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Abstract. We obtain necessary conditions for the series )Y ¢upn, which is absolutely sum-
mable of order k by a doubly triangular matrix method A, to be such that > > c¢muAmn is
absolutely summable of order k by a doubly triangular matrix B.

2000 Mathematics Subject Classification: 40F05, 40D25

Keywords: absolute summability factors, doubly triangular summability

1. INTRODUCTION

A doubly infinite matrix A = (@mn;;) is said to be doubly triangular if appi; =0
fori > m and j > n. The mn-th terms of the A-transform of a double sequence {s,, }

is defined by
m n
Tnn = Z Zamnijsij-
i=0,=0

A series Y ¢mn, with partial sums s,,, is said to be absolutely A-summable, of
order k > 1, if

o0 o0
Y3 ) A T a1 F < oo, (1.1)
m=1n=1
where for any double sequence {u,,,}, and for any four-fold sequence {@mni;}, we
define
A11Umn = Umn —Um+1,n —Umn+1 + Um+1,n+1,
A Amnij = Amnij —Om+1,n,i,j —Amun+1,i,j T Am+1,n+1,i,5
Aijamnij = Amnij —Amn,i+1,j —Amn,i,j+1 T Amn,i+1,j+1,
Ai0amnij = Amnij —Amn,i+1,j, and
AOjamnij =Amnij —Am,n,i,j+1-
The one-dimensional version of (1.1) appears in [1].
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Associated with A there are two matrices 4 and A defined by

m n
Amnij = ZZamnMv,OEi <m,0<j<nmn=0,1,...,
n=iv=j
and
&mnij = Allt_lm_lyn_l,i,j,()fi fm,OSj <n,mmn=1,2,....
It is easily verified that dgooo = @oo00 = @o000- In [3] it is shown that

i—-1j—1

Amnij = § § Allam—l,n—l,u,v-

nw=0v=0

Thus dmnio = Amno; = 0.
Let x;;,,, denote the mn-th term of the A-transform of the sequence of partial sums

{Smn} of the series Y > cmn.
Then

m n m n i J
Yo =YY AmnijSij = DD Amni ) Y Cunhuy

i=0/=0 i=0,=0 u=0v=0

m n m n
= Z Z Z Zamnuvc,u,v/\;w

nw=0v=0i=pj=v

m n
= Z den,uvc,uvkuv,

n=0v=0

and a direct calculation verifies that

m n
Xmn = Allxm—l,n—l = E E &mnuvcuvkuw
v=1pu=1

since

Adm—1,n—1,m,y = Am—1,n—1,u,n = Am,n—1,u,n = Am—1,n,m,n = 0.

In a recent paper Savas and Rhoades[2] obtained sufficient conditions for the series
> ¢mn » which is absolutely summable of order k by a doubly triangular matrix
method A, to be such that > > ¢unAmn is absolutely summable of order k by a
doubly triangular matrix B.

In this paper we obtain necessary conditions for the series Y Y ¢yupn, Which is
absolutely summable of order k by a doubly triangular matrix method A, to be such
that Y > cnAmn is absolutely summable of order k by a doubly triangular matrix
B.
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2. MAIN THEOREM

Theorem 1. Let A and B be doubly triangular matrices with A satisfying

oo

3T ) T AwvlmnunF = OMF (Gypun)). @.1)

m=u+1ln=v+1
where
M(&uvuv) = max{léuvuvL |Au0&u+1v,u,v|, |A0v&uv+1,u,v|}-
Then the necessary conditions of the fact that the |Al|x summability of > Y cmn
implies the | B|x summability of Y Y cmnAmn are the following items:
() |£uvu1}kuv| = O(M(&uvuv)):
(ii) |Auoéu+l,v,u,vkuv| = O(M(&uvuv))’
(iii) |A0vbu,v+l,u,vkuv| = O(M(&uvuv));
o0 o0

(iv) Z Z (m”)k_llAuvbAmnuvkuvlk = 0((””)k_1Mk(&uvuv))»
m=u+1ln=v+1

o0 o0
™ Y D Y b1 Aur 1o F =

m=u+ln=v+1
O(Z?no=u+l Y omevt (Mn)*~Yam p 41,041 |k)-

Proof. For k > 1 define

o0 o0
D0 ) T Y * < oo, (2.2)
m=1n=1
whenever
o0 o0
Y > ) T X € < o0, 2.3)
m=1n=1
where

Yinn = Allym—l,n—l’

m n _
Ymn =Y, > bmnijcijhij.

i=0;=0

The space of sequences satisfying (2.3) is a Banach space if it is normed by

[c <INl 1/k
||X||=(|X00|k+|X01|k+|X10|k+ZZ(mn)k_1|an|k) X

m=1n=1
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We shall also consider the space of sequences {7, } that satisfy (2.2). This space is
also a BK-space with respect to the norm

[ ') 1/k
1Y = (lYoolk + Yo ¥+ YiolF + ) Z(mn)k_IWmnlk) - (2.5)
m=1n=1
The transformation Z;’;O 27=0 Emni jcijAij maps sequences satisfying (2.3) into
sequences satisfying (2.2). By the Banach-Steinhaus Theorem there exists a constant
K > 0 such that

1Yl < K[lX]. (2.6)

For fixed u, v, the sequence {c;; } is defined by cyy = cut1,041 =1, Cut1,0 =Cup+1 =
—1,¢i; = 0, otherwise,

0, m<u,n<v,
0, m<u,n=<v,
_ J9mnuv, M =Uu,n =1,
Xmn = ~
Ayoldmnuv.m =u+1,n=v,

Aovlmnuv, m =u,n =v+1,

Auvlmnyy, m > u,n > v,

and

0, m<un<ov,

0, m<u,n=<v,

bmnuvAuv, m =u,n =v,
Auoémnuvkuv, m=u+1l,n=v,

A

AovbmnuvAyv. m =u,n =v+1,

A

AwvbmnuvAuv, m >u,n > v.

From (2.4) and (2.5) it follows that

1X 1 = { @) auvu [ + (00 + DO Aot ounlt @)
+ @+ 1) Aovau,vr 10/

- k-1 i A
+ Z Z (mn) |Auvamnuv| } )

m=u+ln=v+1

and
“Y” = {(uv)k_lguvuvkuv |k + ((u + l)v)k_l |Au0bAu+1,v,u,vAuv|k (2.8)
+ v+ 1))k_1 |A0vl;u,v+lu,vkuv |k



NECESSARY CONDITIONS FOR DOUBLE SUMMABILITY

— > 1/k
+ Z Z (mn)k_1|Auv&mnuv/\uv|k> .

m=u+1ln=v+1

Substituting (2.7) and (2.8) into (2.6), along with (2.1), gives
(”v)k_l |Euvuvkuv |k + ((u+ l)v)k_l |Au0£u+1v,u,v/\uv|k
+(u(v+ 1))k_1 |A0v5u,v+1u,v/\uv|k

0 oo
+ Z Z (mn)k_l|Auvbmnuvkuv|k = Kk{(uv)k_llduvuﬂk
m=u+1ln=v+1

k—1 ~ k k—1 ~ k
((u+1)v) |Au0au+1v,u,v| +u(w+1)) Aanu,v+1u,v|

) 00
+ Z Z (mn)k_1|Auv&mnuv|k}

m=u+1ln=v+1
= K01 ) ! M* (Gypun)}-

The above inequality implies that each term of the left hand side is

O({uv) " M* (aywun)}).-
Using the first term one obtains

) " bypuvrunF = O() " M* (Gypun)}).-

Thus
|buvuv/\uv| = O(M(&uvuv)),

which is condition (i).
In a similar manner one obtains conditions (ii) - (iv).
Using the sequence, defined by ¢y, 1,y+1 = 1, and ¢;; = 0 otherwise, yields

0, m<u+l,n<v,
Xmn =10, m=un=<v+l,

Amnutior,m>u+ln>v+1
and
0. m<u+1,n=<v,
Ymn =140, m=<un=<v+l,

bnnu+tivriAutipvr1-m>u+ln>v+1.

The corresponding norms are

- k1)~ K\ VK
IXi={ Y > o  Namnarron ]

m=u+ln=v+1

187
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and
o0

o0
||Y||={ 0 ) M b tvr1 A 1041 [F

m=u+1ln=v+1

}l/k

Applying (2.6), we have

o0 o0
Z Z (M) bt 10+ 1 Aus 1,041 15
m=u+1ln=v+1

(o,¢] o0
SKk{ Z Z (mn)k_1|&m,n,u+l,v+l|k},

m=u+ln=v+1

which implies (v). Il

Every summability factor theorem becomes an inclusion theorem by setting each
Amn = 1.

Corollary 1. Let A and B two doubly triangular matrices, A satisfying (2.1).
Then necessary conditions of the fact that the | Al summability of Y > cmn implies
the | By summability of YY" c¢mn are the following items:

(i) |l;uvu}\)| = O(M(&uvuv)),
(ii) |Au0[2u+1,v,u,v| = O(M(&uvuv))>
(iii) |A0vbu,v+l,u,v| = O(M(&uvuv)),
00 o0

@) Y Y ) Awwbmau | = 0@ T M* (Gypun)), and

m=u+1ln=v+1
o]

00
() Z Z (mn)k_llbm,n,u+1,v+l|k

m=u+1ln=v+1

00 00 1/k
ZO({ > (m”)k_1|&m,n,u+1,v+1|k} )

m=u+ln=v+1
Proof. To prove Corollary | simply put A, = 1 in Theorem 1. O

We shall call a doubly infinite matrix a product matrix if it can be written as the
termwise product of two singly infinite matrices F' and G; i.e., Amnij = fmign; for
eachi, j,m,n.

A doubly infinite weighted mean matrix P has nonzero entries p;;/ Ppp, where
Poo is positive and all of the other p;; are nonnegative, and P, := Z;":O Z;l:o Dij-
If P is a product matrix then the nonzero entries are p;q; / Pm Q,, where pg > 0, p; >
0 fori >0,q0 > 0,q; >0 for j >0and Pp =Y 7L pi,On = j—_q;.- Now we
have the following corollary
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Corollary 2. Let B be a doubly triangular matrix, P a product weighted mean
matrix satisfying

i i (mn)k—l‘A ( Pmdn Pu—10v-1 ))k _ 0( puqv)
m=u+1n=v+1 - P Pn—1Qn On—1 PuQy ‘

Then necessary conditions for Y > c¢mpn summable | P |y to imply that Y > ¢mnAmn
is summable |B|; are

(i) |l;uvuvxuv| = 0(

Pudv )
P.O,/

@) |4uobut | = O( 515" ),
u v

(iii) |A0vbu,v+1,u,vkuv| = 0(5143) ),
u v

oo

(iv) Z i (mn)k_llAuvBuvuv/\uvlk = 0((“U)k_1 (M)k)’ and

m=u+1ln=v+1 PMQU

o0 o
™ > Y ) byt ier1Aur o0 F = 0(D).
m=u-+1n=v+1
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