d(x,y) for all
x,y € X. Since 1, is discrete topology, then all subsets of X are closed and also they
are bounded. Therefore all subsets of X are closed and bounded with respect to d.
Defineamap T : X — CBy(X),

0, xeX\0
Tx= ,
X\Q, x€Q
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where Q is the set of all rational numbers in X. Therefore T has no fixed point. Now,
define F : (0,00) — R by

Ina, o<l
F(o) = ;
o oa>1

then we can see that F € F. Now we show that T is a generalized multivalued F-
contraction with respect to d, that is

Vx,y € X [Hy(Tx,Ty) >0=1+F(Hy(Tx,Ty)) < F(M(x,y))].

Note that H;(Tx,Ty) > 0 = {x,y} N Q is a singleton. Therefore for x,y € X with
H(Tx,Ty) > 0, we have

Hd(Tx7 Ty) = Hd(Q’X\Q) =1<1+ |)C—y| = d(xay) < M(X,y)
and so
1+ F(Hy(Tx,Ty)) < F(M(x,y)).

However, by adding the following condition on F, we can consider CBy(X) instead
of K;(X) in Theorem 5:

(F4) F(infA) =inf F(A) for all A C (0,0) with infA > 0.

Remark 3. Note that if F is right-continuous and satisfies (F1), then it satisfies
(F4).
Denote by ., the set of all functions F satisfying (F1)-(F4). It is clear that F, C F.

Theorem 6. Let (X,p) be a complete metric space, d another metric on X which
satisfies (2.1) and T : X — CBy(X) be a generalized multivalued F -contraction with
F € F.. If T is a closed multivalued mapping (with respect to p), then T has a fixed
point in X.

Proof. Let xo € X. Since Tx is nonempty for all x € X, we can choose x; € Txg.
If x; € Tx, then x; is a fixed point of T and so the proof is completed. Let x; ¢
Tx;. Then d(x;,Tx;) > 0 since Tx; is closed. On the other hand, from (F1) and
d(x1,Tx1) < Hy(Txo,Txy), we get

F(d(x1,Tx)) < F(Hy(Txp,Tx1)).
Since T be a generalized multivalued F-contraction, we can write that
F(d(xl,Txl)) < F(Hd(Txo, Txl)) < F(M(x1 ,)C())) —T. (2.8)
By (F4), we get
F(d(x;,Tx1)) = inf F(d(x1,y))
yeTx|

since d(x1,Tx;) > 0. Hence, from (2.8) we have

Jnf F(d(x1.5)) < F(M(x1,%0)) 7 < F(M(x1.30) — 5. 2.9)
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Therefore, from (2.9) there exists x, € Tx; such that

T

F(d('xl 7x2)) S F(M(_X] 7-x0)) — E
Otherwise, by the same way we obtain x3 € Tx; such that
T

F(d(x2,x3)) < F(M(x2,31)) = 5.

We continue iterative, so we get a sequence {x,} in X such that x,; € Tx, and for
alln=1,2,3,...

T
F(d(xn,Xn41)) < F (M0, 20-1)) = 5
The rest of the proof can be completed as in the proof of Theorem 5. ]

Now, we present a new fixed point result for multivalued F-contraction by o-
admissibility of a multivalued mappings on space with two metrics.

Theorem 7. Let (X,p) be a complete metric space, d another metric on X which
satisfies (2.1) and T : X — K4(X) be an a-admissible and multivalued (o, F)-contract-
ion with respect to d with contractive factor T satisfying (1.5). Suppose that there exist
xo € X and x1 € Txo such that a(xo,x1) > 1. If T is a closed multivalued mapping
(with respect to p), then T has a fixed point.

Proof. Suppose that T has no fixed point. Then d(x,Tx) > 0, for all x € X. Let xo
and x; be as mentioned in the hypothesis, then Hy(Txo,Tx1) > 0. So (xp,x1) € Ty,
thus we can use (1.4) for xg and x;. By (F1) we have

F(d(x1,Tx1)) < F(Ha(Tx0,Tx1)) < F(d(x1,x0)) —t(d (x1,%0))- (2.10)

Since T'x; is compact, there exists x, € Tx; such that d(x;,x2) = d(x; Tx;). There-
fore, from (2.10)

F(d()C] ,XQ)) S F(Hd(Txo,Txl)) S F(d(x1 ,X())) —’C(d(xl,X())).

Now, since T is an a-admissible mapping we have o(xj,x) > 1 and also
H;(Tx;,Txy) > 0. Therefore, (x1,x2) € Ty, so we can use (1.4) for x; and x,. Thus

F(d(x2,Tx2)) < F(Hg(Tx1,Tx2)) < F(d(x2,x1)) —t(d(x2,x1)).

Since T'x; is compact, there exists x3 € Tx, such that d(x2,x3) = d(x2,Tx2). There-
fore, we have

F(d()Cz,X3)) < F(Hd(Txl,TXZ)) < F(d(XQ,Xl)) —’c(d(xz,xl)).

By induction, we obtain a sequence {x,} in X such that x,1| € Tx,, (xn,X:11) € Ty,
and foralln € N

F(d(n011)) < F(d (%0 1)) — 5 (0,50 1)). @.11)
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Denote d, = d(xp,X,+1), forn=0,1,2,... . Then, d, > 0 for all n and, using (2.11),
{d,} is decreasing and hence convergent. By (1.5), there exists & > 0 and ng € N
such that t(d,,) > & for all n > ng. Thus, we get

F(dy) < F(dp_1) —t(dp_1) 2.12)
S F(dn—Z) - T(dn—l) - T(dn—Z)

< F(d()) —’C(dnfl) —’E(dnfz) — e — ‘C(d())
< F(do) = tdn-1) = tdn-2) = - = Udn,)
< F(dy) — (n—ngp)d
for all n > ng. Letting n — oo in the above inequality, we obtain lim F(d,) = —co.
n—oo
Hence, from (F2), we have
limd, =0.
n—yo
By (F3), there exists k € (0,1) such that
limd*F (d,) = 0. (2.13)
n—o0

From (2.12), the following holds for all n > ng
d*F(d,) — d*F(dy) < d*[F (dy) — (n—no)8] — d"F (dy) = —d*(n—np)8 < 0.
Taking into account (2.13), we obtain that from the above inequality

limnd* = 0.
n—soo

Hence, there exists n; € N such that ndﬁ < 1 for all n > n;. Therefore, we have

1
for all n > n;. In order to show that {x,} is a Cauchy sequence consider m,n € N
such that m > n > n;. Then, we get

d(xnaxm) < d(xn’anrl) +d(xn+laxn+2) + ... +d(xm717xm)

< Zd xlaxl+l < Z ll/k

i=n
From the convergence of the series Z A -, we obtain limd (x,,x,) = 0. Thus {x,}
n—yoo

is a Cauchy sequence in (X,d). From (2 1) the sequence {x,} is a Cauchy in (X,p)
too. Since (X,p) is a complete metric space, there exists x € X with p(x,,x) — 0 as
n— oo,

Since T is closed multivalued mapping (with respect to p), then we have x € Tx,
which is a contradiction.
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Therefore, T has a fixed point in X. g
Remark 4. We can take CB,;(X) instead of K;(X) in Theorem 7 with F € ..

Theorem 8. Let (X,p) be a complete metric space, d another metric on X which
satisfies (2.1) and T : X — CB4(X) be an o-admissible and multivalued (o, F)-
contraction with F € F, and contractive factor 7 satisfying (1.5). Suppose that there
exist xo € X and x| € Txg such that a(xo,x;) > 1. If T is a closed multivalued map-
ping (with respect to p), then T has a fixed point.

Proof. We start as in the proof of Theorem 7. Considering the condition (F4), we
get

F(d(x1,Tx1)) Zyg;fﬂF(d(xw))-

Therefore
F(d(xl,Txl)) S F(Hd(TX(),Txl)) S F(d(x1 ,X())) —’c(d(xl ,XO)),

and we can write

. T(d(x1,x
yér%i; F(d(x1,y)) < F(d(x1,x0)) —T(d(x1,%0)) < F(d(x1,x0)) — ((210)).
1
Thus, there exists x, € Tx; such that
’E(d(xl ,XQ))
— s
The rest of the proof can be completed as in the proof of Theorem 7. U

F(d(x1,x2)) < F(d(x1,x0)) —
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