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Abstract. In this paper we discuss the multilinear commutators of singular integral operators on

spaces of homogeneous type. By using Holder’s inequalities and the (L7, L) type bounded-

ness of fractional integral operators on spaces of homogeneous type, we obtain that this kind

of multilinear commutators is bounded from L? to L9, from L? to Triebel-Lizorkin spaces

and from H ; to L?. We also establish their (H KZ’”E, ng’p ) type boundedness on spaces of
1

homogeneous type.
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1. INTRODUCTION

As a development in the theory of singular integral operators, their commutators
have been extensively studied in recent years. The results are plentiful and substan-
tial. For instance, let b € BMO(R") and let T be a Calder6n-Zygmund operator. A
classical result of Coifman, Rochberb and Weiss(see [9] states that the commutator
[b,T] is bounded on L?(R") (1 < p < 00). Chanillo (see [5]) proves a similiar res-
ult when T is replaced by fractional operators (see [7, 16]). The main purpose of this
paper is to consider the continuity of the multilinear commutators associated with
singular integral operators and Lipschitz functions in certain Hardy and Herz-Hardy
spaces defined on spaces of homogeneous type. We also obtain the boundedness of
the commutator [b, T'] generated by a singular integral operator 7 and a Lipschitz
function b on Hardy and Herz type Hardy spaces. Not only that, we prove that this
commutator is bounded from Hardy spaces to weak Lebesgue spaces and from Herz
type Hardy spaces to weak Herz spaces.

First of all, let us introduce some definitions (see [1-0,8, 14, 15]).
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Give a set X, a function d : X x X — R7T is called a quasi-distance on X if the
following conditions are satisfied:

(i) forevery x and y in X, d(x,y) > 0and d(x,y) =0if and only if x = y,
(ii) forevery x and y in X, d(x,y) =d(y,x),
(iii) there exists a constant £ > 1 such that

d(x,y) <k(d(x,z)+d(z.y)) (1.1)

for every x,y and z in X.

Let i be a positive measure on the g-algebra of subsets of X which contains the
r-balls B(x,r) ={y :d(x,y) <r}. We assume that  satisfies a doubling condition,
that is, there exists a constant A; > 1 such that

0<u(B(x,2r)) <Aju(B(x,r)) <oo (1.2)

holds for all x € X and r > 0.

A structure (X, d, ), with d and u as above, is called a space of homogeneous
type(Coifman and Weiss type). The constants k and A in (1.1) and (1.2) will be
called the constants of the space.

From (1.2), we can say that there exists a constant 79 > 1 such that A; < 2" in
other words, there exists a constant 79 > 1 such that pu(B(x,2r)) < 2"°u(B(x,r)).

We say that (X, d, ) satisfies a reverse doubling condition, that is, there exists a
constant A, > 1 such that

0< Ay (B(x,r)) < u(B(x,2r)) < oo (1.3)

holds for all x € X and r > 0. It can be proved that, under some general additional
geometric assumptions on the space (X,d), (1.3) is actually a consequence of the
doubling condition on wu (see [16]).

Definition 1 (see [12]). Letd > 0and 0 < 6 < 1. A space of homogeneous type
(X, p,1t)q,0 1s a set X together with a quasi-metric p and a nonnegative Borel regular
measure ¢ on X with supp £ = X and there exists a constant Cy > 1 such that for all
0 <r < diamX and for all x,x’,y € X,

1(B(x,r)) ~r?

and
lo(x,y) = p(x’, )| < Cop(x,x")0[p(x, y) + p(x’, )] 7.

In this paper, we will consider this particular class of spaces of homogeneous type
which satisfies the definitions of Coifman and Weiss and we will use (X, p, i) 4,9, too.
Moreover, in [13], Macias and Segovia have proved that in the sense of equivalent
topology, a space of homogeneous type in the sense of Coifman and Weiss is a space
of homogeneous type in the sense of Definition | with d = 1 and 6 € (0, 1).
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Definition 2. For 8 > 0, the Lipschitz space Lipg(X) is the space of functions

such that
|l f(x)—f (y)l

fllLips =
PP ex plx,y)P
XF#y

where p is the quasi-distance.

Given a positive integer m and 1 <i < m, we denote by C;”* the family of all finite
subsets 0 = {0 (1),...,0(i)} of {1,...,m} with i different elements. For o € C/",

set 0¢ ={1,...,m}\ 0. Let b= (b1,....bm) and 0 = {0 (1),...,0(i)} € C/", set
Ea’ = (bg(l), ... :bo(i)) and by = bg(l) .. .bg(l-). With this notation, if ﬂa(l) + -+
B (i) = Bo» we write

1Bolzingy = Bollzing, ., - IBowllLing, -

For the product of all the functions, we simply write

|b ||Ltp5 1_[||b ||Llp3 s

i=1
where ) /%, Bi = B.

Definition 3. Let 7" be the singular integral operator

T(f)(x) = /X K(r.y) fFO)dp(y).

where K is a locally integrable function on X x X\{(x,y)| x = y} and satisfies the
following properties:

C
D |[K(x,y)| < ’
(1) |K( y)l = u(B(x.d(x,y))) .
(2) there exists a pg, 1 < pg < 0o, such that 7' is bounded on L?°(X),

3) |K(x.y)— K(x.y)| + |K(y.x) — K(y/'.x)| < C d(y.y')" ,
T w(B(y,d(x,y)))d(x,y)°
when d(x,y) > 2d(y,y’), with some § € (0,1].

Similary to the definitions of other commutators, we introduce the definition of
the commutator generated by a singular integral operator of Definition 3 and by a
Lipschitz function as follows.

Definition 4. Letb = (b1,...,bm) be a finite family of locally integrable functions
with b; € Ag(X),1 <i <m andlat T be the singular integral operator. then we define
the multilinear commutator as follows:

To(f)(x) = / [T(6: ()= b1 K Ge.3) £ ().

i=1
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Note that when b1 = -+ = by, T]-J» is just the m™ order commutator. It is well
known that commutators are of great interest in harmonic analysis and have been
widely studied by many authors (see [1—4, 6, 8]).

We prove the boundedness ofthe commutator TE on Lebesgue spaces in the following
section.

2. BOUNDEDNESS FROM L?(X) 1O L4(X)
In this section, we obtain the following results.

Theorem 1. Let b; € Lipg (X), 1<i <m, Y- fi=p0<B<landl/q=
1/p—pB. Then Ty is bounded from L?(X)to L1(X).

Theorem 2. Let b; € Lipg. (X), 1<i <m, YL fi=B0<B<landl/q=
1/p—B. Then T is bounded from LY(X) to weak LY/ =) (X).
To prove the above results, we use the following lemmas.

Lemma 1 (see [10]). LetO<pB <1, f € LP(X)and 1/q=1/p—pB. Then Ig is
bounded from L?(X) to L1(X).

Lemma 2 (see [13]). LetO<pB <1, f € LP(X)and1/q=1/p—p. Then Ig is
bounded from LY(X) to weak LY/~ (X).

Here 14 is the fractional integral operator.

Proof of Theorem [ and 2. By Definition 4 and Definition 2, for any x € X, we
have

1 T5(f) ()] S/X1_[I(bi(X)—bi(y))lIK(x,y)IIf(y)Idu(y)

i=1
i bi(x) —b; A
= [ 11 (s;p Wm,yw:) K I 0ldi)
i=1 \*7Y )
O
n(Br.d ey M
< ||5||Lip5/X /)] )l_ﬁdu(y).

pn(B(x,d(x,y))
So, by Lemma 1 and Lemma 2,

IT5(H)ILe < ClIblILips 1p(1f Dllza < CUBIILipsIf1ILr,

< 11BILi, /X d(x, )P

and

u({x e X T;0H01> 4) = u(

A
x e X [Ig(lf D) > a—})
ClIblILipg
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M\ 1\
< (bl ) e (1)

Thus we have finished the proof of the theorems. O

3. BOUNDEDNESS FROM L?(X) TO TRIEBEL-LIZORKIN SPACES

In this section, we are going to show that the multilinear commutator of a singular
integral operator is bounded from L2 (X) to Triebel-Lizorkin spaces.

Theorem 3. Let b; € Lipg. (X), 1 <i <m, Y ;- Bi =B, 0<p <8/ng and
1/q =1/ p—B. Then Ty is bounded from L (X) to Fj*>(X).

To prove above theorems, we use some Lemmas.

Lemma 3 (see [13]). Let0 < B8 < 1, 1 < p < 00, we have

1
1l ppee = lstp—ig [ 17~ foldnolls

) 1
= llsupin s [ 1700 el

Lemma 4 (see [13]). Let()<,8<1 1 < p < oo, we have

11 Liny = (B)Hﬂ / /() — faldpa(x)

1/p
=supu<B)—ﬂ[ /If() fB|Pdu(x>] .
B

(B)

Lemma 5 (see [13]). Let balls B1, B, with B; C B».
Then | f8, — f8,] < C|| flLips1(B2)P.

Proof of Theorem 3. Fix aball B = B(xo,r) and X € B. Set EB =
((b1)B.- .. (bm)B), where (b;)p = t(B)™" [pbi (y)du(y), 1 <i <m. Write f =
Si+ fawith fi = fxop and f> = fx@2B)c, then we have

T3(N)x) = / l—[(b (xX) =bi () K(x,y) f(y)dp(y)

i=1

/ ]_[((b (x) = (bi)B) + ((bi)B —bi (¥) K (x.y) f(y)du(y)

i=1

<CZ 3 (1" (b(x)—bp)o / (b(y) = bB)oe K(x,y) f(»)dp(y)

i=00eC”
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< C [ - 0BT x)

i=1

m—1
+ 3 3 (=" b(x) —bp)o T((b—bp)oe f)(x)

i=1geC/"
+ (DT ([ [ i — b)) £)().
i=1

So, let ¢ = T([]7L (bi — (bi)B) f2)(x0)- It is easy to see now that

1
W | 1m0 —clauc)

M(B)1+ﬂ / 1 T5(f)(x) = T(]_[(b —(bi)B) f2)(x0)|dp(x)

C
< ——75 | ] [Gi(x)=Gi)p)T(f)(x)|d(x)
u(B)I*P /B l=1_[1

C m= L o
+,u(B)1+/3/B|Z Y (b(x)=bp)sT((b—bB)oe [)(x)|dpu(x)

i=1cgeC/"

s ) |T(1‘[(b ~50)5) ) dp()

M(B)Hﬂ f T (H(b (x)— (bi)B) f2) (x) — T(H(b — (bi)B) f2)(x0)|dj(x)
_1+II+III+IV

For the term /, by Lemma 4 and by Holder’s inequalities with exponent 1/¢g; +--- +
l/gm+1/g=1,9>1,q; >10=1,..., m), we have

C " ‘ .
= Will(/li |bi (x) — (bi) |9 dpu(x)) /4 (/B IT(F)(x)|[Tdp(x))

< ClIbllLipsMq(IT (fID(X)
For the term /1, by Lemma 4, by Holder’s inequalities with exponent 1 /s +1/s" =1,
1/g+1/q' =1and by the L?(1 < p < oo) boundedness of 7', we have

C
M(B)1+/3 Z >, /|(b(x) bB)oT((b—bp)sc [)(x)|du(x)

i=1oeC/"
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1/q'
/L(B)H‘ﬂ Z Z (/ |(b(x) —bp)o? d,u(x))

i=1oeC/"

N 1/q
x ( /B |T((b—bB)acf)(qu(x))

m—1

<C Z Z M(B)—B+ﬂa(1)+~~+ﬂa<n||50||Ll.p6

i=1 aeCl.m

1 5 R ; 1/q
« (@ /B (B =)o £(0) du(X))

m—1

<C Z Z H(B)—ﬂ+ﬂa(1)+-~-+ﬂa<n||b0||Ll.pB

i=1 o'eC.m

a 1/s'q . 1/sq
(g [ 16@=bmtdn) (o [ 1rmpanc)

= C||b||Lip3qu(f)(x)~

For the term /71, by the L?(1 < p < 0o) boundedness of 7 and by Holder’s in-
equalities with exponent 1/s1+---+1/sp,, +1/s=1,5; > 1,i =1,..., m,s > 1, we
have

117 < (B)Hﬂ /| |T(1‘[(b — (b)) ) () ()
<Cu(B)” ﬂ(ﬁ |T(1_[(bi—(bi)B)fl)(x)|qXBdM(x))1/q
< Cu(B)~ ﬂ(ﬁ H(b (x) = (bi)B) [ (X)|7dpu(x)) "/

<01‘[u< YA / (b1 () — (b)) | Tdpa (x)) 15

w(B)
sq 1/sq
— L L@ anto)

< Cl1bl|Lips Msq () ().
For the term 1V, by Holder’s inequalities with exponent 1/¢’ +1/q = 1, we get

[ TG0 = G0mlIK 5.) = Kol o0l dia()
i=1



208 CHEN YUE AND LIU LANZHE

|m| d(x, x0)°
_/(23)0i=1|( (y) ( )B)ld(xO,y)S,LL(B(X(),d(xO,y)))|f(y)| /L(y)

o0

- d(x,xo)° o _
<Y G B g LG~ GODI 0l )

= d(x,x0)°

Ecz(zkr)g (2kB)Z Z |(b2k+lB—bB)Uc|

i=00eC/"

<[ o 1B =Byt )all FDNR)
2k+1

o0

d(x,x9)®
=C Z (2kr)8}L(()2kB) Z Z |(b2k+lB _bB)O‘C|

i=00eC]”

x( /2 e [P0 =baiei o | dpa ()7 ( /2 o O

d(x,x0)°
=¢ kZl Z(,Zcm @F ) (2F B)

x ||boe | Lipy (2K B)YPoC (¥ H1 BY || || s My (| £ )(F) (21 B)

o  d(x,x0)’

< ClIblILip, My (f)( )Zm

(2k+1 B)l-i-ﬂ
SO,

o §
1V < CllblIzips Mg (/) ®) —— 15 Z,U«( gyt [ ()

u(B)1Hh B (2Fr)’ (2K B)

< Cl[bl|Lips My (f)(F) Z 27k 1 (B) P 2k B)P
k=1

e}
< ClIb|Lips My (f)(%) Y 2knotB=d/n0)
k=1
< Cl|bl|Lips Mq(f)(X).

We put these estimates together, by using Lemma 3 and taking the supremum over
all B such that X € B, we obtain

Sl ppee = Cl1bl1Lips (IMg(T(NNILe + || Mqs (] +11 Mg (£)]]Lr)

< ClIbllLipgll fllLr
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Thus we have finished the proof of the theorem. U

4. BOUNDEDNESS ON HARDY SPACES

In this section, we discuss the boundedness of the multiliner commutator Tg gen-

erated by the singular integral operator 7' and the Lipschitz function b on Hardy
spaces.

First, let us review the atomic decomposition of Hardy spaces, which is important
in the study the boundedness of operators.

Definition 5. Let b; (i = 1,---,m) be locally integrable functions and 0 < p < 1.
A bounded measurable function a(x) on X is called a (p,b) atom, if

(1) supp a C B = B(xg,r),
(2) llallpee < w(B)~VP,
3) Jpadu(y) = [ga([lieq bi(y)du(y) =0forany o € C/*. 1< j <m.

A tempered distribution f is said to belong to the atomic space H 5 (X), if, in the
Schwartz distribution sense, it can be written as f(x) = ) ; A;a;(x), where a; are
(p,l;) atoms, A; € C and Y ;|A;|? < oo. Moreover, || f||gr = inf(>_; |A:|P)V/?,
where the infimum are taken over all of the above decompositlions of f.

Theorem 4. Let b; € Lipg (X), 1<i<m, Y ;- fi=B0<p<1,0<p=<l
and 1/q =1/p—B. Then T is bounded from H;(X) to L1(X).

Theorem 5. Let b; € Lipg (X), 1 <i <m, Y ;- Bi =B, 0<p <8/ng and
0<p <1 Then Ty is bounded from HEI/(H'S)(X) to weak L' (X).

Proof of Theorem 4. By a standard argument, it suffices to show that there exists
a constants C > 0 such that ||TE (a)||L« < C for each (p,b) atom a.

1T (@)llze < ( / |75 (@) ()9 dpa(x)) V7 4 ( / T (@) ()| dpu(x)) 2
2B (2B)¢
=I+1I
For the term 7, taking g > 1, by Holder’s inequality and by Theorem 1, we get
I < ClIT;@lls = ClIblILipyllallLy < ClIblILipsllallLee - n(B)/? < C.
For the term 117, for y € B,x € (2B)¢, by the vanishing of the moment of a and by

Holder’s inequalities, we get

1T (@)(x)| = /B [T1: @) - oMK laldu)

i=1
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= [ TG/ =B G0+ 01 )= ()
i=1

|K(x,y)— K(x,x0)|la(y)|du(y)

3

< [1bix)—b; (xO)If |K(x,y) = K(x,x0)lla(y)|dp(y)

i=1

+Z 3 () ~b(x0)s]

i=1cgeC/"

[B IB() =B (x0))oe 1K (x. ) — K(x.x0) [a ()| dpe(v)

+ /B [T 18: () = bi oK (x. ) = K(x, x0)lla () dps ()
i=1

76

<C
d(x x0) ju(B(x0,d(x,x0)))

£ S WBollLimgple.xo) | Voallingply-x0) = la() da(r)

i=1cgeC/"

+ /B 111119y 03 50)P la (1)}
§

A

AN Lipyp(x, x0)P|al| oo e (B)

r

<C
d(x,x0)? (B (xo,d(x.x0)))
]

1b]|Li pyp(x, X0)P ||a]| oo jt(B)

r

¢ 5 i , B B l/p”
= d(vaO)aﬂ(B(xo,d(x,xo)))” ||L po(X xo) M( )

so, we have

q _ . q
o= [ @

VSq fd ’
SC/ b2, o(x.x0)P9 (B P du(x
(2B)¢ d(X,Xo)’qu(B(XO,d(X,Xo)))qH Lip,P (X X0) ™ 1(B) Hex)

00 8q
71 r k p\Ba a/p’
§C||b||LikaZ/2k+lB (zkr)gqu(sz)ql’L(2 B)?1u(B) P du(x)

—1
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oo
< ClIbII 1y, D27 u(BYYP (@  ByI D)
k=1
< ClIbIIZ,p,

Thus, we have finished the proof of the theorem. 0

Proof of Theorem 5. By the atomic decomposition, we know that there exist (1/(1+
B),b)—atom a;, supp a; € Bj = B(x;,r;), so, we obtain that

175Nl < / To(f)(x)dp(x) + [ To (/) (0)dp(x)
2B; (2B)¢
=M+ M.
For M1, by the Minkowski and Holder inequalities, by the (L?, L?)-boundedness of
T and by Definition 1, we have

Mmi=c Y 1 [ 1T () (o) ldpa ()

j=—00

<c 3wy | / [T 16169~ B G llas Ol )

Jj=—00 B; i=1
¢y / / 1811 Cro )P 1K o)ty () it () e (0)
Jj=—00

< Cllgllupﬁ Yo I[ d(x,x0)P |T(a;)(x)|dpe(x)

]_

< ClbllLip, Z 1 NT @) | (2B P

j=—00

o0
<ClibllLips Y |AjlriPllajllLop@B)"?

j=—00
(oS

<Clbllipy, 3 Ayl
j==00

For M5, similary to case I in Theorem 4 and by Definition 5, we have

T;:(f)(x) <C Z Y H|b (x) —bi (xo)| / |K(x. )= K(x.x0)|la; (1) du(y)

j=—00 i=1
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o0 m—1
+ 3G Y 1)~ b(xo)ol

j=—00 i=1 O’GCl-m

160~ Bxaor 1K e, = K o) lay () ldtr)

£ 3 |H / 1B () — by (x0) | K (6. ) — K (v x0) [y (0)|da ()

j=—o0

8

rj 5 ‘ . |
< CJ;OOM ||b||szB d(x,x0)3 L(B(xo,d(x, 0)))P(X,X()) l|aj||Loe u(By)
8
rj P s
< CJ_X_:OOM ||b||szB d(x XO)BM(B(XO d(x, XO))),O(x,xO) w(Bj)~F,

SO,

o0
My<C > [Aj|u(B)~*

Jj=—00
Z/ x (x.x0) dpa(x)
X, X X
218,00k 8, d(x.x0) (B(xo.d(x.x0)) 0
0 5
C > |Ajlu(B))~ ﬂZ pkT1p)1+h
P 1 (2kr) u(sz )
<C Z A7 11 (B))™ ﬂzz—“’ (2*B))”
j=—00
EC Z |A |22k( §+noB)
j=—00
<C Z 121
j=—00

Therefore, by the Jensen inequality, we have

p(x € X |Ty(Hl > 2) = CATHIT; (I

o0
<cat YA

j==o0
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(o,]
SCA_I( Z |)tj|1/(1+'3))(1+5).
Jj=—00

Taking infinum over all the central atomic decomposition completes the proof of
the theorem. O

5. BOUNDEDNESS ON HERZ TYPE HARDY SPACES

First, we introduce the definition of Herz type Hardy space and its atomic decom-
position characteristic as follows.

Definition 6. Let b; (i =1,---,m) be locally integrable functions, 1 <g < oo, o >
1—1/q. A function a is called a central («, g, l;)—atom (or a central («,q, l;)—atom of
restricted type), if

(1) supp a C B = B(xg,r)(or for some r > 1),
2) llallLe < p(B)™%,
(3) Jga(x)du(x) = [ga(x)[];eq bi(x)du(x) =0forany 0 € C", 1 <i <m.

Definition 7. Leta € R,0< p <ooand 1 <¢g < o00. For k € Z and xg € X, set
B ={x € X :d(xo,x) <2¥}and C; = By \ Bx_;. Denote by xj the characteristic
function of Cj, and by y¢ the characteristic function of By.

(1) The homogeneous Herz space is defined by

ReP(X) =1 f € L, (X \{xo}) < |1 /1] g < 00}

where

oo

1/p
11l g =< > M(Bk)“pllf)(kllfq) .

k=—00

(2) The nonhomogeneous Herz space is defined by

Ker(X) =1 f e L, (X): 1| flIgar <oof,

where

00 1/p
I/ l|gar = [Z BN f 1l fa + ||fX0||1€q} :

k=1

o

A function f is said to belong to the homogeneous H K ’5 (X) (or to the non-
q

>

homogeneous HKa’g(X)), if it can be written as f = Y %2 Ajaj(x) (or f =
q

=—00
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quio Ajaj(x)), where a; is a central (o, ¢, 5)-at0m (or a central (a, q, l;)—atom of re-
stricted type) supported on B(x¢,2/) and Zjoi_oo |A;j|P < oo(or Z})io [Aj]P < 00).
Moreover,

1 11p gep = inf( Z A |P>”P<ormf(2|x 17)1/?),

Jj=—00 Jj=0
where the infimum are taken over all of the above decompositions of f.

Definition 8 (see [11]). Leta € R,0 < p < oo and 1 < g < oco(By and Cy, are the
same as Definition 6).

(1) A measure function f is said to belong to the homogeneous weak Herz space
WKy P (X),if

Sl ger = sup/\( Z 1(B) u(fx € Cr 1 | f(0)] > ADP/)HP < oo
k=—o00
(2) A measure function f is said to belong to the inhomogeneous weak Herz
space WKy P (X), if

+00
1/ g = sup A3 w(BO* (l € Gt £ ()| > AhP/
A>0 g

+p(x € Bo 1| f(x)| > ADPIDHVP < o0,

Now we state our theorems.

Theorem 6. Let b; € Lipg, (X), 1 <i <m, Y} /L, fi=B0<B <1 1/g2=
1/g1—B, 0<p<oocand1—1/q1 <a <1-1/q1+8/no. Then the multilinear
commutator TI; is bounded from H Ka’lz_;(X ) to K,(;z’p (X).

a1,

Theorem 7. Letb; € Lipp,(X), 1 <i <m, Y /L, Bi=p,0<B <68/no, 1/g2=
1/q1— B and let 0 < p < 1. Then the multilinear commutator TI; is bounded from

HKGP(X) 10 WKEFP (X).
Proof of Theorem 6. Let f € HK (X) and let f(x) =372 Aja;(x) be
the atomic decomposition of f as in Deﬁmtlon 7 We write

00 1/p
1T (YO ger = ( > M(Bk)“plng(f)Xkllfqz)
k=—o00

1
o /p

00 V4
<c| ¥ M(Bk)“l’( ) |xj|||T,;<aj>xk||m)

k=—00 Jj=—00
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- q1/p
sc| X ueoe( X Wil
| k=—00 Jj=—00 i
q1/p
o0 o0 V4
rc| 2 u(Bk)“P( ) |A,-|||Tl;<a,-)xk||m)
| k=—00 j=k—2 |

=J+JJ.

For the term JJ, by Holder’s inequality and as Theorem 1 states that TE is bounded
from L9 (X) to L92(X), we have

pal/p
o0 (o,@]
JI=C| >0 wB* | > Ty @) el
k=—00 J=k—2
<C||b||LlpB
00 00 pl/p
x[ 3 kaw( 3 |Aj|||a,-xk||m) ]
k=—00 j=k—2
_ 00 00 pl/p
scubuupﬁ[ ) M(Bk)ap( ) Mjlu(Bj)‘“) ]
k=—o00 j=k—2
< ClblILip,

apql/p
j+2 B
|t (488) ] 0<ps
2
[Z"" |A-|p( j+2 (M !
X j=—0o0 1] k=—co \ n(B))

2 (B) ap’/2\ p/p'q1/p
w
(sl (s8) ) ] rereo

) ) 1/p
> PYit AJ’H)W} C0<p=1

A 2 AP itz g (k=j)ap/2
< CllBllip, | | Zrmoo M1 (k=m0 42 )

4 1/p
(Zi:z—oo Az(k—j)ap’/Z)p/P/:| , I<p<oo
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1/p
N o0
SCbLip,g(E lj”)

j=—00

<ClIfllgger -
q1.b

For the term J, let Cx = Br\Bi—1, Xk = XCy> b} = w(By)™! fBj bi(x)du(x), 1<
i <m. By Holder’s inequality, by the vanishing moment of atom aand by the reverse
doubling condition, we get, for x € 2¥T1 B\ 2k B,

T3 (a;)(x)| = /B' [ T1®i ) =i ONIIK e, )l (0)]d e (v)

Ji=1

5/ 1_[(|bi(x)—bi(x0))|+|(bi(y)_bi(xo)mK(an’)_K(x,x0)||aj(y)|d//«(y)
Ji=1

d(x0,y)°

u(B(xo,d(x,x0)))

S (CERLTR /B P a7 () du(y)

m—1
+3° 3 |(b(x)—b(x0))s]

i=1geCl"
p 7 d(x0,y)}
/B, Kb(y)_b(x"))‘“'d(x,xo)%(B(xo,d(x,xo))) la; (y)|du(y)
- o d(xo,y)" |
+11 100 =t e a0 di)

C r)°
d(x,x0)% u(B(xo.d(x.x0)))

=

A11B|Lipyp(x,x0)B [ || Lar (B

m—1
+ 373 NIbollLipgp(x.x0)Pe /B 15, | Lipsp(y.x0)P |aj () dpu(y)
J

i=1geC"

4 [ 18111950 x0)P [a; (DI ()}
B;

X
Ty

<C
T d(x,x0)8 u(B(xo.d(x,x0)))

K
Ty

<C
d(x,x0)? ju(B(xo,d(x,%0)))

1b|Lipsp(x.x0)P [aj || Lar w(B)) /41

1b|| L. py (X, x0)P (BT,
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SO
175 (a;) x|l ez
- 7'8
= ClBlLipy 5oy / o )
< c||b||Ll-pﬁ20—Wu(Bk)—”qﬁﬁu(Bj)—““/ql
and
00 k=3 pql/p
J=c[ > uo( X W)l ]
k=—00 j=—00
N o0
ECllbllLip,g[ S (B
k=—00
k-3 _ pl/p
( ) Mj|2(J—k)3M(B].)1—1/511—aM(Bk)—(l—l/(Iz—ﬂ)) ]
Jj=—00
SR AP, 20K Rme-1/ar—ep)p ] e
it 0<p<l ]
< ClIblILipg [Z,:_OOM | (Z;;O_. 2(j_k)5p/22(j—k)n0(1—1/42—0t—ﬂ)p/2)
1/p
(45207097 120U ~Bm0 (11 fg2a=)p /2)”/” ,
if l<p<oo )
[Z;i—oo Mj |p Z/c;ozj+3 2(j—k)n0(1—1/ql+8/n0—0t)17:| e s
if O<p=l
< ClB iy 4 [T5moo A1 (T2 20 R Var3im0-erni2)
1/p
(Zk L5200l 1/q1+8/no—a)p’/2)” v } ,
if l<p<oo

o 1/p
< Cllbllips [ Y 1117

J=—00

< Cllfllgger
q1.b

This completes the proof of the theorem. U
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Remark 1. Similar results related to nonhomogeneous weak Herz spaces also hold.
The details are omitted in order to save space.

Proof of Theorem 7. We write [ = Zjoi_oo Ajaj, where each a; is a central

(o, q1) atom supported on B; and }'i_oo |Aj|P < oo. Write

. P
1Ty s

o0 o0
<supA? D u(B)*Pu{x € Cp: T Y Xjaj)(x)] > A/2h)P/e
A>0 k=00 j=k—1
o) k—2
+supA? Y p(BR)*Pu({x € Cr: Tz (Y Ajaj)(x)| > A/2})P/e
A>0 pe—oo j=—00

=G+ Gs.

By the (L9', L92) boundedness of T and by an estimate, similar to the one for JJ
in Theorem 6, we get

o0 o0 o0
G1=C Y uBOIT;( Y. Xjap)@xellle, <CIBIR, Y 12517
k=—o00 J=k—1 j=—00
For G,, let us use the estimate

K
Ty

w(B(x0,d(x,x0)))

which was obtained in the estimate for J in the proof of Theorem 6. Notice that when
x e Cy,

k—2 k—2 5
- .
A<2 14 11T; (@) < ClIb||L; A J
; J p\"J ipp ; J d(X,XO)SM(B(XO,d(X,Xo)))
J=—00 j=—00
xp(x,xo)ﬂM(Bj)—a‘H/CIi
} k—2 .
= C”b”Lipﬁ Z Mj|2(J_k)8M(Bk)_1+ﬂM(Bj)—a—i—l/ql
Jj=—00
3 k—2 .
<ClbllLips Y |42V 700 u(By=* 12,

j==00

p(x, x0)P u(By)~et1ar,

1T (aj)(x)| = ClIblILipg pTRY;

For A > 0, choosing ko € Z such that By, is the maximal set satisfying
o 1/p
1(Br) V2 < ClbllLipg A" | D] 117

j=—o0
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then if k > kg, it is easy to see that
k=2
{xeCe:IT;( Y Aja)(x)|>1/2}
j=—o00
is an empty set, thus

ko

Gy <supA? Z (By)@t1/a2)p

k—2 ko
SCHb”zipB Z Mj|p2(j_k)apM(Bk)_(“+1/42)P Z M(Bk)(a-i-l/qz)p
J=—00 k=—00
. ko k-2 .
<ClIBIz,, S hylrai-h

k=—00j=—00

o0
<ClIblI7p, D 17,
Jj=—00
So, we get,
R o0
175Nl ger = ClIBILips ( Y 121912
Jj=—00
Taking the infinum, we have completed the proof. (|
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