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1. INTRODUCTION AND PRELIMINARIES

In 2012, Wardowski [18] introduced a new concept for contraction mappings
called F-contraction by considering a class of real valued functions. Let F be the
set of all functions F : (0,∞)−→ R satisfying the following conditions:

(F1) F is strictly increasing, i.e., for all α,β ∈ (0,∞) such that α < β,
F(α)< F(β),

(F2) For each sequence {an} of positive numbers

lim
n→∞

an = 0 ⇔ lim
n→∞

F(an) =−∞,

(F3) There exists k ∈ (0,1) such that limα→0+ αkF(α) = 0.
Then a self mapping T of a metric space (X ,d) is said to be F-contraction if there
exist F ∈ F and τ > 0 such that

∀x,y ∈ X , d(T x,Ty)> 0 ⇒ τ+F(d(T x,Ty))≤ F(d(x,y)). (1.1)

Taking different functions F ∈ F in (1.1) one gets a variety of F-contractions, some
of them are of a type known in the literature. For example, let F1 : (0,∞)→R be given
by the formula F1(α) = lnα. It is clear that F1 ∈ F . Then each mapping T : X → X
is an F-contraction such that

d(T x,Ty)≤ e−τd(x,y), for all x,y ∈ X with T x ̸= Ty. (1.2)

Therefore every Banach contraction mapping with contractive constant 0 < L < 1
is an F-contraction with F1(α) = lnα and τ = − lnL > 0. Also by condition (F1),

© 2021 Miskolc University Press

http://dx.doi.org/10.18514/MMN.2021.2540
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every F-contraction is a contractive mapping and hence it is continuous. From the
Banach and Edelstein fixed point theorems, we know that every Banach contraction
mapping on a complete metric space has a unique fixed point and every contractive
mapping on a compact metric space has a unique fixed point. That is, passing from
Banach to Edelstein fixed point theorem, when the class of mapping is expending by
contractive condition, the structure of the space is restricted. Now, it may come to
mind, is there any change of structure of the space when investigating the existence of
the fixed points of F-contractions. Therefore, Wardowski [18] proved the following
result without restricting the structure of the space:

Theorem 1. Let (X ,d) be a complete metric space and let T : X → X be an F-
contraction. Then T has a unique fixed point in X .

In the literature, there are many generalization of Theorem 1 (see [4,7,11,12,17]),
one of them as follows:

Theorem 2 ([11]). Let (X ,d) be a complete metric space and let T : X → X be a
mapping. If there exist F ∈ F and τ > 0 such that

∀x,y ∈ X , d(T x,Ty)> 0 ⇒ τ+F(d(T x,Ty))≤ F(m(x,y)), (1.3)

where

m(x,y) = max
{

d(x,y),d(x,T x),d(y,Ty),
1
2
[d(x,Ty)+d(y,T x)]

}
,

then T has a unique fixed point in X provided that T or F is continuous.

It is our main aim in this work to give a fixed point theory for generalized multival-
ued F-contraction on a space with two metrics. First we recall some useful properties
of multivalued mappings.

In 1969, using the concept of the Hausdorff metric, Nadler [13] introduced the
notion of multivalued contraction mapping and proved a multivalued version of the
well known Banach contraction principle. Let (X ,d) be a metric space. Denote by

• Pd(X) the family of all nonempty subsets of X ,
• Cd(X) the family of all nonempty, closed subsets of X ,
• CBd(X) the family of all nonempty, closed and bounded subsets of X ,
• Kd(X) the family of all nonempty, compact subsets of X .

It is well known that the function Hd : CBd(X)×CBd(X)→ R defined by

Hd(A,B) = max

{
sup
x∈A

d(x,B),sup
y∈B

d(y,A)

}
for every A,B ∈ CBd(X), is a metric on CBd(X), which is called Hausdorff metric
induced by d, where d(x,B) = inf{d(x,y) : y ∈ B}. Let T : X → CBd(X) be a map,
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then T is called a multivalued contraction if for all x,y ∈ X there exists L ∈ [0,1) such
that

Hd(T x,Ty)≤ Ld(x,y).

Nadler proved that every multivalued contraction mapping on a complete metric
space has a fixed point [13].

Furthermore, let X and Y be two metric spaces. Then, a multivalued mapping
T : X → P(Y ) is said to be upper semicontinuous (lower semicontinuous) if the in-
verse image of closed sets (open sets) is closed (open). A multivalued mapping is
continuous if it is upper as well as lower semicontinuous. T is a closed multivalued
mapping if the graph G(T ) = {(x,y) : x ∈ X ,y ∈ T x} is a closed subset of X ×Y. If
T is a closed multivalued mapping, then it is closed values. Conversely, if T is both
upper semicontinuous and closed values, then it is a closed multivalued mapping (see
Proposition 2.17 of [9]).

Taking into account the ideas of Wardowski and Nadler, Altun et al [4] introduced
the concept of multivalued F-contractions and obtained a fixed point result for these
type mappings on complete metric space. After Acar et al in [1] presented the fol-
lowing definition and proved the following theorem:

Let (X ,d) be a metric space and T : X → CBd(X) be a mapping. Then T is said
to be a generalized multivalued F-contraction with respect to d if F ∈ F and there
exists τ > 0 such that

x,y ∈ X ,Hd(T x,Ty)> 0 ⇒ τ+F(Hd(T x,Ty))≤ F(M(x,y)),

where

M(x,y) = max
{

d(x,y),d(x,T x),d(y,Ty),
1
2
[d(x,Ty)+d(y,T x)]

}
.

Theorem 3 ([1]). Let (X ,d) be complete metric space and T : X → Kd(X) be a
generalized multivalued F-contraction with respect to d. If T or F is continuous,
then T has a fixed point in X .

In 2012, Samet et al [16] introduced the concept of α-ψ-contractive and α-admiss-
ible mapping and established various fixed point theorems. Also, Asl et al [5] defined
the notion of α-admissible and α∗-admissible multivalued mappings as follows:

Let (X ,d) be a metric space, T : X → Pd(X) and α : X ×X → [0,∞) be a function.
Then T is said to be an α-admissible mapping if for each x ∈ X and y ∈ T x with
α(x,y)≥ 1 implies α(y,z)≥ 1 for all z ∈ Ty and T is an α∗-admissible mapping if for
each x ∈ X and y ∈ T x with α(x,y)≥ 1 implies α∗(T x,Ty)≥ 1, where α∗(T x,Ty) =
inf{α(a,b) : a ∈ T x,b ∈ Ty}. It is clear that an α∗-admissible mapping is also α-
admissible.

Subsequently, in 2016, Durmaz and Altun [8] presented a fixed point results for
α-admissible multivalued mappings.
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Let (X ,d) be a metric space, T : X → CBd(X) and α : X ×X → [0,∞) be two
mappings. Define a set

Tα = {(x,y) : α(x,y)≥ 1 and Hd(T x,Ty)> 0} ⊂ X ×X .

Given F ∈ F , then T is said to be a multivalued (α,F)-contraction with respect to d
if there exists a function τ : (0,∞)→ (0,∞) such that

τ(d(x,y))+F(Hd(T x,Ty))≤ F(d(x,y)) (1.4)

for all (x,y) ∈ Tα. In this case, the function τ is called the contractive factor of T.

Theorem 4 ([8]). Let (X ,d) be a complete metric space and T : X → Kd(X) be an
α-admissible and multivalued (α,F)-contraction with respect to d with contractive
factor τ. Suppose that

liminf
t→s+

τ(t)> 0, for all s ≥ 0 (1.5)

and there exist x0 ∈ X and x1 ∈ T x0 such that α(x0,x1)≥ 1. If T is a closed multival-
ued mapping, then T has a fixed point.

On the other hand, fixed point theory studies can be established both for single
valued and multivalued contraction type mappings on space with two metrics. Unlike
the conventional, here it is accepted that the mapping is contraction or contraction
type according to the one metric when the space is complete for the other metric. It
can be find the fundamental version of these type fixed point results in [2,6,10,14,15].

In this paper, we will present fixed point results for multivalued F-contraction
mappings on a space with two metrics. Then, using α-admissibility of a multivalued
mapping, we will give some more general results.

2. MAIN RESULTS

Theorem 5. Let (X ,ρ) be a complete metric space, d another metric on X and
T : X → Kd(X) be a generalized multivalued F-contraction with respect to d. Sup-
pose that there exists c > 0 such that

ρ(x,y)≤ cd(x,y) for each x,y ∈ X . (2.1)

If T is a closed multivalued mapping (with respect to ρ), then T has a fixed point in
X.

Proof. Let x0 ∈ X . Since T x is nonempty for all x ∈ X , we can choose x1 ∈
T x0. If x1 ∈ T x1, then x1 is a fixed point of T and so the proof is completed. Let
x1 /∈ T x1. Then d(x1,T x1)> 0 since T x1 is closed. On the other hand, from (F1) and
d(x1,T x1)≤ Hd(T x0,T x1), we get

F(d(x1,T x1))≤ F(Hd(T x0,T x1)).

Since T be a generalized multivalued F-contraction with respect to d, we obtain that

F(d(x1,T x1))≤ F(Hd(T x0,T x1))≤ F(M(x0,x1))− τ (2.2)
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= F
(

max
{

d(x0,x1),d(x0,T x0),d(x1,T x1),
1
2 [d(x0,T x1)+d(x1,T x0)]

})
− τ

≤ F
(

max
{

d(x0,x1),d(x1,T x1),
1
2

d(x0,T x1)

})
− τ

≤ F
(

max
{

d(x0,x1),d(x1,T x1),
1
2 [d(x0,x1)+d(x1,T x1)]

})
− τ

= F (max{d(x0,x1),d(x1,T x1)})− τ.

If d(x0,x1) ≤ d(x1,T x1), then we have F(d(x1,T x1)) ≤ F(d(x1,T x1))− τ, which is
a contradiction since τ > 0. Thus we get

F(d(x1,T x1))≤ F(d(x0,x1))− τ.

Since T x1 is compact with respect to d, we obtain that x2 ∈ T x1 such that d(x1,x2) =
d(x1,T x1). Therefore, from (2.2)

F(d(x1,x2))≤ F(Hd(T x0,T x1))≤ F(d(x0,x1))− τ.

If we continue recursively, then we obtain a sequence {xn} in X such that xn+1 ∈ T xn
and

F(d(xn,xn+1))≤ F(d(xn,xn−1)− τ (2.3)

for all n ∈ N. If there exists n0 ∈ N for which xn0 ∈ T xn0 , then xn0 is a fixed point of
T . Therefore, suppose that for every n ∈ N, xn /∈ T xn. Denote dn = d(xn,xn+1), for
n = 0,1,2, ... . Then, dn > 0 for all n and, using (2.3), the following holds:

F(dn)≤ F(dn−1)− τ ≤ F(dn−2)−2τ ≤ ...≤ F(d0)−nτ. (2.4)

From (2.4), we obtain lim
n→∞

F(dn) =−∞. Hence, from (F2), we have

lim
n→∞

dn = 0.

By (F3), there exists k ∈ (0,1) such that

lim
n→∞

dk
nF(dn) = 0.

From (2.4), the following holds for all n ∈ N

dk
nF(dn)−dk

nF(d0)≤−dk
nnτ ≤ 0. (2.5)

Letting n → ∞ in (2.5), we obtain that

lim
n→∞

ndk
n = 0.

Hence, there exists n1 ∈ N such that ndk
n ≤ 1 for all n ≥ n1. Therefore, we have

dn ≤
1

n1/k (2.6)
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for all n ≥ n1. In order to show that {xn} is a Cauchy sequence, consider m,n ∈ N
such that m > n ≥ n1. By (2.6) and using the triangular inequality for the metric, we
have

d(xn,xm)≤ d(xn,xn+1)+d(xn+1,xn+2)+ ...+d(xm−1,xm)

= dn +dn+1 + ...+dm−1

=
m−1

∑
i=n

di ≤
∞

∑
i=n

di ≤
∞

∑
i=n

1
i1/k .

From the convergence of the series
∞

∑
i=1

1
i1/k , we obtain lim

n→∞
d(xn,xm) = 0. Thus {xn}

is a Cauchy sequence in (X ,d). From (2.1) the sequence {xn} is a Cauchy in (X ,ρ)
too. Since (X ,ρ) is a complete metric space, there exists x ∈ X with ρ(xn,x)→ 0 as
n → ∞.

Since T is a closed multivalued mapping (with respect to ρ), we have x∈ T x. Thus,
T has a fixed point in X . □

Remark 1. If we take d = ρ in Theorem 5, then Theorem 3 holds.

Corollary 1. Let (X ,ρ) be a complete metric space, d another metric on X which
satisfies (2.1) and T : X → Kd(X) be a multivalued operator. Suppose that there exist
F ∈ F and τ > 0 such that

x,y ∈ X ,Hd(T x,Ty)> 0 =⇒ τ+F(Hd(T x,Ty))≤ F(d(x,y)). (2.7)

If T is a closed multivalued mapping (with respect to ρ), then T has a fixed point in
X.

Remark 2. Note that in Theorem 5, T x is compact for all x ∈ X . Thus, one can
ask: Does T has a fixed point if T : X → CBd(X) is a generalized multivalued F-
contraction? The following example, which is modified from Example 3.2 of [3],
shows the answer is negative.

Example 1. Let X = [0,1], ρ is the usual metric and

d(x,y) =

 0, x = y

1+ |x− y| , x ̸= y
.

Then it is clear that (X ,ρ) is a complete metric space and ρ(x,y) ≤ d(x,y) for all
x,y ∈ X . Since τd is discrete topology, then all subsets of X are closed and also they
are bounded. Therefore all subsets of X are closed and bounded with respect to d.
Define a map T : X →CBd(X),

T x =

 Q, x ∈ X\Q

X\Q, x ∈ Q
,
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where Q is the set of all rational numbers in X . Therefore T has no fixed point. Now,
define F : (0,∞)→ R by

F(α) =

 lnα, α ≤ 1

α, α > 1
,

then we can see that F ∈ F . Now we show that T is a generalized multivalued F-
contraction with respect to d, that is

∀x,y ∈ X [Hd(T x,Ty)> 0 ⇒ 1+F(Hd(T x,Ty))≤ F(M(x,y))].

Note that Hd(T x,Ty) > 0 ⇒ {x,y}∩Q is a singleton. Therefore for x,y ∈ X with
H(T x,Ty)> 0, we have

Hd(T x,Ty) = Hd(Q,X\Q) = 1 < 1+ |x− y|= d(x,y)≤ M(x,y)

and so
1+F(Hd(T x,Ty))≤ F(M(x,y)).

However, by adding the following condition on F, we can consider CBd(X) instead
of Kd(X) in Theorem 5:

(F4) F(infA) = infF(A) for all A ⊂ (0,∞) with infA > 0.

Remark 3. Note that if F is right-continuous and satisfies (F1), then it satisfies
(F4).

Denote by F∗, the set of all functions F satisfying (F1)-(F4). It is clear that F∗ ⊂ F .

Theorem 6. Let (X ,ρ) be a complete metric space, d another metric on X which
satisfies (2.1) and T : X →CBd(X) be a generalized multivalued F-contraction with
F ∈ F∗. If T is a closed multivalued mapping (with respect to ρ), then T has a fixed
point in X.

Proof. Let x0 ∈ X . Since T x is nonempty for all x ∈ X , we can choose x1 ∈ T x0.
If x1 ∈ T x1, then x1 is a fixed point of T and so the proof is completed. Let x1 /∈
T x1. Then d(x1,T x1) > 0 since T x1 is closed. On the other hand, from (F1) and
d(x1,T x1)≤ Hd(T x0,T x1), we get

F(d(x1,T x1))≤ F(Hd(T x0,T x1)).

Since T be a generalized multivalued F-contraction, we can write that

F(d(x1,T x1))≤ F(Hd(T x0,T x1))≤ F(M(x1,x0))− τ. (2.8)

By (F4), we get
F(d(x1,T x1)) = inf

y∈T x1
F(d(x1,y))

since d(x1,T x1)> 0. Hence, from (2.8) we have

inf
y∈T x1

F(d(x1,y))≤ F(M(x1,x0))− τ < F(M(x1,x0))−
τ

2
. (2.9)
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Therefore, from (2.9) there exists x2 ∈ T x1 such that

F(d(x1,x2))≤ F(M(x1,x0))−
τ

2
.

Otherwise, by the same way we obtain x3 ∈ T x2 such that

F(d(x2,x3))≤ F(M(x2,x1))−
τ

2
.

We continue iterative, so we get a sequence {xn} in X such that xn+1 ∈ T xn and for
all n = 1,2,3, ...

F(d(xn,xn+1))≤ F(M(xn,xn−1))−
τ

2
.

The rest of the proof can be completed as in the proof of Theorem 5. □

Now, we present a new fixed point result for multivalued F-contraction by α-
admissibility of a multivalued mappings on space with two metrics.

Theorem 7. Let (X ,ρ) be a complete metric space, d another metric on X which
satisfies (2.1) and T : X →Kd(X) be an α-admissible and multivalued (α,F)-contract-
ion with respect to d with contractive factor τ satisfying (1.5). Suppose that there exist
x0 ∈ X and x1 ∈ T x0 such that α(x0,x1) ≥ 1. If T is a closed multivalued mapping
(with respect to ρ), then T has a fixed point.

Proof. Suppose that T has no fixed point. Then d(x,T x)> 0, for all x ∈ X . Let x0
and x1 be as mentioned in the hypothesis, then Hd(T x0,T x1) > 0. So (x0,x1) ∈ Tα,
thus we can use (1.4) for x0 and x1. By (F1) we have

F(d(x1,T x1))≤ F(Hd(T x0,T x1))≤ F(d(x1,x0))− τ(d(x1,x0)). (2.10)

Since T x1 is compact, there exists x2 ∈ T x1 such that d(x1,x2) = d(x1,T x1). There-
fore, from (2.10)

F(d(x1,x2))≤ F(Hd(T x0,T x1))≤ F(d(x1,x0))− τ(d(x1,x0)).

Now, since T is an α-admissible mapping we have α(x1,x2) ≥ 1 and also
Hd(T x1,T x2)> 0. Therefore, (x1,x2) ∈ Tα, so we can use (1.4) for x1 and x2. Thus

F(d(x2,T x2))≤ F(Hd(T x1,T x2))≤ F(d(x2,x1))− τ(d(x2,x1)).

Since T x2 is compact, there exists x3 ∈ T x2 such that d(x2,x3) = d(x2,T x2). There-
fore, we have

F(d(x2,x3))≤ F(Hd(T x1,T x2))≤ F(d(x2,x1))− τ(d(x2,x1)).

By induction, we obtain a sequence {xn} in X such that xn+1 ∈ T xn, (xn,xn+1) ∈ Tα

and for all n ∈ N

F(d(xn,xn+1))≤ F(d(xn,xn−1))− τ(d(xn,xn−1)). (2.11)
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Denote dn = d(xn,xn+1), for n = 0,1,2, ... . Then, dn > 0 for all n and, using (2.11),
{dn} is decreasing and hence convergent. By (1.5), there exists δ > 0 and n0 ∈ N
such that τ(dn)> δ for all n > n0. Thus, we get

F(dn)≤ F(dn−1)− τ(dn−1) (2.12)

≤ F(dn−2)− τ(dn−1)− τ(dn−2)

...

≤ F(d0)− τ(dn−1)− τ(dn−2)−·· ·− τ(d0)

≤ F(d0)− τ(dn−1)− τ(dn−2)−·· ·− τ(dn0)

≤ F(d0)− (n−n0)δ

for all n > n0. Letting n → ∞ in the above inequality, we obtain lim
n→∞

F(dn) = −∞.

Hence, from (F2), we have
lim
n→∞

dn = 0.

By (F3), there exists k ∈ (0,1) such that

lim
n→∞

dk
nF(dn) = 0. (2.13)

From (2.12), the following holds for all n > n0

dk
nF(dn)−dk

nF(d0)≤ dk
n[F(d0)− (n−n0)δ]−dk

nF(d0) =−dk
n(n−n0)δ ≤ 0.

Taking into account (2.13), we obtain that from the above inequality

lim
n→∞

ndk
n = 0.

Hence, there exists n1 ∈ N such that ndk
n ≤ 1 for all n ≥ n1. Therefore, we have

dn ≤
1

n1/k .

for all n ≥ n1. In order to show that {xn} is a Cauchy sequence consider m,n ∈ N
such that m > n ≥ n1. Then, we get

d(xn,xm)≤ d(xn,xn+1)+d(xn+1,xn+2)+ ...+d(xm−1,xm)

<
∞

∑
i=n

d(xi,xi+1)≤
∞

∑
i=n

1
i1/k .

From the convergence of the series
∞

∑
i=1

1
i1/k , we obtain lim

n→∞
d(xn,xm) = 0. Thus {xn}

is a Cauchy sequence in (X ,d). From (2.1) the sequence {xn} is a Cauchy in (X ,ρ)
too. Since (X ,ρ) is a complete metric space, there exists x ∈ X with ρ(xn,x)→ 0 as
n → ∞.

Since T is closed multivalued mapping (with respect to ρ), then we have x ∈ T x,
which is a contradiction.
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Therefore, T has a fixed point in X . □

Remark 4. We can take CBd(X) instead of Kd(X) in Theorem 7 with F ∈ F∗.

Theorem 8. Let (X ,ρ) be a complete metric space, d another metric on X which
satisfies (2.1) and T : X → CBd(X) be an α-admissible and multivalued (α,F)-
contraction with F ∈ F∗ and contractive factor τ satisfying (1.5). Suppose that there
exist x0 ∈ X and x1 ∈ T x0 such that α(x0,x1)≥ 1. If T is a closed multivalued map-
ping (with respect to ρ), then T has a fixed point.

Proof. We start as in the proof of Theorem 7. Considering the condition (F4), we
get

F(d(x1,T x1)) = inf
y∈T x1

F(d(x1,y)).

Therefore

F(d(x1,T x1))≤ F(Hd(T x0,T x1))≤ F(d(x1,x0))− τ(d(x1,x0)),

and we can write

inf
y∈T x1

F(d(x1,y))≤ F(d(x1,x0))− τ(d(x1,x0))< F(d(x1,x0))−
τ(d(x1,x0))

2
.

Thus, there exists x2 ∈ T x1 such that

F(d(x1,x2))≤ F(d(x1,x0))−
τ(d(x1,x0))

2
.

The rest of the proof can be completed as in the proof of Theorem 7. □
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