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Abstract. The aim of this paper is to obtain the spectrum, fine spectrum, approximate point
spectrum, defect spectrum and compression spectrum of the operator
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on the sequence space c¢g where the non-zero diagonals are the entries of an oscillatory sequence.
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1. INTRODUCTION

We can band matrices which occur finite element or finite difference problems in
numerical analysis. We define the relationship between the problem variables helping
these matrices. The bandedness is confirmed with variables which are not conjugate
in arbitrarily large distances. We can furthermore divide these matrices. For example
there are banded matrices with every element in the band is nonzero. We generally
encounter to these matrices separating one-dimensional problems.

Also, there are band matrices in problems with higher dimensions. Herein the
bands are more thin. For example, the matrix which its bandwidth is the square
root of the matrix dimension, correspond to partial differential equation defined in
a square domain where the five diagonals are not zero in band. If we apply to this
matrix Gaussian elimination, we obtain matrix which has band with many non-zero
elements. Therefore the resolvent set of the band operators is important for solving
such problems.

© 2019 Miskolc University Press
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Spectral theory is the one of the most useful tools in science. There are many
applications in mathematics and physics which contain matrix theory, control theory,
function theory, differential and integral equations, complex analysis and quantum
physics. For example, atomic energy levels are determined and therefore the fre-
quency of a laser or the spectral signature of a star are obtained by it in quantum
mechanics.

1.1. The spectrum

Let L : X — Y be a bounded linear operator where X and Y are Banach spaces.
Denote the range of L, R (L) and the set of all bounded linear operators on X into
itself B (X).

Assume that X be a Banach space and L € B(X). The adjoint operator L* €
B(X™) of L is defined by (L* ) (x) = f (Lx) forall f € X* and x € X where X*
is the dual space X .

Let X is a complex normed linear space and D(L) C X be domain of L where
L : D (L) — X be alinear operator. For L € B(X) we determine a complex number
A by the operator (A/ — L) denoted by L, which has the same domain D (L), such
that 7 is the identity operator. Recall that the resolvent operator of L is L;l =
(Al —-L) L

LetA e C. If LII exists, is bounded and, is defined on a set which is dense in X
then A is called a regular value of L.

The set p(L, X) of all regular values of L is called the resolvent set of L.
o(L,X):= C\p(L;X) is called the spectrum of L where C is the complex plane.
Hence those values A € C for which L is not invertible are contained in the spectrum
o(L,X).

The spectrum o (L, X) is union of three disjoint sets as follows: The point spec-
trum o, (L, X) is the set such that L;l does not exist. Further A € 0,,(L, X) is called
the eigenvalue of L. We say that A € C belongs to the continuous spectrum o, (L, X)
of L if the resolvent operator L;l is defined on a dense subspace of X and is un-
bounded. Furthermore, we say that A € C belongs to the residual spectrum o, (L, X)
of L if the resolvent operator L;l exists, but its domain of definition (i.e. the range
R(AI — L) of (Al — L) is not dense in X; in this case LII may be bounded or un-
bounded. Together with the point spectrum, these two subspectra form a disjoint
subdivision

o(L,X)=o0p(L,X)Uoc(L,X)Uo,(L,X) (1.1)

of the spectrum of L.

1.2. Goldberg’s classification of spectrum

If T € B(X), then there are three possibilities for R(7T'):
DORT)=X, D) R(T)=X,but R(T) # X, D) R(T) # X
and three possibilities for 77 1:
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(1) T~ exists and continuous, (2) T~ exists but discontinuous, (3) 7! does not
exist.

If these possibilities are combined in all possible ways, nine different states are
created. These are labelled by: Iy, I, I3, 11y, 11, 115, 1114, 1115, I115. If
an operator is in state /71, for example, then R(T) # X and T~! exists but is
discontinuous (see [7]).

If A is a complex number such that T = Al —L € [y or T = Al — L € 11, then
A € p(L,X). All scalar values of A not in p(L, X) comprise the spectrum of L.
The further classification of o (L, X) gives rise to the fine spectrum of L. That is,
o (L, X) can be divided into the subsets I,0(L,X) = &, I30(L,X), [I,0(L,X),
IIs0(L,X), I1lLio(L,X), Illho(L,X), Ill30(L,X). For example, if
T = Al — L isin a given state, /I, (say), then we write A € [ I I,o(L, X).

Throughout w denote the space of all real or complex valued sequences. The space
of all bounded, convergent, null and bounded variation sequences are denoted by £,
¢, co and b, respectively. Also by {1, £,, bv, we denote the spaces of all absolutely
summable sequences, p—absolutely summable sequences and p—bounded variation
sequences, respectively.

Many researchers have investigated the spectrum and the fine spectrum of linear
operators defined by some matrices over certain sequence spaces. There are a lot
of studies about spectrum and fine spectrum. For instance, the fine spectrum of the
Cesaro operator on the sequence space £, for (1 < p < oo) has been examined by
Gonzalez [8]. Also, Wenger [17] has studied the fine spectrum of the Holder sum-
mability operator over ¢, and Rhoades [12] generalized this result to the weighted
mean methods. Reade [11] has investigated the spectrum of the Cesaro operator on
the sequence space cg. The spectrum of the Rhaly operators on the sequence spaces
¢o and ¢ has examined by Yildirim [19]. The spectrum and some subdivisions of the
spectrum of discrete generalized Cesaro operators on £, (1 < p < 00) has examined
by Yildirim and Durna [20]. In [14], Tripathy and Das determined the spectrum and
fine spectrum of the upper triangular matrix U(r, s) on the sequence space

n

cs=3x=(xp)€w: lim E X; existsy ,
n—>00 4 o
l=

which is a Banach space with respect to the norm || x|| ., = sup,, |er'l=0 Xi | Also they
determined the approximate point spectrum, the defect spectrum and the compression
spectrum of the operator U(r,s) on the same space. In [16], Tripathy and Saikia
determined the norm and spectrum of the Cesaro matrix considered as a bounded
operator on mﬂ £oo. In[15], Tripathy and Paul examined the spectra of the operator
D(r,0,0,s) on sequence spaces cg and c. In [9], Paul and Tripathy investigated
the spectrum of the operator D(r,0,0,s) over the sequence spaces £, and bv,. In
[13], Tripathy and Das determined the spectra of the Rhaly operator on the class
of bounded statistically null bounded variation sequence space. In [10], Paul and
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Tripathy investigated the so-called fine spectrum of the operator D(r,0,0,s) over
a sequence space bvg. In [3], Das and Tripathy determined the spectrum and fine
spectrum of the lower triangular matrix B (7, s,t) on the sequence space cs.

2. FINE SPECTRUM

The upper triangular matrix U(a;0;b) is an infinite matrix with the non-zero diag-
onals are the entries of an oscillatory sequence of the form

fag 0 bp O O O O O O 7]
0 agz 0 b 0O O O O O
0 0 a 0 b, 0O O O O
U(a:;0:b) = 0O 0 0 a O by O O O 2.1)
0O 0 0 0 a O by O O
0O 0 0 0 0 a O by O

where bg,b1,by # 0.

Lemma 1 (Wilansky [18], Example 8.4.5 A, Page 129). The matrix A = (a,i)
gives rise to a bounded linear operator T € B(co) from c to itself if and only if
(i) the rows of A in £1 and their £1 norms are bounded,
(ii) the columns of A are in cy.

The operator norm of 7 is the supremum of £; norm values of the rows.

Corollary 1. U(a;0;b) : co — co is a bounded linear operator and
1U(@:0:5)¢gzcoy = max{lao| + bol . la1| + b1 az| + [b2]}.

Lemma 2 (Golberg [7, p.59]). T has a dense range if and only if T* is I-1.

Lemma 3 (Golberg [7, p.60]). T has a bounded inverse if and only if T* is onto.

Theorem 1. 0,(U(a;0;b),co) ={a € C: |A —ap||A —a1||A —az| < |bo||b1]|b2]}.

Proof. Let A be an eigenvalue of the operator U(a;0;b). Then there exists x #
0 = (0,0,0,...) in ¢g such that U(a;0;b)x = Ax. Then
aoxg +boxy = Axg
a1x1 +bixz = Axg
arxs +baxs = Axp
aox3 +boxs = Axs
a1x4 +bixe = Axg
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From above, we have

Xen = q" Xo,
Xen+1 =q" X1,
/X—a() n
Xén+2 = q Xo,
bo
)t—al n
X6n+3 = b q X1,
1
. _ (A—ao)(k—az)qnx
6n+4 bobs 0
o Bma0)may)
6n+5 bobr q X1
where n > 0 and ¢ = (A_“O)gﬁ;fgz)(k_”). Clearly, the subsequences (Xgn+r), ' =

0,5 of x = (xy) are in cg if and only if |A —ao| |A —a1||A —az| < |bo]| |b1]||b2| and
hence, x = (x5,) € ¢ if and only if [A —ag||A —a1||X —az| < |bo||b1||b2]|. There-
fore, 0, (U(a;0:;b),co) ={a € C: |A—ap||A —ai||A —az| <|bol||b1]|b2]}. O

We will use the following Lemma to find the adjoint of a linear transform on the
sequence space Co.

Lemma 4 (p.266 [17]). Let T : co —> co be a linear map and define T* : {1 +—>
L1, by T*g =goT, g € cy =Ly, then T must be given with the matrix A, moreover,
T* must be given with the matrix A’

Theorem 2. 0, (U(a;0:b)*,c5=(1) = @.

Proof. From Lemma 4, it is clear that the matrix of U(a;0;b)* is transpose of the
matrix of U(a;0;b). Let A be an eigenvalue of the operator U(a;0;b)*. Then there
exists x Z 0 = (0,0,0,...) in £1 such that U(a;0;b)*x = Ax.

Then, we have

apxo = )kX() (2.2)

aix; = Axl (2.3)
boxo +arxs = Axa 2.4)
bix1 +aoxz = Axs (2.5)
baxs +ai1xs = Axa (2.6)
boxs +arxs = Axs 2.7)
bixs +aoxe = Axg (2.8)
baxs+aix7 = Axy (2.9)

boxg +arxg = Axg (2.10)
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Then we have

n =3k, boxn+asxn+2 = Axp+2 (2.11)
n=3k+1, bixy+aoxn+2 = Axp+2 (2.12)
n=3k+4+2, byxp+aixnt2 = AXn42 (2.13)

Let xo # 0 then we get A = a¢ from (2.2), x; = 0 from (2.5), x4 = 0 from (2.8),
x2 = 0 from (2.6) and x¢ = 0 from (2.4). But this contradicts with our assumption.

Now let xo = 0 and x; # 0 then we get A = a; from (2.3), x, = 0 from (2.6),
x5 = 0 from (2.9), x3 = 0 from ( 2.7), x; = 0 from (2.5). But this contradicts with
our assumption.

Similarly let xo = 0, x; = 0 and x, # 0 then we get A = a; from (2.4), x¢ =0
from (2.10), x4 = 0 from ( 2.8), xo = 0 from (2.6). But this contradicts with our
assumption.

Finally, let x3;4; be the first non-zero of the sequence (x,). If n = 3k, then
from (2.11) we have A = a,. Again from (2.11) for n = 3k + 3 we have box3x43 +
aA2X3k+5 = A2X3k+5, then we get x3;43 = 0. But from (2.12) for n = 3k + 1 we
have b1 X35 4+1 + @oX3k+3 = d2X3k 43, We have x354+1 = 0, a contradiction.

Similarly, if x3; or x3; + 2 be the first non-zero of the sequence (x,) we get a
contradiction.

Hence, 0, (U(a:0;b)*,c;=t1) = @. O

Theorem 3. o,(U(a;0;b),co) = @.

Proof. Since, 0,(A) = 0,(A*,£1)\0p(A,co), Theorems 1 and 2 give us required
result. U

Lemma 5.
oo /n—1 00 00
> (St =3 3
n=1 \k=0 k=0 n=k+1
where (ay) and (b, ) are nonnegative real numbers.

Proof.

o0

n—1 0 1 2 3
5 (zakb,,k) S bt Y aib Y b+ 3 axbag +o-
k=0 k=0 k=0 k=0 k=0

= aob1o + (aob20 +aibz1) + (aohso +ai1bz1 +azb3z2)
+ (aobso +a1ba1 +azbas +azbaz) + -

o0 o o0
=aop an0+al me +022bn2+"'
n=1 n=2 n=3

o0 o0
=Y ar| D buk
k=0

n=k+1
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O

Theorem 4. o0 (U(a;0;b),co) = {A € C : |A —ao||A —ai||A —az| = |bo| |b1] b2}
and o(U(a;0:b),co) = {A € C : |A —ao||A —ai1||A —az| < |bol|b1]|ba]}.

Proof. Let y = (y,) € £1 be such that (U(a;0;b)—AI)*x = y for some x = (xy).
Then we get system of linear equations:

(ao—A)xo = yo

(a1 —=A)x1 =y1
boxo + (az —A)x2 = y2
bixi+(ao—A)x3 = y3
baxz + (a1 —A)xs = ya
boxz + (az —A)x5 = ys

boxap + (a2 —A)X3p42 = y3nt2
b1x3p+1+ (a0 —A)X3p+3 = Y3n+3
baxapy2+ (a1 —A)X3p+4 = Y3n+4a

where n > 0. Solving these equations, we have

1

X0=aO_AYO

_ 1

Xl—al_k)ﬂ

X2 = ! Y2 — bo Yo
a2 (ao—A)az—h)

o by
BT 002" - -n""

o by bob>
o @@ oD - —1"°
X5 = ! ys— 0 y3+ bob1 Y1

a»—>A (@ap—A)(az—A) (ap—A)(ar—A)(az—2)

1 b1 b1by
X6 A @M@ —n T @M@ - D@ -2
bob1b;

" (a0 —M2ar — Nz —1)"°
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1 b> bobs
X7 = —
a2 @M @M N
bob1b2
(ao— M) (a1 —A)2(az—2)>"
Thus we get
X2 - Y2 +nX§( D"y ﬁ—bzn 2vel
et A2p4r —A nt ket L dan—2v-+1 Al

k=0

t=0,1;n=1,2,.... Herein ax = ay, by = by for x = y(mod3). Therefore we get
o0
D lwol = [xol + a4 x2] + x| + -

o
= |xol + [x1]+ ) |x2n+l

n=1
_| Yo 1
ao—/\’—i_ al—k'
n—1 n—k b2 -
+ 2 + 1)tk _72n=2vAr
Z o — Von+t 12)( ) y2k+tv1:[1a2n—2u+t—)t
Yo J1
a()—/\ al—k
1 i |Van+ |+Z|yk |H Danavit '
t
|a2n+t_/\|n=1 " 2 aon—2v+4t —
_| Yo Y1
B ao—k‘ al—/\‘+|azn+t MZUZ"H
1 oo | n—1 n—k bz -
n v+t
Yok
|Clzn+z—/\|n§:1 k:0| 2 +t|l_[ azp— 2v+z—l'
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azp— 21)_A

Suppose ¢ = 0 and consider the series Z |: 3 vkl ]_[

n=

_ban—av ‘:| In Lemma 5

n—k

if we take ax = |yox| and by = [] azpn—2v—
v=1

bz”—*z”k) then we have

Z | vkl l_[

| n=k+1

| yax| Z l_[

n=k+1v=1

i 2_:|Y2k|1_[

n=1

b2n 2v '
Azp—2v — A

b2n 2v ‘
Arp—2v — A

b2n 2v ‘
az2n— 21)_A

n—k (n—k-1)/3
. bon—2v bobb
Alsosince [] #‘ ~M [(az—/l)(;l l)S(ao—)t)]

ve=1 azp—2v—
00, the last equation turns into the series

(M constant) asn —

- > n/3
bab1bo
> | el | | o1
k=0|: n=0 (az—A)(a1—A)(ap—A)
o0
Since y = (yn) € {1, the series Y |yox| is convergent. Hence the series (2.14) is
k=0

(az_k)?jf’i%(ao_k) < 1. Consequently, if A € C,

convergent if and only if

laz —A||ay —Allag —A| > |ba||b1]|bol, then (x,) € £;. Therefore, the operator
(U(a;0;b)—AI)* isontoif |[A —ag||A —a1||A —az| > |bo||b1]|b2|. Then by Lemma
3 U(a;0;b) — Al has a bounded inverse if |[A —ag||A —a1||A —az| > |bo| |b1]|b2]-
So, 6.(U(a;0;b),co) C{A € C:|A—ap||A—ai||X —az| <|bo||b1]|b2]}
Since o (L, co) is the disjoint union of 0, (L, cp), 0, (L,co) and o¢(L, o), therefore

o(U(a;0;b),co) S{A € C:|A—ap||A—ai||A—az| <|bo||b1]|b2]}.
By Theorem 1, we get

{AeC:|A—ap||r—ai||A—az| <|bo||b1]|b2|}
=0,(U(a;0;b),c0) Co(U(a;0;b),co)

Since, o (L, cg) is a compact set, so it is closed and thus,

{AeC:|A—ap||r—ai||A—az| <|bo||b1]|b2|} Co(U(a;0;b),co)

=0 (U(a:0:b),co)

and {A € C: |A —ag||A—a1||A—az| < |bo||b1]]b2]} C a(U(a;0;b),co).
Hence, 0 (U(a;0;b),co) ={A € C:|A—ag||A—ai1||A—az| < |bo||b1||b2|} and so
0c(U(a;0:b),c0) ={A € C:|A—aol|A —a1||A —az| = |bol|b1][b2]} . O

Theorem 5. If|A —ag||A —a1||A —az| <|bo||b1||b2],then A € I3a(U(a;0;b),co).
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Proof. Suppose [A —ag||A—aiq||X —az| < |bo||b1]||b2| and so from Theorem 1,
A € 0p(Ulag,ar.az;),co). Hence, A satisfies Golberg’s condition 3. We shall show
that U(a;0;b) — Al is onto when |A —ag||A —a1||A —az| < |bo| |b1]||b2].
Let y = (yn) € co be such that (U(a;0;b) —Al)x = y for x = (x5). Then,
(@ap—A)xo+boxz = yo
(a1 —A)x1+bi1x3 =y
(az—A)x2+barxs =y
(ao—A)x3+boxs = y3
(a1 —A)xq4+b1xe = ys4
(a2 —A)xs5s+box7 =ys
(ap—A)x6 +boxg = ys

Calculating xz, we get

1 A—ao
X2 = %yo bo X0
1 )L—al
X3 = E)’l by X1
1 A—az (A—ap) (A —az)
=52 o, 0 Db °
x5:iy3+l—aoyl (/\—Clo)(/\—al)x1
bo boby bob1
x6=iy4+k_a1y2+ (/\—al)(/\—az)yo_i_ (A—ag)(A—a)(A— az)x
by b1by bob1by bob1b2
x7=iy5+l—azy3+ (/\—ao)(/\—az)ler (A—ap)(A—a)(A— az)
by bobo bob1by bob1b2
= - 1 l .. +(A—a0)(k—a1)y2+(k—a0)(k ay) (A —az) .
bo” b by bob1b; b3b1b,
(A—a9)*(A—ay) (A—az)
X0
b2b1b

From above, we have

Xon+t =

n—k— 1/\ a
A—dan—2v+t
Yan—2+4t + Zy2k+t l_[ =

b2n+1+t bon—avtit1
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A—arn—2v4¢
+x: 1_[ b ’
v=1 2n—2v+t

where t =0,1; n =2,3,.... Herein ay = a,, by = by, for x = y(mod3).
Since

asn — oo,

l—[ A—arp—2v4¢ M, [(00—1)(611—1)(02—1)

(n—1)/3
bob1b; :|

ban—2v4+

where M is a constant, we have

n—k—1

A—dazp— A—d2n—2v+1
Yan— 2+t+ZY2k+t 1_[ Dan—aviitl
n—2v

1

Xopt ~ ————
ban+1+t

) (2.15)

(a0 —A) (a1 —A) (az —A) “"1’/3
bob1b>

as n — oo. Since y = (yp) € co, from (2.15)
(k—ao)(al—/\)(az—/\)’ <1

+XtM2 |:

V= (yn) € co iff

bob1b;
Thus from (2.15), (x5) € co iff |A —ag||A —a1||A—az| < |bo||b1||b2|. Therefore,
U(a;0;b) — Al is onto. So, A € I. Hence we get the required result. O

3. SUBDIVISION OF THE SPECTRUM

The spectrum o (L, X) is partitioned into three sets which are not necessarily dis-
joint as follows:

If there exists a sequence (xj) in X shuch that || x,|| = 1 and | Lx,|| - 0asn — oo
then (x,) is called Weyl sequence for L.

We call the set

0ap(L,X) :={A € C : there exists a Weyl sequence for A/ — L} 3.D

the approximate point spectrum of L. Moreover, the set
os(L,X):={Ae€a(L,X): Al —L is not surjective} (3.2)
is called defect spectrum of L. Finally, the set
0co(L.X)={AeC:R(AI—L)# X} (3.3)

is called compression spectrum in the literature.
The following Proposition is very useful for calculating the separation of the spec-
trum of linear operator in Banach spaces.
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TABLE 1. Subdivisions of spectrum of a linear operator.
1 2 3
L;l exists L;l exists L;l
and is bounded | and is unbounded | does not exists
Aeop(L,X)
I |RAM—-L)=X| Aep(L,X) - A€ogp(L,X)
Aeac(L,X) Aeop(L,X)
II|RAM-L)=X| Aep(lL,X) A€aogp(L,X) | A€o0gp(L,X)
Aeos(L,X) Aeos(L,X)
Aeor(L,X) Aeor(L,X) Aeop(L,X)
M| RAI-L)# X | Aeas(L,X) A€agp(L,X) | A€o0gp(L,X)
kGOg(L,X) )&EO(S(L,X)
A€0co(L,X) | A€oco(L,X) | A€0co(L,X)

Proposition 1 ([ 1], Proposition 1.3). The spectra and subspectra of an operator
L € B(X) and its adjoint L* € B(X ™) are related by the following relations:
(a)o(L*,X*) =0(L,X), (b) 0c(L*, X*) S 0gp(L, X),
(c) oap(L*, X*) = 05(L,X), (d) o5(L*,X™) = 0qp(L, X),
(6) O—p(L*’X*) = OCO(L’X)’ (f) OCO(L*’X*) :_) Op(L’X);
(g)o(L,X)=04p(L,X)U0p(L*,X*) =0p(L,X)U0up(L*, X7).

By the definitions given above, we can write following table

Many authors have examined spectral divisions of generalized difference matrices.
For example, Paul and Tripathy, [9] have studied the spectrum of the operator D (r, 0,0, s)
over the sequence spaces £, and bv,,.

The above-mentioned articles, concerned with the decomposition of spectrum defined
by Goldberg. However, in [6] Durna and Yildirim have investigated subdivision of
the spectra for factorable matrices on co and in [2] Basar, Durna and Yildirim have
investigated subdivisions of the spectra for generalized difference operator on the se-
quence spaces cg and c, in [4] Durna, have studied subdivision of the spectra for the
generalized upper triangular double-band matrices A*Y over the sequence spaces c¢g
and ¢ and in [5] Durna, have studied subdivision of the spectra for the generalized
difference operator A, ; on the sequence space £,, (1 < p < 00)

Corollary 2. 111,0(U(a;0;b),co) = 111,0(U(a;0;b),co) = 2.

Proof. Since o,(L,co) =11110(L,co)UIIlI>0(L,co)from Table 1, the required
result is obtained from Theorem 3. O

Corollary 3. 1150(U(a;0;b),co) = I1130(U(a;0;b),co) = 2.
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Proof. Since 0, (L,co) = I30(L,co)UI130(L,co)UIII30(L,co) from Table 1,
the required result is obtained from Theorem 1 and Theorem 5. O

Theorem 6. The following statements are hold

(@)oap(U(a:0;b),co) ={A € C: |A—ap||A—ai||A —az| < |bo||b1]|b2|},
(b)os(U(a;0;b),c0) ={A € C: |[A —aop||A —a1||A —az| = |bo||b1]|b2]},
(¢)oco(U(a;0:b),co) = 2.

Proof. (a) From Table 1, we get
oap (U(a;0:b),co) = 0 (U(a;0:b),co)\I1110 (U(a;0:b),co).

Hence 04, (U(a;0;0),c0) ={A € C: |A —ap||A—a1||A —az| < |bo||b1]||b2]} from
Corollary 2.
(b) From Table 1, we have

o5 (U(a;0;b),co) = 0 (U(a;0:b),co) \ 130 (U(a;0;b),co).

By using Theorem 4 and 5, we get the required result.
(c) By Proposition 1 (e), we have

0p(U(a;0:b).cq) = 0co (U(as;0:b),co).
From Theorem 2, we get the required result. O
Corollary 4. The following statements are hold

(@)oap(U(a:0:b)",cg = £1) ={A € C: | —aol||A —a1|[A —az| = |bol|b1]|b2]}
(b)os(U(a;0:0)*.cqg = £1) ={A € C: [A—aol|A —a1]|A —az| < |bo| [b1]]b2]}.

Proof. Using Proposition 1 (¢) and (d), we have
oap(U(a;0;b)*,cq = €1) = 05(U(a;0;b),co)
and
05(U(a;0:b)*, ¢y = 1) = 04p(U(a;0;b),co).

From Theorem 6 (a) and (b), we get the required results. O

4. RESULTS

We can generalize our operator as follows.

U(ao,al,...,an_l;O;bo,bl,...,bn_l)
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where by, b1,...,bp—1 # 0.

NUH DURNA

fao 0 by O O 0 0 0 0 -7
0 az 0 b O 0 0 0 0
0 0 . 0 .0 0 0 0
=0 0 0 a1 O byy O O O (4.1)
0 0 0 0 a O by 0O O
0 0 0 0 0 a 0 b 0

One can get parallel all our results obtained in before section as follows.

Theorem 7. The following statements are provided where

n—1 A—a
S=1eC: 1_[ Tk
k=0

ary

<1y, § be the interior of the set S and 0S be the bound-

of the set S

(1) op(U(ao,al,...,an_l;O;bo,bl,...,bn_l),co) = S,

2) op(U(ao,al,...,an_l;O;bo,bl,...,bn_l)*,c(‘;gﬁl) =y,
(3) 0r(U(ap.az,...,an—1;0:bo,b1,...,bp—1),co) = @,

(4) oc(U(ao,al,...,an_l;O;bo,bl,...,bn_l),co) = 85,

(5) O’(U(a(),al,...,an_l;();bo,bl,...,bn_l),C())=S,°

(6) Igo(U(ao,al,...,an_l;O;bo,bl,...,bn_l),co) =S,

(7 I11o(U(ag,ai,...,an—1;0:bo,b1,...,bn—1),co) = 9,
®) I11,0(U(ag,a1,...,an—1;0;b9,b1,...,by—1),c0) = 2,
9) I11s0(U(ag,a1,...,an—1;0;b9,b1,...,by—1),c0) = 2,

10) I1s0(U(ag,ai,...,an—1;0;b9,b1,...,bp—1),co0) = 2,

(11) oqp(U(agp,azi,...,an—1;0:b0,b1,...,by—1),co) = S,

(12) o5(U(ag,ai,...,an—1;0;b0,b1,...,bp—1),c0) = 95,

(13) 0co(U(ao,au,...,an—1;0;b0,b1,...,bp—1),c0) = &,

(14) aap(U(ao,al,...,an_l;();bo,bl,...,bn_l)*,ca‘zﬁl) =48,
(15) ag(U(ao,al,...,an_l;O;bo,bl,...,bn_l)*,c[)"zﬁl) =3S.

(1]
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(3]
(4]
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