Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 20 (2019), No. 1, pp. 475-488 DOI: 10.18514/MMN.2019.2421

HERMITE-HADAMARD-FEJER TYPE INEQUALITIES FOR
CONFORMABLE FRACTIONAL INTEGRALS

ERHAN SET AND ILKER MUMCU
Received 05 October, 2017

Abstract. In this work, firstly we have established Hermite-Hadamard-Fejér inequality for con-
formable fractional integrals. Secondly, we give a new lemma and obtain Hermite-Hadamard-
Fejér type integral inequalities for conformable fractional integrals by using this lemma.
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1. INTRODUCTION

A function f : 1 € R — Ris said to be convex if the inequality

fAu+(A=)v) <Af W) +(1-21) f (v)
holds for all u,v € I and A € [0, 1].
Let f:1 C R — R be aconvex function and a,b € I with a < b, then

b 1t b
() < [ L0 o
2 b—aJ, 2

is known as the Hermite-Hadamard inequality.
Fejér gave a generalization of the inequalities of (1.1) as the following: If f :

[a,b] — R is a convex function, g : [a,b] — R is non-negative, integrable and sym-
metric to (a + b)/2, then

b\ [° 1 b b) ?
H(557) [ ear < o [ s < ZOTLE g
(1.2)

Definition 1. Let / € L[a,b]. The Riemann-Liouville integrals J 5 4 f and Jé’“_ f
of order p > 0 are defined by

Tt = s [ w0t e, xa
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and
w _ 1 b n—1
Jb_f(x)—m/ (t—x)"""f(dt, x<b

respectively where I'(u) = [;° e~ "u~ du. Here J?, f(x) = TP f(x) = fx).
In the case of u = 1, the fractional integral reduces to the classical integral.
We define the Beta function [4, p18]:
(@I o) _
Ta+b)

where I' (o) = [;° e "u®"!du is the Gamma function.
The incomplete Beta function is defined by

1
B(a,b) = / A =-nbar, a,b>o0,
0

X
Bx(a,b):/ A -nb1ar, ab>00<x<1
0

Incomplete Beta function satisfies the following identity
Bi(a.b)+ Bi1—(b,a) = B(a,b) (1.3)

We use in this paper the Newton-Leibniz formula

dt \ Ja@) w0 0

where f(x,t) be a function such that the partial derivative of f with respect to t exists,
and is continuous.

In spite of its valuable contributions to mathematical analysis, the Riemann-
Liouville fractional integrals have deficiencies. For example the solution of the dif-
ferential equation that is given as

d b(t) b(?) J , ’
_( f(x,t)dx) :/ afdx-i-f(b(t),t)b @)+ fla@),t)a (t) (1.4)

y(%)-i-y :x(%)+ x(%), y(0)=0

2.5

where y(%) is the fractional derivative of y of order %

The solution of the above differential equation have caused to imagine on a new
and simple representation of the definition of fractional derivative. In [3], Khalil et
al. gave a new definition that is called "Conformable fractional derivative”. They not
only proved further properties of this definitions but also gave the differences with the
other fractional derivatives. Besides, another considerable study have presented by
Abdeljawad to discuss the basic concepts of fractional calculus. In [1], Abdeljawad
gave the following definitions of right-left fractional integrals:

Definition 2. Let « € (n,n + 1], n = 0,1,2,... and set B = « —n then the left
conformable fractional integral starting at a if order « is defined by

1 t
120 = [ =0 - peoax
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Analogously, the right conformable fractional integral is defined by

1 b
Ol f)@t) = ;/t (x—1)"(b—x)B f(x)dx.

Notice thatif« =n+1then B =a—n=n+1—n=1and hence (/¢ f)(t) =
(a1 /@)

The main purpose of this paper is to establish Hermite-Hadamard-Fejér inequalit-
ies for convex functions via conformable fractional integral. We also obtain Hermite-
Hadamard type inequalities of these classes of functions.

2. HERMITE-HADAMARD-FEJER INEQUALITIES FOR CONFORMABLE
FRACTIONAL INEQUALITIES

Throughout this section, let || g |loo = sup;e[q,p1/€ (x)], for the continuous function
g :la,b] > R.

Lemma 1. If g : [a,b] — R is integrable and symmetric to (a + b)/2 witha < b,
then

1
I38(0) = "lag(@) = S[152(b) + " lag(@)]
witha € (n,n+1], n € N,

Proof. Since g is symmetric to (a + b)/2, we have g(a +b —x) = g(x), for all
g(x), for all x € [a,b]. Hence, in the following integral setting x = a + b —t and
dx = —dt gives

1 b
1Ee®) = [ -0y -0 g
b
= %/ (t—a)"(b—0)*""ga+b—1t)dt

1 b
— [ a—are-ner g
cJa
= bloeg(a)-
This completes the proof. O

Theorem 1. Let f : [a,b] — R be convex function with a < b and f € Lla,b].
If g : [a,b] — R is non-negative, integrable and symmetric to (a + b)/2, then the
following inequalities holds for conformable fractional integrals

b
f (" ha ) [1¢g(b)+ P Iag(@)] < [18(f2)(b) + P 1o (f9)(a)]

2
< (M) [Uggb)+ Tag@)] (2.1)
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a€(n,n+1].

Proof. Since f is a convex function on [a, b], we have for all ¢ € [0, 1]

27 (a+b) Yy (ta+(1—t)b+tb+(1—t)a)

2
<f(ta+(1—t)b)+f(tb+(1—t)b)
- 2

Multiplying both sides of (2.2) by 2t*(1 —¢)*"*~lg(tb + (1 —t)a) then integrating
the resulting inequality with respect to ¢ over [0, 1], we obtain

2f (a+b)/0 "(1=0)*""lg(th+ (1 —1)a)dt

2.2)

5/ A=) f(ta+ (1 =1t)b) + f(th+ (1 —1)b)lg(th + (1 —t)a)dt
0
= /lt"(l —0) " f(ta+ (1 —1)b)g(th + (1 —1t)a)dt

0

+ /1 "(1=0)*"" f(tb 4+ (1—1)a)g(th + (1 —1t)a)dt.
0

Setting x =tb + (1 —1)a, we get

b
(b—za)“f (a+ )/ (x=a)"(b=x)*" g (x)dx

1 n a—n—1
< (b—a)“{/a (x—a)"(b—x) fla+b—x)g(x)dx

b
+f (x—a)”(b—x)“—"—lﬂx)g(x)dx}

n a—n—1
(b a)“{/ (b—x)"(x~a) f(x)gla+b—x)dx

4 / (x—a)"(b—x)“—"‘lf(x)g<x)dx}

a—n—1
" - a)“{/ (b—x)"(x~a) f(x)g(x)dx

+ / (x—a)"(b—x)“-"—lﬂx)g(x)dx}
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Therefore, by Lemma 1 we have

! b
. f(“+ )[13g<b)+b1ag<a>1< [19(f2)(b) + P Iu(f2)(@)]

(b—a) 2 (b—a)™

and the first inequality is proved. For the proof of the second inequality in (2.1) we
first note that if f is a convex function, then, for all ¢ € [0, 1], it yields

fta+A=0)b)+ f(tb+(1—1t)a) < f(a)+ f(b). (2.3)

Then multiplying both sides of (3.3) by 2¢%(1 —#)* "~ !g(¢th + (1 —t)a) and integ-
rating the resulting inequality with respect to ¢ over [0, 1], we obtain

fl "(1=0)*"" f(ta+ (1 —1)b)g(th + (1 —1)a)dt
0
+ /1 (1 =% f b+ (1—1)a)g(th + (1 —1t)a)dt
0

1
=< [f(a)+f(b)]f0 "1 =) g (th + (1= 1)a)dt

ie.

! b
G0+ @) = o (FOT T )+ haga
The proof is completed. 0

Remark 1. If we take « = n + 1 in Theorem 2.1, then we obtain Theorem 2.2 in

[2].
3. HERMITE-HADAMARD-FEJER TYPE INEQUALITIES FOR CONFORMABLE
FRACTIONAL INEQUALITIES

Lemma 2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b
and f' € L{a,b). If g : [a,b] — R is integrable and symmetric to (a + b)/2 then the
following equality holds for conformable fractional integral

(M) 188(5) + P Iug (@) — UE(f2)(B) + La( f2)(@)]

w/ k(t)f (1—=t)a+tb)dt (3.1)

where
k(t) = |:/t s"(1—s)*""Lg((1 —s)a+sb)ds + /t(l —5)'s¥ " g ((1—s5)a +sb)dsi|
0 1

witha € (n,n+1].
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Proof. 1t suffices to note that
1
= k@) f (t)d
1= [ ko f G
1 t
-[ [ [ 5= g1 =0+ shyas
0 0
t
+/ (1—5)"s* " g((1-s5)a +sb)ds}f’((1 —1t)a +1tb)dt
1
1
:/ (/ts”(l—s)“_”_lg((l—s)a +sb)ds)f/((1—t)a+tb)dt
0 0

1 t
—i—f (/ (1—5)"s*""lg((1—s5)a —i—sb)ds)f/((l—t)a +1tb)dt
0 1
=0+ 1.

By integrating by parts and Lemma 1 we get
1

f((1—t)a+1tb)
b—a

t
I =(f0 s"(1—5)*""lg((1-5)a +sb)ds)

0
1
—/ (1= g1 =1)a+1tb) f(1 —1t)a +th)dt
0

S(b)
b—a

1
= (/ s"(1—5)*""Lg((1-5)a —i—sb)ds)
0

1
—/ "(1—0)* 1 (fo)((1—t)a + th)dt
0

oo 0
=(L (x—a) (b—X) lg(x)dx) (b_a)a+1

1 b
B mf (x=a)"(b—x)*""" (fg) (x)dx
f(b)

2

n! a n!
=m[lag(b) +1g(a)] et 1,(fg)(a)

(

and similarly
1

f((1—t)a+1tb)
b—a

t
I, :(/1 (1—5)"s*""g((1—5)a +sb)ds)

0
1
—/ A=) t* " Le((1—t)a+1b) f(1—t)a +tb)dt
0

f(a)
b—a

1
= (/ (1—35)"s*""lo((1—5)a+ sb)ds)
0
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1
— / A=0)"t*"" Y fg)(1 —t)a +1tb)dt
0

oo f(a)

b
G [, 6= =0 e

b
— a0 + P lug@n S - i e ),
Thus, we can write
I =I1+1
n!
e
(HO vz + ez - Uz o0) + lat fo@]

(b— a)

Multiplying both sides by we obtain (3.1) which completes the proof. [J

Remark 2. If we take o« = n + 1 in Lemma 2, then we obtain Lemma 2.4 in [2].

Theorem 2. Let f : I C R — R be a differentiable mapping on I° and f/ € Lla,b]
witha < b. If | f'| is convex on [a,b] and g : [a,b] — R is continuous and symmetric
to (a+b) /2, then the following inequality for conformable fractional integrals holds

b
‘ (W) 125(0) + Iug @]~ (/)0 + P L (f) @) (3.2)

< =™ lehe (1 )1 o)
n!

1
X [EB(H +lLa—n)+Bypa—n+1,n+1)+ By /p(n+2,0—n)]
witha € (n,n+1].

Proof. From Lemma 2 and the convexity of | f |, we have
‘ ( fla)+ f(b)
2

b a+1
< %/ k@)I1f (1 =) +1b)|ds

) 25(5) +  Tag(@)] - 12 (f9)(b) + "I (f2) (@)]

bh—a)t! / /
5%/0 |k (@)l (l_t)lf (@)|+t]f (b)|]dt. 3.3)
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Since g : [a,b] — R is symmetric to (a + b)/2 we write

/t(l —5)"s¥ " Lo (1 —s)a +sb)ds

1
1_

:/ tS"(l—S)“_"_lg(sa+(1—s)b)ds
0

1-t
2/ s"(1—=5)*""Lg((1—s)a+sb)ds
0
then we have

t
k(1] =‘/0 s"(1—$)* " g ((1—s)a +sb)ds

t
—I—/ (1—5)"s*""Le((1 —s5)a +sb)ds
1

/ L (1 =5 (1 = s)a + sb)ds
1—t¢

so we get
[ st (=) s, 1€ (0,1
kO < {f{_t s"(1—s)2 " 1ds, te [%j] ' (34
Combining (3.3) and (3.4), we get
b
(Z 2 uzew)+ P hast@) -2 o) + Lot fo)

_ 1/2 1-
- (b—a) +1/0 (/t t|s"(1—S)“_”_1g((1—s)a+sb)|ds)

n!

< (A=Dlf @]+11f @) dr
(b_a)oz+l 1 t 0y oa—n—1 B )
n [ s =te@—ashas

n! —t

x (=0l f @]+l b)) dr
b—a) gl S @I [ ( (" uri aent ) B
< [/() (/; s"(1—5) ds )| (1—1t)dt

n!

1 t
n_ e—n—1 -
+/1/2 (/l_ts (1—y3) ds) (1 t)dti|

_ e+l ! 1/2 1=
L0 a>+||g||oo|f(b)|[/0 (/ ts"(l—S)“_n_lds)tdt

n!
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1 t
no_ Ha—n—1
+/1/2 (/l_ts (1—ys) ds)tdt:|.

Using integration by parts, from equality (1.3) and (1.4)

1/2 1—
/O (/t ts"(1 —s)“_”_lds) (1—1)dt
1—t £2 1/2
= (/ s™(1 —s)“_"_lds) (z ——)
t 2 0

1/2 t2
_/ [—(1—) 2" =" (1 —1)* "] (Z_E) dt
0

1
= Bl/z(a_n+1,n+ 1)+§Bl/2(05—7’l+2,l’l+ 1)

1
+ Bl/z(l’l +2,(x—n)—|— 531/2(1’1 —{—3’05—}1)’

1/2 1—¢
/ (/ s"(1 —s)“_”_lds) tdt
0 t
1—t 12 (1/2
= (/ s"(1 —s)“_”_lds) —
t 2 o

1/2 t2
_/ [_(1—t)nta_n_1—tn(l—t)a_n_l]Edt
0

1 1
= 531/2(‘1—” +2,n+1)+ EBl/z(n +3,a—n),

1
/ (/t s"(1 —s)“_"_lds) (1—1)dt
1/ 1—t¢
t 1d 2 1
n—g)¥ - _
/HS( ) S)(t 2) 1/2

! n a—n—1 n,ao—n—1 tz
_/l/z[t (1-1) +(1—=1)"t ](t—E)dt
t

n a—n—1 tz
_(/l_ts (1—y) ds) (1—3) s

1/2 n oa—n—1 n.,o—n—1 1 t2
_A [[ (]—l) —I—(l—[) t ](E—E)dt

1

1
= B(n+1,oz—n)—§B(n+ lL,a—n)—Byj(a—n,n+1)

483

(3.5)

(3.6)

3.7
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1 1
—531/2(7! +3,0l—l’l)—§Bl/2(O[—l’l +2,n+ 1)

1 1 1
= EB(n+ l,a—n)—EBl/z(n +3,oz—n)—§Bl/2(oz—n +2,n+1)
(3.8)

1 t
/ (/ s"(l—s)“_"_lds) tdt
1/ 1—t¢

t 12 1
/ s"(1 —s)"‘_”_lds) —
1—t¢ 2 1/2

1 [2
_/ [tn(l _t)oz—n—l + (1 _t)nta—n—l] dt
1/2 2

t

n a—n—1 t2
=(/1_ts (1—y5) ds)E

1/2 _
- "= (=) =07 n* dt
0 2

t 12
= (/ s"(1 —s)“_”_lds) —
1—t 2112

1/2 1 t2
_/ [Zn(l_t)c(—n—l +(1—I)nta_n_1] (__[+_) dt
o 2 2

1

1/2

1

1 1
=Bn+ l,a—n)—EBl/z(n + l,a—n)—EBl/z(a—n,n +1)
+ Byjpl@—n+1,n+1)+ Byja(n+2,a—n)

1 1
—531/2(1’1"‘3,0[—}’1)—5B1/2(0[—I’l+2,n+1)
1
= EB(n—i— lLLa—n)+Byjx(n+2,0—n)+ Byjp(a—n+1,n+1)

1 1
—EBl/z(n+3,oz—n)—§B1/2(a—n+2,n+1). 3.9

Using (3.6), (3.7), (3.8) and (3.9) in (3.5), we get

B (b—a)**|gllool £ (a)]

fl@)+ 1)

) 10) + g @] 1 OB+ Ll o))

1
o [Bl/z(a—n+1,n+1)+§B1/2(a—n+2,n+1)

1
+ Bij2(n+2,00—n)+ 531/2(71 +3,a—n)
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1 1
—531/2(7/1 —1—3,0{—11)—531/2(0(—11 +2,n+ 1)]

n (b—a)* " gllool £ (B)]
n!

[Bija(@—n+2,n+1)+ Byjp(n+3,a—n)
1
—531/2(” +3.a—n)+Byjp(n+2,a—n)+ Bypl@a—n+1,n+1)

1 1
—531/2(71 +3,0t—n)—531/2(a—n +2,I’l + 1)]

= O glee (1)1 1)
n:

1
X[EB(n—i— La—n)+Byjp(@—n+1,n+1)+ By/p(n +2,a —n)

which completes the proof. 0
Remark 3. If we take « = n + 1 in Theorem 2, then we obtain Theorem 2.6 in [2].

Theorem 3. Let f : I € R — R be a differentiable mapping on 1° and f' € L[a,b]
witha <b. If | f'|9, ¢ > 1, is convex on [a,b] and g : [a,b] — R is continuous and
symmetric to (a + b) /2, then the following inequality for fractional integrals holds

b
(M) [18g(b) + P Iug(@)] - [I8(f2)(b) + P To(f2)(@)]
_ (b—a)**g]|02"/”

n!

12 1/p
X(/ [Bt(n+l,cx—n)P_Bl_t(nJrLO!—”)”]dl)
0

7 (3.10)

9 (If/(a)lq - If/(b)lq)l/q
fora e (n,n+ 1], where 1/p+1/q =1

Proof. Using Lemma 2, Holder’s inequality, (3.4) and the convexity of | /|9, it
follows that

‘(f(a)+f(b)
2

— a / —t p l/p
< (b:—‘)H (/1 2(/1 |sn(l—s)ot—n—lg((l—s)a+sb)|ds) d;)
! 0 ;

1/2 1/a
X (/ |f’(1—t)a+tb|th)
0

) [152(b) + " Tag (@)~ 15 (f)(b) + " Ia(f2)(@)]
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h_agyetl [ 1/t p \P
n % (/1/2 (/H 15" (1—5)* " g((1—s5)a +sb)|ds) dt)
1/q
x(/l |f’(1—t)a+tb|th)
1/2
PN / - 4 1/p
_ a)n'+1||g|| (/”(/1 ’Sn(l_s)a_n_l)ds) d,)
. 0 t
1/2 ) ) 1/q
X(/ [(1=D|f (@]9 +1|f (a)lq]df)
0
/p
(b—ay**|g| 1/2( o )” 1
+—n! (/0 /1—zs (I—s) )ds | dt
1 ’ / l/q
x (/ [(—01f @I +11f (a)|‘11dr)
1/2
o / 1/p
= %'H”g”{</l 2[Bl_t(n—|—1,oz—n)p—Bt(n+l,cx—n)p]dt)
! 0

1 1/p
+(/ [B,(n-l—l,oz—n)p—Bl_,(n—l—l,oz—n)p]dt) j|
1/2

9 (If/(a)lq - |f’(b)|q)”"
2

1/p

h—a) | el21/P 1/2

= Lz el / [Be(n+ 1,0 —n)? = Bi—(n+1,a—n)]dt
0

n!
’ q ’ q 1/q
(S @l+1/ @)
7 .
Here we use
(A—B)? < A9 B4
forany A > B > 0 and g > 1. The proof is completed. g

Remark 4. If we take @« = n + 1 in Theorem 3, then we obtain Theorem 2.9 (i) in

[2].

Theorem 4. Let f : I € R — R be a differentiable mapping on 1° and f' € L[a,b]
witha <b. If | f'19, ¢ > 1, is convex on [a,b] and g : [a,b] — R is continuous and
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symmetric to (a + b) /2, then the following inequality for fractional integrals holds

b
’ (M) [8g(b)+ P Iag(@)] — IS (f)(b) + P Lo ( f2)(@)]

2 b_ a+1 1
5 (b—a) ' &l oo (/ (‘Bt(n+1,a—n)—B1—t(fl+1,0[—”)
n! 0

1-1/q
)o)

1 1/q
X ([EB(n +1l,a—n)+ Byjp(@a—n+1,n+ 1)+B1/2(n+2,a—n)])

9 (lf’(a)lq + If/(b)lq)l/q

2
fora € (n,n+1], where 1/p+1/q = 1.

Proof. Using Lemma 2, Power-mean inequality, (3.4) and the convexity of | f'|4,
it follows that

' (f(a) + f(b))
2
f C (=5 (1 —s)a + sb)ds
1

L0
oo

, 1/q
x| f((1 —t)a+tb)|th)

_ (b= gl (/1(
~  (b—a)lan! 0

[1g(b) + P Iog(@)] —[I2(f)(b) + PIa(f9)(a)]

)
|

f L (1 =5 (1 = s)a + sb)ds
1

—t

1-1/q
))

t
/ s"(1—5)* gy
1

—t

1 t 1/q
x(/ (/ S"(l—s)“_""lds)[(l—t)lf’(a)l"+f|f/(b)|th)

0 1—t

(3.11)
We can write

1
f (/t s"(l—s)"‘_"_lds)dt
0 1—t
_ 1( ! neo_ a—n—ld _ = nel— )a—n—ld )dl (3 12)
_/(; /(;s (1—ys) s /0 s"(1—s s :

-

Bin+1,a—n)—Bi—s(n+1,0—n)

)dt (3.13)
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and similarly to the proof of Theorem 2

/01 ( /1’ §1(1—5)2=1=1 4

—t
7 ’ 1
= (17 @1 +1£ ®)1) ;B0 +1.a—n)
+Byppla—n+1,n+1)+ Byjn(n+2,0—n) (3.14)
We write (3.13) and (3.14) in (3.11), which completes the proof. ]

) (=01 @9 +11f () ds

Remark 5. If we take « = n + 1 in Theorem 4, then we obtain Theorem 2.8 in [2].
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