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Abstract. In this paper, some existence theorems involving generalized contractive conditions
with respect to a measure are proved. By applying our results, we study some coupled fixed point
theorems, and discuss the existence of solutions for a class of the system of integral equations.
Finally, an example is included to show the efficiency of our results.
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1. INTRODUCTION

Integral equations are used naturally in applied problems, such as in a lot of prob-
lems in physics and engineering. Also, especially integral equations have been linked
in many applications in the kinetic theory of gases, the theory of radioactive transfer,
see for example [9, 1 1, 12]. The existence theorems for nonlinear integral equations
have been studied in many papers with the help of the technique of measures of non-
compactness which was initiated by Kuratowski [10]. The Kuratowski measure of
noncompactness has attracted the interest o f mathematicians working in the study
of functional equations, ordinary and partial differential equations and many other
fields. If fact, since measures of noncompactness are functions suitable for meas-
uring the degree of noncompactness of a given set, they are very useful tools in the
wide area of functional analysis such as the metric fixed point theory and the theory
of operator equations in Banach spaces (see [3, |3, 14]). In this paper, first we recall
some essential concepts and results that will be used later. Then, we give some new
fixed point theorems applying the technique of measure of noncompactness. In the
third section, we apply our results to a coupled fixed point. Finally in order to indic-
ate the applicability of our results, we study the problem of the existence of solutions
for a class of system of integral equations.

The author was supported by Department of Mathematics, Miyaneh Branch, Islamic Azad Univer-
sity, Miyaneh, Iran.

© 2018 Miskolc University Press



538 A. SAMADI

Now we recall some notations, definitions and theorems which will be needed further
on.

Throughout this paper we assume that £ is a real Banach space with norm ||.|| and
zero element 6. Let X be a nonempty subset of £. The closure and the closed convex
hull of X will be denoted by X and Convc(X), respectively. Moreover, let us denote
by Mg the family of all nonempty and bounded subsets of £ and by Ng its subfam-
ily consisting of all relatively compact sets.

The following definition of measure of noncompactness will be used in our results.

Definition 1 ([6]). A mapping i : Mg —> [0, 00) is called a measure of noncom-
pactness if it satisfies the following conditions:
(1) The family Keru = {X € Mg : u(X) = 0} is nonempty and Keryu C Ng.
(2) X O = pu(X) = n(Y).
(3) u(X) = p(X).
4 pn(Conv(X)) = pn(X).
S) A X +0=-20)Y) <Au(X)+ (A =1)u(Y) for A €[0,1].
(6) If {X,} is a sequence of closed sets from Mg such that X,,+; C X, for
n=12,...and nli,néo“(X”) = 0, then ()= ; X, is nonempty.

Theorem 1 (Schauder [3]). Let U be a nonempty, bounded, closed and convex
subset of a Banach space E. Then every continuous and compact map F : U — U
has at leat one fixed point in U.

Theorem 2 (Darbo[8]). Let Q be a nonempty, closed, bounded and convex subset
of a Banach space E and F : Q — Q be a continuous mapping. Assume that there
exists a constant k € [0, 1) such that u(FX) < ku(X) for any nonempty subset X of
Q. Then F has a fixed point in Q.

The following definitions, theorems and examples will be used further on.

Definition 2 ([7]). An element (x,y) € X x X is called coupled fixed point of the
mapping F : X x X — X if F(x,y) =x and F(y,x) = y.

Theorem 3 ([6]). Suppose p1,[U2,..., s are measures of noncompactness in
E1,E>,..., E, respectively. Moreover assume that the function F : [0,00)" —>
[0,00) is convex and
F(x1,x2,...,xp) =0ifand only if x; =0 fori = 1,2,...,n. Then

w(X) = F(u1(X1), n2(X2), ..., un(Xn))

defines a measure of noncompactness in E1 x Ey x---x E, where X; denote the
natural projection of X into E; fori =1,2,...,n.

Example 1 ([2]). Let u be a measure of noncompactness in the Banach space E
and F(x,y) = x + y for (x,y) € [0,00)2. Then F has all the properties in Theorem
3. Hence u(X) = u(X1) + u(X2) is a measure of noncompactness in the space
E x E where X;,i = 1,2 denote the natural projections of X into E.
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Now, inspired by Definition 2.4 of [ 1], the following definition is introduced which
is basic for our main results.

Definition 3. Let @ denote the class of those functions ¢ : [Rﬁ_ — R4 which satisfy
the following conditions

(61) ¢(t1,t2) = ¢ is increasing in #1 and 5.

(62) th+1 < ¢(tn,t,) implies that 1,41 < ¢, for each positive sequence {z,}.

(63) ¢(u,u) <u for each u € [0, 00).

Example 2. Let ¢ : RZ — Ry defined by
¢(t1.12) = at1 + bty
wherea+b =1andb # 1. Then¢ € ®

Definition 4 ([4]). Let F : (0,00) = R and 8 : (0, 00) — (0, 00) be two mappings.
Throughout the paper, let A be the set of all pairs (6, F') satisfying the following:

(A1) 6(ty) - 0 for each strictly decreasing sequence {¢,};

(A») Fis strictly increasing function;

(A3) for each sequence {&,} of positive numbers, lim o, = O if and only if

nll>oo
lim F(a,) = —o0;
n—0o0
(Ay) If{t,} be adecreasing sequence such thatz, — 0 and 8(z,) < F(t,)— F(th+1),
then we have Y oo |ty < 00.

Example 3 ([4]). Let F(¢t) =1In(¢) and 6(¢) = —In(a(z)) foreach ¢ € (0, 00), where
a:(0,00) = (0,1) satisfies limsupa(s) < 1, for all z € (0,00). Then (6, F) € A.

s—tt

2. SOME FIXED POINT RESULTS VIA A NEW GENERALIZED CONTRACTIVE
CONDITION

Now inspired by the existing contractive condition in [1], the main result of this
paper is stated.

Theorem 4. Let C be a nonempty bounded, closed and convex subset of a Banach
space E. Assume T : C — C is a continuous operator satisfying

0 (u(T (X)) + f (W (w(T (X)) = fPW (X)), ¥ (X)) 2.1

for all nonempty subset X of C, where | is an arbitrary measure of noncompactness
defined in E, ¥ : [0,00) — [0, 00) is nondecreasing such that y(t) = 0 if and only
ift=0,¢0e®and 0, f)e A. Then T has a fixed point in C.

Proof. Define a sequence {Cy} by letting Co = C and C,, = Conv(TCp—1),n >
1. If there exists an integer N > 0 such that u(Cy) = 0, then Cy is relatively compact
and Theorem 1 implies that 7" has a fixed point. So we assume that u(Cy,) > 0 for
each n € N. By our assumptions, we get
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OV ((Cry )+ W (Crt1)) = SO (C). Y WC)) 5 5y
< fW(r(Cn))). '

Consequently, by (A,), we have
1;”(NV(C11+1)) < W(M(Cn))

Since the sequence {y (1 (Cy))} is non-increasing sequence, there exists ¢ > 0 such
that lim ¥ (u(Cp)) = t. Now we show that t = 0. On the contrary, assume that
n—-oo

t > 0. From (2.2) we have

L2100 (u(Cit2)) = f(W (1(C2)) = f (¥ (1(Crt1)))- (23)

Keeping in mind our assumptions we have 6(¥((Cp))) + 0. So, we infer that

El-lzzi/l_le(W(M(CiJ,_z))) = oo and consequently lim f (¢ (u(Cp+1))) = —00. So,
n—>oo

by A3z we get ¥ (u(Cy)) — 0 which is a contradiction. Hence, ¥ (u(C,)) — 0

as n — 0o. Now we prove that u(C,) — 0. Since {¢/(u(Cp))} is a decreasing

sequence and ¥ is nondecreasing, we obtain that {(Cy)} is a decreasing sequence

of positive numbers. Consequently there exists 7 > 0 such that lim u(C,) =r7.
n—>o0

Since ¥ is nondecreasing, we arrive that

Y (r) < ¥ ((Cn)). (2.4)

Letting n —> oo in (2.4), we have ¥ (r) < 0. So r = 0 which implies that u(Cp,) —
0. On the other hand, since C,41 € C, and u(C,) — 0, from condition (6) of
Definition 1 we obtain that Coo = N32 | Cy, is nonempty, closed, convex and Coo € C.
Moreover, taking in to account our assumptions we infer that C is invariant under
the operator T and Cs € Keru. Consequently, from Theorem 1 we deduce that T’
has a fixed point. O

Corollary 1. Let C be a nonempty bounded, closed and convex subset of the
Banach space E. Assume T : C —> C is a continuous operator satisfying

O(u(T (X)) + f (T (X)) = f((X)) (2.5)

for all nonempty subset X of C, where | is an arbitrary measure of noncompactness
defined in E and (0, f) € A. Then T has at least one fixed point in C.

Proof. Obviously, (2.5) is a special case of (2.1) with ¥ (¢) =t and ¢ (¢1,12) = 1.
Hence, the application of Theorem 4 completes the proof. U

Corollary 2. Let C be a nonempty bounded, closed and convex subset of a Banach
space E. Assume T : C — C is a continuous operator satisfying

w(T (X)) < a(u(T(X)))u(X) (2.6)
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for all nonempty subset X of C, where u is an arbitrary measure of noncompactness
definedin E and a : (0,00) —> [0, 1) with limsupa(t) < 1 for all r > 0. Then T has
t—>rt
a fixed point in C.
Proof. By applying Corollary 1 with f(z) = In(¢) and 6(¢) = In(x(?)), the proof
will be completed. g

Corollary 3. Let C be a nonempty bounded, closed and convex subset of the
Banach space E. Assume T : C —> C is a continuous operator satisfying

(T (X)) = p(u(T (X)) (X) 2.7

for all nonempty subset X of C, where [ is an arbitrary measure of noncompactness
defined in E and ¢ : (0,00) —> [0, 1) is a non-decreasing function. Then T has a
fixed point in C.

Proof. Since ¢ is non-decreasing function, we have limsupg(z) < 1 for all r > 0.
t—r+

Thus, Corollary 2 completes the proof. U

Theorem 5. Let C be a nonempty bounded, closed and convex subset of a Banach
space E. Assume T : C —> C is a continuous operator satisfying

0(u(X)) + f((T(X))) = f(n(X)) (2.8)

for all nonempty subset X of C, where | is an arbitrary measure of noncompactness
definedin E and (0, f) € A. Then T has a fixed point in C.

Proof. Similar to the proof of Theorem 4, we can construct the sequence {Cy}
such that

0(1u(Cn)) + f((Crt1)) = f(11(Cn)), (2.9)

which yields that ;£ (C,,+1) < (Cp). So there exists r > 0 such that u(C,) — r. On
the other hand, from (2.9) we have

ST (W(Cis1)) < f(1(C2)) = f(1(Cptr)-

Now by using the technique in Theorem 4, we have u(Cy,) — 0. Therefore, taking
into account that C,4+1 € Cy, from condition (6) of Definition 1 we conclude that
Coo = N;2; Cy is nonempty, closed, convex and Coo, € C. Moreover, the set Coo is
invariant under the operator 7" and belong to Keru. Consequently, from Theorem 1
we deduce that T has a fixed point. g

Corollary 4. Let C be a nonempty bounded, closed and convex subset of the
Banach space E. Assume T : C — C is a continuous operator satisfying

w(T(X))) < a(u(X))pu(X) (2.10)
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for all nonempty subset X of C, where u is an arbitrary measure of noncompactness
definedin E and a : (0,00) —> [0, 1) with limsupa(t) < 1 for all r > 0. Then T has

t—r+

a fixed point in C.

Proof. Taking f(¢) = In(¢) and 6(¢) = In(x(¢)) in Theorem 5, the result follows.
O

Corollary 5. Let C be a nonempty bounded, closed and convex subset of the
Banach space E. Assume T : C —> C is a continuous operator satisfying

w(T(X))) < e(u(X))u(X) (2.11)

for all nonempty subset X of C, where | is an arbitrary measure of noncompactness
defined in E and ¢ : [0,00) —> [0, 1) is a non-decreasing function. Then T has a
fixed point in C.

Proof. Since ¢ is non-decreasing, so limsupg(¢) < 1 for all r > 0. Consequently,
t—>rt

applying Corollary 4 with ¢ = «, we have the result. ([l

3. COUPLED FIXED POINT RESULTS

In this section, as an application of Theorem 4 we study the existence of coupled
fixed point to a special class of operators. Let ¥ denote all functions  : [0,00) —
[0, 00) such that

(1) ¥ is nondecreasing and v (¢) = 0 if and only if ¢ = 0,
2) y(t+s)<y@)+y(s)forallz,s>0.

Theorem 6. Let C be a nonempty bounded, closed and convex subset of the
Banach space E. Assume T : C x C — C is a continuous operator satisfying

0 (u(T(X1xX2)))  +f (¥ (u(T(X1xX2))))

< 1 f@W(u(X1) + (X)) ¥ (n(X1) + M(Xz)))()3 .

for all nonempty subsets X1, X, C C, where u is an arbitrary measure of noncom-
pactness defined in E, € ¥, ¢ € ® and (0, f) € A such that

Ot +s)<0@)+06(s) and ft+s)=<f(@)+ f(s).
Then T has at least a coupled fixed point.

Proof. We consider amapping 7 : C xC — C xC defined by T'(x,y) = (T(x,y),T(y,x)).
Since T is continuous, the continuity of T is followed. From examplel, we know
that ft(X) = w(X1) + u(X>) defines a measure of noncompactness on £ x E for
any X1,X2 € C where X; = 1,2 indicate the natural projection of X into E. Let
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X C C x C be a nonempty subset. Then, due to (3.1) and condition (2) of Definition
1 we infer that

0¥ ((T (X)) + f (¥ (@(T (X))))
< O (T (X1 x X2) x T (X2 x X1))))
+ (Y (T (X1 x X2) x T(X2 x X1))))
= 0(Y (u(T (X1 x X2)) + u(T (X2 x X1)))
+ f( (u(T (X1 x X2)) + pn(T(X2 x X1)))) (3.2)
< 0¥ (u(T (X1 % X2))) + 0 (u(T (X2 x X1))))
+ [ (u(T (X1 % X2))) + f (¥ ((T (X2 x X1))))
< f(@(¥ (1(X1) + u(X2)), ¥ (1(X1) + n(X2))))
= f(@ (W @(X)), ¥ (1(X)))).

So all the conditions of Theorem 4 hold true and T has a fixed point. Hence, T has a
coupled fixed point. U

Corollary 6. Let C be a nonempty bounded, closed and convex subset of a Banach
space E. Assume T : C x C —> C is a continuous operator satisfying

O(u(T (X1 x X2))) + f((T(X1 % X2))) = f(1(X1) + p1(X2)) (3.3)

for all nonempty subsets X1,X» C C, where u is an arbitrary measure of non-
compactness defined in E and (0, f) € A such that 0(t +s) < 0(¢t) + 0(s) and
f@+s)< f(@)+ f(s). Then T has at least a coupled fixed point.

Proof. Take ¢(t1,t2) = t1 and Y = I in Theorem 6. O

Corollary 7. Let C be a nonempty bounded, closed and convex subset of the
Banach space E. Assume T : C x C — C is a continuous operator satisfying

w(T (X1 x X2)) < a(u(T (X1 x X2)))(u(X1) + n(X2)) (3.4

for all nonempty subsets X1,X» C C, where u is an arbitrary measure of noncom-
pactness defined in E and « : (0,00) —> [0,1) with limsupa(t) < 1 forall r > 0.

t—>r+

Then T has at least a coupled fixed point.
Proof. Let 8(t) = In(x(¢)) and f(¢) = In(¢). So from (3.4) we have
O(u(T (X1 x X2))) + f((T (X1 x X2))) = f((X1) + pn(X2))

for all nonempty subsets X;,X> € C. Now, Corollary 6 guarantees that T has a
coupled fixed pont. O
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4. SOLVABILITY OF SYSTEMS OF INTEGRAL EQUATIONS

This section is devoted to the study of the existence of solutions for the systems of
integral equations

x(0) = F (1, x(@(0), y@(©)).
()
O [ 09853 6.y G 5)ds)
0

4.1)
y(1) = F(1.h(t.y (@) x (@),

n()
0 [ 05055557 (60)ds).

in the space BC(R4+) x BC(R4) consisting of all bounded and continuous real func-
tions on Ry. For x € BC(R4) the norm of x is defined by | x ||= sup{|x(¢)] :
t > 0}. Now, we reacal the definition of measure of noncompactness in the space
BC(R4+) which was introduced by Banas in [5]. Fix a nonempty bounded subset X
of BC(R+) and a positive number K > 0. For x € X and ¢ > 0 put

a)K(x,s) =sup{|x()—y(@)|;t,s €[0,K],|t —s| < &},
a)K(X,e) = sup{a)K(x,s);x € X},
g (X) = limw® (X.e).
wo(X) = lim o (X).
K—o00

Furthermore, for a fixed number ¢ € R™, let us define the following equation:
X(@)={x(t);x e X},
diamX(t) =sup{|x()—y(@)|;x,y € X}.
Finally, let
W(X) = wo(X) +limsupdiam X (t). 4.2)
t—>00

Banas [5] proved that the above function is a measure of noncompactness in the
space BC(R4+). Now, the existence of solutions for the integral equations (4.1) is
studied under the following assumptions.

(1) y,a,n: R+ — R4 are continuous functions and () — oo as t — o0.
(2) The functions F : R+ X Rx R— Rand i : R4y X R x R — R are continuous
functions and there exist positive real number t > 0 such that

| F(t,x1,x2) — F(t,y1,y2) |[<e "(|x1—y1 | + | x2—y2 ),
| h(t,x1,x2) —h(t,y1,y2) |<e “(|x1—=y1 |+ | x2—=y2 ).
fort € R4+ and x1,x2,y1,Y2 € R.
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(3) The functions t — F(¢,0,0) and t — h(¢,0,0) are bounded on R4 i.e M1, My <
oo where M1 = sup{F(¢,0,0);t > 0}, M» = sup{h(z,0,0);¢ > 0}.
(4) T: BC(R+) — BC(R4) is a continuous operator such that

| (Tx)(t1) = (Tx)(12) |[= Y1 (| x(22) =x (@) D). [ (TX)(@) [sa+b | x|l

| (Tx)(1) = (Tu)(@) | < Y1 (| x (@) —u() |).

for x € BC(R4+) and 1,1 € Ry, where Y1 : Ry —> R is continuous and
nondecreasing with 1 (0) = 0 and a, b are positive real numbers.

(5) ¢:RT xRt — R is continuous on R™ x R™ and the function t —> ¢(t, s)
is nondecreasing for each s € RT.

(6) There exist continuous functions

a,b: Ry — R4 g:RTxRTxRxR— R
such that
n(t)
tlirn a(z)/ b(s)ds =0 | o(t,8)g(t,s,x,y) |<a(t)b(s),
—> 00 O

forall,s € Rt and X,y € Rsuchthats <t.
(7) There exists a positive solution rq of the inequality

2re 2  + Mae T +e F(a+br)g+ M, <r 4.3)

where g = sup{a(t)fon(t) b(s)ds;t > 0}.

Theorem 7. Under assumptions (1) —(7), Eq (4.1) has at least one solution in the
space BC(R4+)x BC(R4).

Proof. Let us consider the operator G on the space BC(R+) x BC(R4) by

G(x.)() = F(1.h(t x (@), y@(0))),
n(@) 4.4
(T)() [0 0(1.5)8 (1,5, X (7(5)), Yy ())ds).

We know that the space BC(R4) x BC(R4) is equipped with the norm

G y) 1=11x floo + 11 oo -
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On the other hand, obviously G is continuous. Taking into account our assumptions,
we infer that
| GO y)(0) | = e " (| At x(a(1)), y(a(1))) —h(2,0,0) |
n(t)
+ [ 7(2,0,0) | + | (TX)(I)/O o(t,s)u(t,s,x(y(s)). y(y(s)ds |)

+ | F(1,0,0,0,0) [ e (e " (| x(a(t) | + | y(a(®)) ])

n()
+My+(a+b| x ||)a(t)/0 b(s)ds)+ M,

<e (x| +lyD+e " Mate (a+b | x|Dg+ M.

4.5)

Consequently, from (4.5) and condition (7) we infer that G(By, x By,) < Br,.
Now, we indicate that G is a continuous on By, x By,. To do this, let & > 0 be an arbit-
rary fixed number and (x, y), (4, v) € By, X By, such that || (x,y)— (u,v) I3,

me<
%. Then, we have
| G(x,y)() = G(u,v)(@) |
<e (| h(t, x (), y(a () —h(t, u(a(t)),v(?))) |)
n()
+e (] (Tx)(t)/0 p(t,8)u(t,s,x(y(s)),y(y(s)))ds

n()
—(Tu)(t)/o @(t,5)8(t,s,,u(y(s),v(y(s)))ds |

<e 2 (| x(a(t) —u(e(n) | + | y(e(r)) —v(e()) |) (4.6)
n()
+e T (Tx)() || /0 @(r,5)(g(t,5,x(y(5)), y(y(s)))

—g(t,5,u(y(s),v(y(s)))ds |
+e T [(Tx) (1) = (Tu)(t) | x

n()
Ifo @(t,5)8 (@, s,u(y(s)),v(y(s))ds | .
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Thus, from (4.6) we have
| G(x, y)(t) = G(u,v)(7) |

<e X (|x—ul+ly-vi

n()
+e T a+b x| /0 pEEEs G IO 47

—g(t,5,u(y(s)),v(y(s))))ds |

n(t)
+e || Tx—Tu| a(z)[ b(s)ds.
0

Furthermore, by Condition (6) there exists 7 > 0 such that

n(®) e
a(t)/ b(s)ds < —. (4.8)
0 2

forallt > T.
Hence, by combining the inequalities (4.7) and (4.8), we deduce that

|G ) (O =G v)(0) | =eTet+2e (a+b]lx|)e

T 1 (Tx)— (Tu) || e~ . (“49)

Now we define the equality w7 (g, ¢) as follows:

o’ (g.8) = sup{| g(t.5.x.y) —g(t.5.u,v) |: 1 €[0.T].5 € [0.n7]: X, y,u
v € [=ro,rol, || (x,¥) — (u,v) |Bc(rRp)xBC(Ry) < €}

where
nr = sup{n(t):z € [0, T]}.
On the other hand from (4.6) for an arbitrary fixed ¢ € [0, T'] we have
|G, ) (O =Gu,v)@) | <e > (|x—ul + [ y=v)

n(t)
+e@+bl x| [o 0.0 (g.00ds | (410

n(t)
+e " lx—ul a(z)/ b(s)ds.
0

By applying the continuity of g on [0,T] x [0, nT] X [—Fo, o] X [—F0,Fo], we have
ol (g,e) = 0as e — 0. Hence, due to (4.9) and (4.10) we conclude that G is continu-
ous. Now, let 7, € Ry and X1, X, are arbitrary nonempty subsets of By,. Assume
t1,t2 € [0,T] such that | £, — 1 |< € and n(¢1) < n(t2). In view of our assumptions,
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for (x,y) € X1 x X5 we get
| G(x’y)(IZ)_G(xvy)(tl) |
<| G(t2,h(t2, x(a(12)), y(a(72)).
n(t2)

(Tx)(lz)/o @(t2,5)g(t2,5,x(y(5)), y(y(s)))ds)
—G(ty, h(tr, x(a(t1)), y(a(t1)), (T x) (1) x

n(t1)
fo (11,98 (11,5, x (7 () ¥y (s)ds) |

<e (| h(t2, x(e(t2)), y(ae(t2))) — h(t2, x (e (t1)), y(ee(t1))) |
+ [ h(t2, x(a(t1)), y(a(t1)) — h(ty, x(a(f1)), y(a(t1))) |

n(t2)

+e " [(Tx)(12) /0 9(12,5)g(12.5.x(y(5)). y (v (5)))dss

4.11)

n(t1)

—(T)C)(Il)/0 @(11.5)g(11,5,x(y(5), y(y(s)))ds |).
Thus, from (4.11) we get
| G(x,y)(t2) = G(x, y)(11) |
< e (| x(@(t2)) = x (@) | + | y(@(2) = y(@(tn)) ) + e T o, (he)

ro
n(t2)

+e (] (TX)(lz)/O 9(12,9)8 (12,5, x(y(5)). y (v (5)))ds
n(r1)

—(TX)(ll)/O @(11,9)g (11,5, x(y(5)), y(y(s)))ds |)

<e (T (x,0T (@.8) + 0T (y.0T (a.€))) + e_ta)z(; (h,e)

n(t2)

+e (| (TX)(lz)/o @(t2.5)8(12.5.x(y(5)). y (y(5)))ds

n(t1)
—(Tx)(h)/0 @(t1,5)g(t1,5,x(y (), y (v (s)))ds |).

(4.12)
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On the other hand, we have
y(t2)

| (T)C)(tz)f0 @(12,5)g(t2.5.x(y(5)). y (v (5)))ds

n(t1)

_(Tx)(tl)/(; @(11.5)g (11,5, x(y(5)), y (¥ (5)))ds |

n(t2)

<| (Tx)(lz)/0 ¢(12,5)g (2,5, x(y(s)), y(y(5)))ds

n(t2)

—(TX)(tl)/O ¢(12,5)g (12,5, x(y(5)), y (¥ (5)))ds |

n(t2)
(TR0 /0 0(12.5)g (2.5, x(1(5)). y (()))ds

n(t2)

—(TX)(ll)/O @(11.5)g(12.5.x(y(5)). y (v (5)))ds |

n(t2)

+ | (TX)(tl)/O @(11.5)8(t2,5,x(y(5)), y(y(5)))ds @.13)

n(t1)

—(TX)(ll)/O @(11.5)g(11.5.x(y(5)). y (¥ (5)))ds |

n(t2)

<[ (Tx)(12) = (Tx)(t1) || /0 ¢(12.5)g(12.5.x(y(5)). yy(5)))ds |

n(2)
+ 1 (Tx)(11) || /0 | (t2,8) —p(t1,5) || g(12,5,x(y(5)), y(y(s)))ds |

n(t

2)
+ [ (Tx)(t1) || o | o(t1,5) || g(t2,5,x(¥(5)), y(¥(5)))
N

n(t2)
—g(t1,5,x(y(s)),y(y(s) | ds < Y(w(x,e) | ¢ | a(fz)/o b(s)ds

n(t2)
F @b | % Doy(e al) /0 b(s)ds

+@a+bxlellolgeo (0e).
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Now, take into consideration (4.12) and (4.13) we have

| G(x,)(t2) — G(x,p)(t1) | < e (0T (x,0” (@,8)) + 0T (v, 07 (,¢)))
+ e_fa)z(; (h,e) +e T (Y1 (w(x,€))x

n(t2)
ol atez) /0 b(s)ds) + e (a+b | x |)x

n(2)
wy(e,.) xa(tz)/ b(s)ds

0
+e T a+bllx)lellx

gy (8.8 (1.€).
(4.14)

where

wry (g.€) = sup{] g(t1.5.x.y) —g(t2.5.x.y) |: t1.12 € 0.7,
|t1—12 |<e,s €[0,n7],x,y € [~ro,70l},

o’ (x,0" (a,6)) = sup{| x(11) —x(82) |: 11,22 € [0, T], | 1 =12 | < @ (@, 8)},
of (h.e) = sup{| h(t2.x,y) —h(t1.x.y) [: 1. €[0,T].| 1 12 |[< &

, X,y € [=ro,70]},

wy(€,.) = sup{| o(t,s)—o(f,s) 1, €[0,T],|t—1|<e},

wT(a,e) =sup{| a(t2) —a(ty) |;t2,t1 €[0,T], | t2 — 11 |< €}.
(4.15)
Moreover, in the light of the uniform continuity of the functionsg, 4 and ¢ on
[0, T]x[0,n7] X [-ro,ro] X [=T0,70], [0, T] x [ro,r0] X [=ro,r0] and [0, T] x [0, T],
we have a)Z(; (g,e) — 0, a)z; (h,e) = 0 and wy(€,.) — 0. Also because of the uni-
form continuity of «,n on [0, T] we have a)T(a,e) — 0, a)T(n,s) — 0. Now, this
remarks and the inequalities in (4.14) imply that

ol (G(X1 % X2),8) < e X (wld (X1) + of (X2)), (4.16)
and hence

wo(G(X1 % X2)) < e > (wo(X1) + wo(X2)). (4.17)
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Now, arbitrary elements (x,y), (1,v) € X1 X X, are chosen so that for € R, we
have

| G(x, »)(1) =G, v) (1) | e " (| x(a@) —u(a(@)) | + | y(a@)) —v(a@)) ]
n(t)
+e (] (Tx)(l)/o p(t.5)g(t,s,x(y(s), y(y()))ds
n(t)
—(Tu)(@) | /0 p(t,5)g(t,s,u(y(s),v(y(t)))ds) |
<e "(diamXi(a(t))+diamX,(a(t)))

n(t)
+e " ((@a+b||x|)+(c+d|u ||))a(t)/ b(s)ds.
@)
Now, using (4.18) and the notion of diameter of a set, we have
diamG(X1x X2)(t) <e “(diamXq(x(t)) +diamXa(a(t))))
n(t)
+e f((a+blx )+ (c+d | x II))a(l)/ b(s)ds.,
° 4.19)
and hence
limsupdiamG (X1 x X3)(t) < e *(limsupdiam Xy (x(t))
t—00 t—>00 (4.20)
+limsupdiam X (x(t))).
t—>00

Combining (4.17), (4.20) and (4.2) we get
n(G(X1x X2)) <e " (u(X1) + p(X2)) 4.21)
By passing to logarithms , we earn
In(u(G(X1 x X2)) <In(e™ " (1(X1) + n(X2))).
Consequently,
T+ In(u(G(X1 x X2)) =< In(u(X1) + u(X2))).

Then all conditions of Corollary 6 hold true with F(¢) = In(z) and 6(¢) = t for
all t € R4+. Consequently, from Corollary 6 G has a coupled fixed point in the space
BC(R4+)x BC(R4)). 0

Example 4. Now, we will study the following system of integral equations

R e 1T 1 t ot _e 3ty )
x(0) =™ cos (e + oS Jo ¢ arctan(g ey )ds

e —i—T 1 t ¢ —31+s
y(t) =e Tcos ((1—E|x|+|y|) +C0$(1+\y(l)|)f0 e arctan(m)ds).
4.22)

This system is a special case of the system of integral equations (4.1) with
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—t—T
F(t,x,y)=e ""Tcos(x+y), h(t,x,y) = ————,
x4 1]
(Tx)(1) = cos(———). glt.5.x.) )
x)(t) = cos(———), g(t,s,x,y) = arctan(———)),
T x0)] 8+ 1y 1 x]

p(t,s)=¢', a(t)=n(t)=y@) =t
Itis easily seen that «, 1, y satisfy the assumption (1). Further, the function F(¢,0,0) =
e~ "' is bounded with M; = e *. Also, the function | 4(z,0,0) |= e~*~7 is bounded
with M, = e~ . Since F(t,x,y) = e ""Fcos(x + y) and h(t,x,y) = %,
then, for all € R4 and x1,x3,y1,y2 € R, we have

| F(t.x1,y1)— F(t,x2,y2) |<e * (| x1—x2 |+ [ yi—y2]),

| A(t,x1,y1) —h(t,x2,y2) [Se (| x1—x2 [+ | y1 =2 ]).
Consequently, F and h satisfy the assumption (2). In this example
(Tx)() = cos(m) verifies assumption (4) with a = 1,b = 0 and ¥ = ¢.
Moreover, assumption (5) holds with ¢(z,s) = e’. On the other hand, for all 7,5 € R
and x,y € R with s <, we get

| o(1.5)g(t,5,x,y) |< e
Thus, assumption (6) holds with a(t) = e~2* and b(s) = e®. Consequently, the ex-
istent inequality in assumption (7) has the form

2re T+e T4 T <

It is easily seen that the last inequality have a positive solution. Consequently, all the
conditions of Theorem 7 are satisfied and Theorem 7 guarantees that the system of
integral equation (4.22) has at least on solution in the space BC(Ry) x BC(R4).
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