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Abstract. Here, our first aim to establish a new identity for differentiable function involving
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1. INTRODUCTION

In recent years, the Hermite-Hadamard inequality, which is the first fundamental
result for convex mappings with a natural geometrical interpretation and many ap-
plications, has drawn attention much interest in elementary mathematics.

The inequalities discovered by C. Hermite and J. Hadamard for convex functions
are considerable significant in the literature (see, e.g.,[ 1 7, p.137], [7]). These inequal-
ities state that if f : / — R is a convex function on the interval / of real numbers and
a,b € [ with a < b, then

b
f(aer)Sﬁ/f(x)dxiw- (L.1)

2

Both inequalities hold in the reversed direction if f is concave.
In [12], U. S. Kirmaci give the following identity and using this identiy, obtain
some bounds for the left hand side of the inequality (1.1)

Lemma 1. Let [ : I* — R be differentiable function on 1*, a,b € I* (I* is
interior of I ) witha < b. If f' € L[a,b], then we have
b

1 a+b
m[f(t)dt—f( ' ) (12)

a
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1

1
=(b—a) /tf’(ta+(1—t)b)dt+/(1—t)f’(ta+(1—t)b)dz

0
2

Over the last twenty years, the numerous studies have focused on to obtain new
bound for left hand side and right and side of the inequality (1.1). For some examples,
please refer to ([2,4,6-8, 14, 15,18, 19,24])

In the following we will give some necessary definitions and mathematical pre-
liminaries of fractional calculus theory which are used further in this paper.

Definition 1. Let /' € L;[a,b]. The Riemann-Liouville integrals J;*, f and J;*_ f
of order o > 0 with a > 0 are defined by

: /x (x—0)*"1 f()dt, x>a

Jar  f(x) = @)

and
1 b
JE f(x)= —/ (t—x)*"L f()de, x<b
0TI = Ty ), !
respectively. Here, I"(«) is the Gamma function and J, L? L) =1 l?— fx)= f(x).

It is remarkable that Sarikaya et al.[22] first give the following interesting integ-
ral inequalities of Hermite-Hadamard type involving Riemann-Liouville fractional
integrals.

Theorem 1. Letr f : [a,b] — R be a positive function with 0 <a <b and f €
Lyla,b]. If f is a convex function on [a,b], then the following inequalities for frac-
tional integrals hold:

fa)+ f ()

at+b\ _ T+l , o
f( 5 )_2(b_a)a e f o)+ T f@)] = ———— (13)

with a > 0.

Sarikaya and Yildirim also give the following Hermite-Hadamard type inequality
for the Riemann-Lioville fractional integrals in [23].

Theorem 2. Let f : [a,b] — R be a positive function witha < b and f € L1 [a,b].
If f is a convex function on [a,b], then the following inequalities for fractional in-
tegrals hold:

a+b 297 1M (@ + 1) o . @)+ Fb)
f( 2 )S b—a)* {J(u-;b)—i_f(b)—*_'](u—;b)_f(a)}Sf,

(1.4)



NEW GENERALIZED MIDPOINT TYPE INEQUALITIES FOR FRACTIONAL INTEGRAL 783

Whereupon Sarikaya et al. obtain the Hermite-Hadamard inequality for Riemann-
Lioville fractional integrals, many authors have studied to generalize this inequal-
ity and establish Hermite-Hadamard inequality other fractional integrals such as k-
fractional integral, Hadamard fractional integrals, Katugampola frtactional integrals,
Conformable fractional integrals, etc. For some of them, please see ([1,3,5,9,11,13,

,20,21,25-27]). For more information about fraction calculus please refer to [10].

In the following section, we establish some new generalized midpoint type in-
equalities for Riemann-Liouville fractional integrals.

2. GENERALIZED MIDPOINT INEQUALITIES FOR RIEMANN-LIOUVILLE
FRACTIONAL INTEGRAL OPERATORS

First, we give the following lemma which will be used frequently later.

Lemma 2. Let f :[a,b] — R be a differentiable mapping on (a,b) with a < b.
If f' € Lla,b], then for all x € [a,b] the following equality for fractional integrals
holds:

%[(x—a)l‘“Jg_f(a+b—x)+(b—x)1 I fla+b-n)] @D
— fla+b—x)
1
(x %) / @) £ (th+ (1—1) (@ +b—x))di
0
1
(b X)

+ /t —1) f'ta+(1—1t)(@a+b—x))dr.

0

Proof. Integrating the by parts, we have

1
/ ) £ (th+ (1—1)(a + b—x))dt 2.2)
0

Frab+(—=t)(a+b—x)|

= (1-1%)

1

/t"“lf’(tb+(1—z)(a+b—x))dz
a

0

(04
+
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b

_ Jla+b—x)  TI'(l+a) B L e-l

= o +(x—a)a+1 +b/ wu—(@a+b—x)*"" f(u)du
fla+b—x) F(l—l—cx)

-t )oH-l & fla+b—x).

Similarly, we get

1
/t —1 f(ta+(1—t)(a+b x))dt (2.3)
0

b— (1
_f(ab+_x x) (b( -I)-aotJr)1 JE fla+b—x).

By the identities (2.2) and (2.3), we obtain the required result (2.1). O

Theorem 3. f :[a,b] — R be a differentiable mapping on (a,b) with 0 < a < b.
If | f'| is convex on [a,b] for some fixed q > 1, then for all x € [a,b] following
inequality for fractional integrals holds:

‘ng_—tll) I:(x_a)l_a Jl;x_f(d+b—X)+(b_x)1 aJ +f(a—|—b x)] (24)

—fla+b—x)|

(o )}’[(x_a)z[f/(b)“rf/(wrbx)q]‘l’
b—a\ap+1 2

+(b—x)2 [lf/(a)lq + f2,(61+bx)|q:|q:|

1,1 _
where »ts= 1.
Proof. By the Lemma 2, we have

%[(x—a)l_aJlf‘_f(a+b—x)+(b—x)1 *J¢ fla+b— x)] (2.5)

—fla+b—x)|

1
N2
5();—? /ll_z“|}f’(tb+<1—f><a+b‘x”’dt
0
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(b—

1
)2 o /
+ b_’; /|t — 1| f (ta+ (1 —1)(@+b—x))|dr.
0

Using the Holder’s inequality and convexity of | f|, we obtain

1

/|1—z°‘|\f’(:b+(1—z)(a+b—x))|dt (2.6)
0
1 P 1 q
<| | n=t*?dr |f'tb+(1—1)(@a+b—x))|"dt
/ /
1 ? 1 é
< /(l—t”“)dt /[z\f/(b)\q+(1—z)\f’(a+b—x)}q]dz
0

0

N =

(If’(b)lq +1/'(a +b—x>|q)3f
' .

(%P
“\ap+1

Here we use
(A-B)? < A7 - B4,
forany A> B >0and g > 1.
Similarly we have
1
/|z“—1|\f/(ta+(1—r)(a+b—x))\dz 2.7)
0
<( ap );(If’(a)lq+|f’(a+b—x)lq)5
“\ap+1 2

If we substitute the inequalities (2.6) and (2.7) in (2.5), then we obtain the desired
result. O

Corollary 1. Under assumption of Theorem 3 with x = a;b , we have the follow-

ing inequality

271+ 1) [,y ,(a+h o fath a+b
Tomar [ () s ()] (7)) e

(e’ (3|f/(a)|q+|f/(b)|q)‘l’+(3|f’(b)|q+|f/(a)lq)‘1'
— 4 \ap+1 4 4
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Sb—a ( 4ap

4 ap+1)p [/ @] +[r" @]

Proof. The proof of the first inequality in (2.8) is obvious from the convexity of
| #/|. For the proof of second inequality, let a; = 3| f' (a)|?, by = | f' (b)|?, as =
| " (a)|? and b, = 3| £’ (b)|?. Using the fact that,

n

n n
Z(ak—i-bk)sza;i—l-Zb;z, 0<s<l1

k=1 k=1 k=1
the desired result can be obtained straightforwardly. g

Theorem 4. f : [a,b] — R be a differentiable mapping on (a,b) with 0 <a < b.
If | f'|7 is convex on [a,b] for some fixed q > 1, then for all x € [a,b] following
inequality for fractional integrals holds:

'ng_tll) [(x_a)l—ot JE fla+b—x)+(b-x)'™ J§‘+f(a+b—x)]

—fla+b—x)|

1 a 9
<
“b—a (a+1)
1

X|:(x—a)2( o ‘f,(b)|q+|:(0l+1)(0l+2)_2:||f/(a+b_x)‘q)q

2(ax+2) 2+ 1) (x+2)

He-" (L 7@l + [((H 1)(a+2)_2] |f/(a+b—x)“1)q:|.

2(ax+2) 2+ 1) (x+2)

Proof. By the Lemma 2 and the power mean inequality, we have

— (=)' ™ T fla+b—x)+(—x)""" I fla+b-x)] @9)
—fla+b—x)|

‘F(a—l—l)

(x—a)®
b—a

=

1
/|1—t“|}f’(tb+(1—t)(a+b—x))\dt
0

+

1
)2
(bb_);) /|t°‘—1||f/(m+(1—z)(a+b—x))|dt.
0
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1

2 1 q
S();__C;) (/|1t“dt)
0

1 7
X (/l—t"‘|f’(zb+(1—t)(a+b—x))}qdz)

0

1—1

2 1 q
+(bb_);) (/t“—1|dt)

0

1
x (/t“—l|f’(ta+(1—z)(a+b—x))|th)
0

Using the convexity of | /|, we obtain

1
q

1
/|1—z“|}f/(zb+(1—z)(a+b—x))\‘1dz

1
/ (1—1%) \f/(b)\q+(1—t)\f/(a+b—x)}q]dt
0

(@+1)(@+2)—2
20+ 1) (@ +2)

B[+ [ }|f/(a+b—x>\q

2(a+2)
and similarly we have
1
/|t°‘—1| |/ (ta+(1—1)(a +b—x))\th
0
(a+D(ax+2)-2
2@+ 1) (x+2)

q / q
< @l ] R

which completes the proof.

+b

787

O

Corollary 2. Under assumption of Theorem 4 with x = < 5 » we have the follow-

ing inequality

27 1P+, a+b a+b a+b
Sarar L (50) s (557) ] (57)
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b—a o =7
<
- 4 oa—+1

X[( a e +5) |f,(b)|q+|:(a+1)(0l+2)—2i||f/(a)|q)q

4(a+1)(x+2) 4(a+1)(x+2)

+( o (Ba+5) |f,(a)|q+[(a+1)(a+z)—2}’f,(b”q)q]

4+ 1) (x+2) 4+ 1) (x+2)

Theorem 5. f :[a,b] — R be a differentiable mapping on (a,b) with 0 <a < b.
If | f'| is concave on [a,b] for some fixed q > 1, then for all x € [a,b] following
inequality for fractional integrals holds:

'F}()a_—;l) [()C—61)1_11Jl‘;‘_f(a—i-b—x)+(b—x)1 *JE fla+b— x)]
—fla+b—x)|

1 op » 2| o fa+2b—x S| . (2a+b—x
sb_a(aHl) [(x—a) f( . )+(b—x) f( . )]

1,1 _
wherea—F;—l.

Proof. By the Lemma 2 and the Holder inequality, we have

‘Féa—zl) [(x_“)l_aJg—f(“”—x”(b—x)l gy fla+b— x)]
(2.10)
—fla+b—x)|

1
2
5();__62 /Il—t“I |/ (tb+ (1 =1)(a+b—x))|dt
0

1
2
(bb_’;) /|t“—1||f/(za+(1—z)(a+b—x))|dt

2 ! % ; é
(x - (/ (1—1%) ) (/}f/(tb‘i'(l—t)(a—i_b_x»th)
o 0
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2} s é
(bb__);) /(l—ta)pdt /|f/(ta+(1—f)(a+b_x))|th
0

0

Since | f/| is concave on [a, b], by using Jensen integral inequality, we obtain

1
/\f’(zb+(1—z)(a+b—x))}qdz 2.11)
0

1

:/to\f’(zb+(1—z)(a+b—x)){qdz
0

q
1 1

/z“d: ! %/ro(thr(l—t)(aer—x))dt
0 [0t o
0

,(a+2b—x\|?
()

and similarly,

IA

2.12)

f,(Za +2b—x) 1

By substituting the inequalities (2.11) and (2.12) in (2.10) and using the fact that

1
/}f’(ta—i—(l—t)(a-i—b—x))}th <
0

1

1
/1—t Par < / t”“ dt = ap,
ap+1
0 0

we obtain the desired result. t

Corollary 3. Under assumptions of Theorem 5, if we choose x = a+b , then we
have the inequality

e () e n (3] (45)

()]

(o) ()1
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Theorem 6. f :[a,b] — R be a differentiable mapping on (a,b) with 0 < a < b.
If | f'|? is concave on [a,b] for some fixed q > 1, then for all x € [a,b] following
inequality for fractional integrals holds:

‘an_tl) [(x—a)“"‘ JE fla+b—x)+b-x)"""J% f(a +b—x)]

—fla+b-x)|
1 o \27 ol o (20 (@+2)b+ @+ D(@+2)—2](a—x)\|?
- (oH—l) [(x‘“) f( 2a+2) )
i
‘F(OI—FI)

2| o f20(@+2)a+[(a+1)(a+2)—=2](b—x)
+ =027 s )
o [(x—a)l_aJl‘;‘_f(a+b—x)+(b—x)1_°‘Jt‘l"+f(a—|—b—x)} (2.13)
—fla+b—x)|

1 1
v F e 7]
5();)_[;) (/|1—t“|dr) (/;1-;“||f’(zb+(1—r)(a+b—x))|‘1dr)
0

0

2 1 1_5 1 %
0

0

Proof. From the ineqauality (2.9) we have

Since | f/|? is concave on [a, b], by using Jensen integral inequality, we obtain

1
/|1—t“|\f’(zb+(1—z)(a+b—x))|th
0

0

1 1
<(/(1—t“)dz)f’ —/ (1=t%) @b+ (1 —t)(a+b—x))dt
f(l—t“)dzo

‘f (201(a+2)b+[(a+ 1)(a+2)—2](a—x)) a
oc+1 2(a+2)

and similarly,

1
/|z°‘—1|\f’(ta+(1—t)(a+b—x))\th
0
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.« f’ 2o (@ +2)a+[(a+1)(a+2)—2](b—x)\ |4
Ta+1 2(x+2)
This completes the proof. 0
Corollary 4. Under assumptions of Theorem 5 with x = “;b, then we have the

inequality

27 P+, ,(a+b o a+b a+b
(b—a)" [”Ff(_5_)+*”f( 2 )]‘f( 2 N

B (ail)z—é (b;a) [ f,(a(3a+5)b+[(a+ 1)(a+2)—2]a)

4(a+2)
(o Ba+5)a+[(@+1)(a+2)—2]b\]|?
7 da+2) )]
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