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Abstract. In this paper, we introduce and study some subclasses of p-valently analytic functions
in the open unit disk U by applying the g-derivative operator and the fractional g-derivative
operator in conjunction with the principle of subordination between analytic functions. For the
Taylor-Maclaurin coefficients {ak}iip 1 of each of these subclasses of p-valently analytic
functions, we derive sharp bounds for the Fekete-Szeg6 functional given by

2
Ap+2 —Hdpyq|-
Relevant connections of the results presented in this paper with those derived in earlier works are

also considered.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

The theory of the basic and the fractional quantum calculus (that is, the basic g-
calculus and the fractional g-calculus) plays important roles in many diverse areas
of the mathematical, physical and engineering sciences (see, for example, [5, 9, 16]
and [21]). Our main objective in this paper is to introduce and study some subclasses
of p-valently analytic functions in the open unit disk U by applying the g-derivative
operator and the fractional g-derivative operator in conjunction with the principle of
subordination between analytic functions (see, for details, [12]).

We begin by denoting by A (p) the class of functions f(z) of the form:

f@ =2+ Y af(peN={1,23,}), (1.1)
k=p+1
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which are analytic and p-valent in the open unit disk
U={z:zeC and |z] < 1}.
In particular, we write
A(l) = A.

A function f(z) € #(p) is said to be in the class 8, («) of p-valently starlike of
order « in U if and only if

%(Z;(/S)) >a  (0=a<p:zel). (12)

A function f(z) € #A(p) is said to be in the class €, («) of p-valently convex of order
a in U if and only if

% (1 + Z%S)) >a  (0Sa<pi zel). (13)

The p-valent function classes 8, («) and €, () were studied by Owa [13]. From
(1.2) and (1.3), it follows that

z2f'(2)
p

We now recall some basic definitions and concept details of the g-calculus which
are used in this paper (see, for details, [7] and [8]; see also [5] and [21]).

f(2) €Cp(a) <

€ 8% (). (1.4)

Definition 1. Let g € (0,1) and define the g-number [1], and the g-factorial [n],!

by
1—ag*
9 Ae®
I—¢q
R, = 1 (1.5)
n—
qk:1+q+q2++qn_l (/\:HE'N)
k=0
and
1 (n=0)
]! = ; (1.6)
I [k]q (n e N),
k=1
respectively.

Definition 2. The g-derivative (or the g-difference) D, f(z) of a function f(z) is
defined in a given subset of C by
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f(a : f)(qz) (2 £0)
Dgf(z) = D= (1.7)
£'(0) (z=0),
provided that f'(0) exists.
‘We note from Definition 2 that
. . f(Z)“f(QZ)__ ’
q1_1)r111_ Dy f(z) = ql_lgl_w = f(2) (1.8)

for a function f which is differentiable in a given subset of C. It is readily deduced
from (1.1) and (1.7) that

Dgf(@)=Iply 2"+ > [Klgaxz*™" (z #0), (1.9)
k=p+1

where [A], is given by (1.5) and the function f(z) € A(p) is given by (1.1).

Making use of the g-derivative operator D, given by (1.7), we introduce the sub-
class 8; (p,a) of p-valently g-starlike functions of order o in U and the subclass
€4 (p,a) of p-valently g-convex functions of order « in U as follows:

* , L zDg f(2)
f2)ed;(p.a) m([p]q o ) >« (1.10)
O<g<1;0=a<1;zel)
and
1 Dy(zDgf(2))
f(z) €e€y(p.a) — §R<[p]q D, 7(2) ) >« (1.11)
O<g<l;0=2a<1;z€el),
respectively. From (1.10) and (1.11), it follows that
f2) e (p.a) %68;@&). (1.12)
q

We note also that
. 3 _ 3 . _
Jim Si(pa)=S7@) and  lim €(p.a)=Cp).
We next introduce the familiar principle of subordination between analytic func-

tions. Indeed, for two given functions f(z) and g(z) which are analytic in U, we say
that the function f(z) is subordinate to the function g(z) and write

f(2)<g(2),



492 H. M. SRIVASTAVA, A. O. MOSTAFA, M. K. AOUF, AND H. M. ZAYED

if there exists a Schwarz function w(z), which is analytic in U with

w(0)=0 and lw(z)] <1
such that

f (@) =g(w(2).
Furthermore, if the function g is univalent in U, then it follows that
f(2)<g@) (zel) < f(0)=¢g@0) and  f(U)Cg(U).
Throughout our present investigation, let the function ¢(z) be analytic with posit-

ive real part in U and satisfy the following conditions:

p(0)=1 and  ¢'(0)>0,

which maps U onto a region which is starlike with respect to 1 and symmetric with
respect to the real axis. Suppose now that & Z‘p(gp) denotes the class of functions

f(z) € A(p) for which
IR
b\p f(2)
Also let €p,_,(¢) be the class of functions f(z) € #4(p) for which
11 zf" (@)
l——+— |1+
b bp ( 1)

The p-valent function classes § l;k,p (¢) and €, ,(p) were introduced and studied by
Ali et al. [2]. We note that each of the following function classes:

8i1(p) =8"(p)  and  C11(p) =C(p)

was introduced and studied by Ma and Minda [11]. In fact, the widely-investigated
function classes §*(«) and €(«) are the special cases of §*(¢) and € (¢), respect-
ively, when

1) < ¢(2) (beC*=C\{0}; z€L). (1.13)

)<¢(Z) (beC*; zel). (1.14)

o(2) = 1+ (11_— 20)z

Finally, for b€ C*, 0 <g <1, 0=A =1 and p € N, we define the subclass
81,46 (P, @) of the p-valently analytic function class #(p) consisting of functions
f(z) of the form (1.1) and satisfying the following subordination condition:

- 1( 1 2Dgf(2) +1qz2Dg(Dgq f(2))
[pl;, (1—=24)f(2)+AzDq f(2)

b
where D, denotes the g-derivative operator given by Definition 2.

O=a<l;zel).

—1) < (2), (1.15)

The following function classes are included in the class &, , 5(p, ) of p-valently
q-starlike functions of complex order b in U (see also [1]):
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(@) lim oqp(p.9) =:8;,(¢) and m_ $145(p.¢) =:Cp,p(¢)
(see Ali et al. [2]);

(if) tim_ Sra.b (P @) = 83.5,p(®)

(see Aouf et al. [3]) with
Zp

g@) =1

(iii) 80,46 (1.@) =: 8, () and 8y 4 5(1.0) =:1C, 5(p)
(see Seoudy and Aouf [19]);

(iv) qgn{l_ 80,4.6(1,0) =: 8, () and qgnll_ 81,46(1,0) =1 Cp(p)

(see Ravichandran et al. [17]).

We also note here that

. — o,y
(1) /Sk’q’(l_ﬁ)e—ia cosot(p’(p) - 8q,p,/l((p)
ol (quf(z)-ququ(qu(Z))) —ycosa—i[p], sina

(A=A f@)+AzD4 f(2) q

= A :
{ f(z) € Alp) [), —r)cosa <¢(2)
(|a| <%; 0=sy<[plg:0=A= 1)}:
(if) go,q,(l—ﬁ)e—f“ cose (P29 =845,y (®)
ei“(—quf(Z)) —ycosa—i[p],sina
f@) 9
= . A : .
{ f(z) € A(p) @l —p)cosa <¢(2)
7

(lol < 5 0§y<[p]q)};

D) 50 4 (1- 4 Jeie o P+ #) = Cipr )
eiO{ (Dl/ %f;(£§z))) —ycosa —1 [p]q sino
= A .
£(2) € Ap) Ol —7)oma <¢(@)

(|a|<§;ogy<[p]q)}.
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In Geometric Function Theory, various subclasses of the normalized analytic func-
tion class # as well as the normalized p-valently analytic function class 4 (p) have
been studied from different viewpoints. The above-defined g-calculus provides im-
portant tools that have been used in order to investigate various subclasses of -4 and
A(p). Historically speaking, even though the g-derivative operator D, was first ap-
plied by Ismail et al. [6] to study a g-extension of the class §* of starlike functions in
U, a firm footing of the usage of the g-calculus in the context of Geometric Function
Theory was actually provided and the basic (or g-) hypergeometric functions were
first used in Geometric Function Theory in a book chapter by Srivastava (see, for
details, [20, pp. 347 et seq.]).

2. FEKETE-SZEGO PROBLEM FOR THE FUNCTION CLASS &) 4 5(p,¢)
Let £2 be the class of functions w(z) of the form:
w(z) = w1z + waz? + w3z + - (z e L), 2.1
which satisfy the following inequality:
lw(z)] <1 (z € U).

Each of the following lemmas will be needed in our present investigation of the
Fekete-Szegd problem for the function class &3 4 5(p,¢) which we have introduced
by using the subordination condition (1.15) (see, for example, [4]; see also [22] and

[24]).
Lemma 1 ([10]). Let the function w(z) € §2 be given by (2.1). Then
lwa —twi| Smax{L.|t|} (reC).
The result is sharp for the function given by
w(iz)=z2 or w(z):z2 (z e V).

Lemma 2 ([2], [ 1]). Let the function w(z) € 2 be given by (2.1). Then

—K (k =-1)
jwy —kwf| =7 1 (~1=k=1) 2.2)
K (k= 1).

For k < —1 or k > 1, the equality holds true in (2.2) if and only if w(z) = z or one
of its rotations. If —1 < k < 1, then the equality holds true in (2.2) if and only if
w(z) = z2 or one of its rotations. If k = —1, then the equality holds true in (2.2) if
and only if
z(z+1n)
w(z) = —- =
1+nz



BASIC AND FRACTIONAL g-CALCULUS AND ASSOCIATED FEKETE-SZEGO PROBLEM -+ 495

or one of its rotations. If k = 1, then the equality holds true in (2.2) if and only if

e =-522 0zyzy

or one of its rotations. The upper bound in (2.2) is sharp and it can be improved as
follows when —1 <k < 1:

lwa —kwi|+ &+ DwiPS1 (-1 <k =0)

and
‘wz—/cwﬂ—{—(l—ic)|w1|2§1 O<k<1).

Lemma 3 ([14]). Let the function w(z) € §2 be given by (2.1). Then, for any real
numbers qy and q2, the following sharp estimates hold true:

|U)3 +(I1U)1U)2+(I2wﬂ§H(Q1,Q2), (2.3)
where
! ((g1.92) € D1 U D,)
7
42| ((91.92) € U Dx)
k=3
: l+1 2
q1
FUal+1 (—) .q2) € DgUD
H(q1.92) = D ET Ay (@1.92) € Ds U Do)

1

2 2 3

4 ( 97 —4 q?—4

3 (6121—4612)(3(6112—1)) ((@1.42) € Dro U Dun\ 2.13)
1

1
2 g1 -1 z
FUaal=1) (m) ((91.92) € D12).

The extremal functions, up to rotations, are of the form given by

z[(1—=A)ex + Aer]z—e€1622
1—[(1=X)ey +Aez]z
z2(t1—2) z(t2+2)

W(Z)=w1(Z)=m, w(Z)=w2(Z)=m, |81|=|82|=1,

wi@) =23 wk@) =z, wk) =wi()=

g1 = to—e_i(%o) (@Fb), &= —e_i(%o) (ia%xb),

. 90 _ 2 .2 90 _b:l:a
a—tocos(?), b—\/l 1§ sin (?), A= 7
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! 1
. 2q2(q3 +2)—3q3 . _( 1] +1 )2
0 — s 1= \5 5 . . ~ )
3(q2— 1) (g} —4q2) 3(lg11 +1+4g2)

1
_ lg1]—1 2 60\ _ q1 (492(q7 +8)—2(q7 +2)
h=|——"-—"7-— and cos| — | = — 5 > .
3(lg11 —1—g2) 2 2 2g2(q7 +2) — 343

The sets Dy (k = 1,---,12) are defined as follows:

1
Dy := {(‘hﬂz) Hai] = 3 and |qz| = 1} ,

1 4
Dri={ @) 5 Zhanl 22 and 40 = anl+ D =2 211

1
D3 := {((ILC]z) i) = 3 and f]2§—1§ .

1 2
Dy = {(611,612) g1l =z 3 and q2 = —§(|6h|+1)} ,

Ds:={(q1.92) : |q1| =2 and g, Z 1},
1 2
D¢ :=1(q1.92) :2=|q1| =4 and Q2§E(‘11+3) ,

2
D7 := {(QL(]z) g1l =4 and g2 = §(|611|—1)} ;

=1q11 =2 and

| =

Dg := {(611,612)3

2 4
=3+ D 2022 2l 0= ar |+ ).

2 2 +1
Dy :=1(q1.92) : |q1| =22 and —§(|q1|+1)§q2<—|q1|(|q1| )

T i +20q1| +4

l

’

2lg1l (g1l +1) 1,
Dy := 1,92) 2= |q1| 24 and ———— =q2 = — +8
{(q q2) |91 2+ 2001+ 4 q 12(611 )

2]g1l (g1l +1) 21q1] (Ig1]—1)
Di1:=1{(q1.92) :lq1| = 4 and %g ,< |2q | (1]
97 +21q1[+4 > —2|q1|+4

and
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20q1l (g1 = 1) _

2
qi —2lq1l+4 = 3

D12 :=14(q1.92) : 1q1| = 4 and q2 = z(lq1|=1)¢ .

Remark 1. Unless otherwise mentioned, we assume throughout this paper that
beC* 0=1=1, 0<g<l1 and pEN.
Theorem 1. Let the function ¢(z) be given by
¢(2) = 1+ Biz+ Baz> +---(B1 > 0).
If the function f(z) given by (1.1) belongs to the class 8 4 »(p.¢) and p € C, then

[Plg Bulbl ( 1+A([p)y—1)
p+2]q_[p]q 1 +A([p+2]q_ 1)
& [p]q Blb

B [p+1]q_[p]q

|ap+2 —lwlz;+1| = [

-max{ 1,

(1 [p+2], 7], [1—l—)\([p—’rZ]q—l)][l—{—/\([p]q—l)]) }
. — > 2.4)
[p +1]g —[Plq [1+A([p+11,—1)]
and
[pl, B11b| 1+A([pl;—1)
|ap+3| = P+ 31,1, (1 (43, - 1) H(q1,92), (2.5)
where
_ 2B> [p]q (2[p]q_[p+1]q_[p+2]q)31b
g1 = - (2.6)
B (lp+1,-Ipl,) (Ip+21,-1pl,)
and

6]2—33—( [p) Bib )2_[p]q(z[p]q—[p+11q—[p+2]q)31b
- [

B \[p+1,-[pl, (Ip+ 11y —[ply) (Ip +21, ~[],)
(31 o, [p]q) | @7
The result is sharp.

Proof. If f(z) € 83 4,5(p.@), then there is a Schwarz function w(z) € £ given
by
w(z) = w1z +waz? + w3z’ +--
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such that

1 1 zDgf(z) +Aqz2Dy(Dg f(2))
1 b _1 = > .
+b(lplq (I=1) f()+A2Dg f(2) ) o(w(z))

Since

1 zDg f(z) +Aqz2Dg(Dq f(2))
[pl; (1=2)f(z) +AzDg f(2)

B 1+A([p+1],-1) [p+1l,
=, - ([p]q 1)“”*“

N |:1+)L([p+2]q—1) ([p+2]q _l)ap+2_(l+/\([p+1]q—1))2

1+ (-1 \ ol L+2([ply— 1)

_([p+1]q —1)a12,+1]z2+ |:1+)k([p—|—3]q—1) ([p+3]q —1)a,,+3

[p]q 1+A([p]q_l) [p]q
1+A(p+1,-1)) Pty [\ 2 1A+,
1+ A([pl,— 1) [p], PR 14 (p), 1)

T+a(lp+2,-1) ( [p+1, [p+2), 34
1+ ([plg—1) (2 [Plq P Al

and
<p(w(z)) = 1+w1B1z+(w%Bz+szl)z2+(w3B1 +w%B3 —|—2w1szz)z3+--- )

we observe that

[ply Bibw: ( 1+A([pl, —1) ) 08

P =1, 1A+ 11, —1)

dp+2

_ B (14l - 1)
[P +2lg—[plg \1+A((p+2],~1)

. 2 & [p]q Blb
{“’”“’1 (Bl e llq—[p]q)} 29

_ 1+A([pl,—1) (pl, B1b " 2B,
1+ (p+3l, =) [p+3l,~[rl, | | B

and

ap+3
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([p+1]q_[p]q) ([p+2]q_[p]q) B_l [p+1]q_[p]q

_[ply (2ply =[p + 11, —[p +2],) Bib (& [p], B1b ) w3} 210
([p+1]q_[p]q)([p+2]q_[p]q) Bl [p+l]q_[p]q e ‘

_[p]q(z[p]q—[p+uq—[p+2]q)31b} . 33_< [l Bib )2

Therefore, we have

[pl, Bib 1+A([pl,—1)
p+2,—[plg 1+A([p+2],—-1

Apt2—[ap g = [ )[WZ_UW%]’

where
[Pl Bilbl
[p + 1]q - [p]q
([p+ﬂq—MM[1+Aﬂp+ﬂq—0“1+kﬂmq—0] B,
\n N ~1
[p+1g—[Ply [1+A([p+1],—1)] By

The result (2.4) follows by an application of Lemma 1 and the result (2.5) follows by
an application of Lemma 3. These results are sharp for the functions given by

L[ 1 2Dy f(z)+192°Dg(Dy f(2)) 2
14— 1) =
+b([p]q (-2 /(@) + 42D /() ) 7
and
1 1 2Dy f(2)+Aqz2Dy(Dy f(2))
1+ —1| =),
+b([p]q (1-1) /(@) + 42D fC) ) v
respectively. This completes the proof of Theorem 1. 0

By using Lemma 2, we can obtain the following theorem.

Theorem 2. Let b > 0 and let the function ¢(z) be given by
@(z) =14+ B1z+ Baz? +---(Br > 0; k € {1,2}).

If the function f(z) given by (1.1) belongs to the class 8y 4 (p.¢) and |1 € R, then

|ap+2 —WIZ,H\ =
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[pl,b ( 1+A([pl,—1) )

lp+2]4—lrls \ 1+A([p+2],-1)

. B + [p]qB%b 1 _ [p+2]q_[p]q [1+A([p+2]q_l)][1+A([p]q_1)]
27T [p+il,—Irl, [p+11,—-pl, [1+A([p+11,—-1)]

[P, Bi1b 1+2([r]y—1)
(p+2]4—[rlg \ 1+A([p+2],—1)
(01 =p=02)

[pl b ( 1+A([pl,—1) ) ‘

lp+2]—[plg \ 1+A([p+2],-1)

_B + [p]quzb [p+2]q_[p]q [1+A([p+2]q_l)][1+A([p]q_1)] _ 1
NP2 T ol el \ M il lel, [+ 2([p+11g—1)]°

(1 = 02),

where

(Ip + 11, — [p],) [(Ba— BV (Ip + 1, — [p],) + [p), BIB][1+ A ([p +1],— V)]

0= (Pl ((p+ 20, — [Plg) [1+ A ([p+ 20, — )] [1 + A ([p], — 1)] B?b
and
oy = P11y = P1g) [(Ba+ B1) ([p + 11, = [Ply) + [Pl BEDJ[1 42 (Ip 411, - UK

[Pl (Ip +21,—[pl,) [1+A([p +2], - D][1+24 ([p]q —1)] BYb

The result is sharp.
Further, if we set

(lp +11g = [P1g) [([p + 14 —[P)g) B2+ [ply BED][1+ A ([p +1],—1)]
[Plg (1P +2lg = [plg) [1+A(lp +2lg = D][1+A(Iply —1)] Bib

then each of the following assertions holds true:
(1) If o1 = n = 03, then

2

03 =

apa a4 — 2+ Vg lPL)” [1+2(p+ 1, -1

! P Il (I 20— 1p)g) BEb [1+ A (I +21, = D][1+ 4[], —1)]
[pl, BED [1_ [1+A(lp +2), = D][1 +A([ply = 1)]

[p+1],—[rl, [1+A([p+11,- D]

.[p+21q—[p]q} [ply B1b ( 1+A[p),—1 )

[p+11,— 17l +2, =[Pl \1+2([p+2],-1) )

'{(31—32)—

|a,,+1|2 = 0
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(i) If 03 = u = 02, then

(Ip+11, - [p1,)? [1+A(p+1],-1)]
(lp+21,—1[pl,) B?b [1+A([p+2, - 1)][1+A([pl,—1)]

|ap+2—pap, |+ 7,

[pl, Bib [1+A([p+2],—D][1+A([pl, —1)]
1 (B1—By)— 3
[P+ 1, —[ply [1+A([p+1],-1)]
[ +2],—1r] 1 |2 _ [plgBib 1+A[pl,—1
[p+11,~ 7], = 42, — ol \ T+ A (p+2],-1) )

Proof. By applying Lemma 2 to (2.8), (2.9) and (2.11), we obtain the required
results asserted by Theorem 2. In order to show that the bounds are sharp, we define
the functions Ky, (n € N\ {1}) by

11 ZDqK(pn(Z)+qu2Dq(DqK¢n(Z))_1 _on
1+ ([p]q (1= Kpn(2) +A2DyKyn(z) ) p(z"7)

b

(z'77 Kfpn(z)|z=o =0=2z'"7 Kon (Z)|z=0 -p)
and the functions Fg and Gg (0= B = 1) by

1+1( : ZDqFﬂ(Z)JFMZqu(DqFB(Z))_1):‘/’(Z(Zﬂg))

b\lpl, (1—=X)Fg(z)+AzDgFs(2) 148z

(2177 Fp(2)] ;o =0=2""7 F4(2)| ,_y— P)
and

1+

L[ 1 2DgGp(z) +4q22Dg(DgGp(2) ) _ (_Z(Z+ﬂ))
b\[pl,  (1-M)Gp(2) +12DgGp(2) P\ T8z )

(Zl_p Gﬂ(z)}zzo =0=z!"? Gl’g(z)}zzo—p).
Clearly, the functions Ky, Fg and Gg are in the class &3 ;5 (p,¢). We also write

If u < o1 or > 07, then the equality holds true if and only if the function f is
K, or one of its rotations. When o1 < @ < 02, then the equality holds true if the
function f is K3 or one of its rotations. If 4 = o, then the equality holds true if
and only if the function f is Fg or one of its rotations. If u = o2, then the equality
holds true if and only if the function f is Gg or one of its rotations. This completes
the proof of Theorem 2. [l

Remark 2. For different choices of the parameters ¢, b and A in Theorem 1 and
Theorem 2, we can deduce the corresponding results derived earlier by Ali et al. [2],
Aouf et al. [3] and Seoudy and Aouf [19].
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3. APPLICATIONS TO FUNCTIONS DEFINED BY THE FRACTIONAL ¢-DERIVATIVE
OPERATOR

We first recall some definitions of the fractional g-calculus which we will be used
in this section.

First of all, for 0 < g < 1 and A, u € C, the basic (or g-) shifted factorial (1;q),
is defined by (see, for example, [5,21] and [23])

> 1—Ag/
(k;q)u=]_[ — 0<g<1;A,pne0),

o 1 _kqﬂ‘f‘J
so that
1 (n=0)
A@n =4 n-1 . (3.1)
I1 (l—kq/) (n e N)
j=0
and
M@)oo =[] (1—Aqf) (0<g<1:1eC), (3.2)

J=0

Furthermore, in terms of the basic (or ¢-) Gamma function I, (z) defined by

R = L0 gy

TN (0O<g<1;zeC), (3.3)

so that
Jm (@)} =1@)

for the familiar (Euler’s) Gamma function I"(z), we find from (3.1) that

. Fq(a—i-n) n .
(¢%:q9), = T (1—q) (neN; aeC).

For 0 < g < 1, the (Jackson’s) g-integral is defined (in general) by

/0 fodgt=(1-q)x Y fxg)gk (x> 0), (3.4)
k=0

provided that the series on the right-hand side converges absolutely. In the limit case
when g — 1—, the g-integral in (3.4) reduces to

/Ox f(@)de.
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In general, for any closed interval [a,b] (0 = a < b), we write

b b a
/ f(t)dgt = / f(t)dgt —/ f()dgt. (3.5
a 0 0
In order to introduce the subclasses
Sps(p9)  and  Cgps(p.e).
we need the following definitions.

Definition 3 ([15], [16] and see also the references cited therein). The fractional
g-integral operator Jg’ . of order § is defined, for a function f(z), by

_ 1 z _
%0 =D = s /0 -1 gt (3>0).  (36)

where the function f(z) is analytic in a simply-connected region of the complex
z-plane containing the origin and the g-binomial (k + )y is defined by (see, for
example, [21, p. 486])
00 " . q " zq"
o uw—k _k _  u :
(K+Z)q —];)[k:| (](Z)K 72" =k" 1Dy q,—T (3.7)
= q

El

in which the generalized basic (or ¢-) binomial coefficient [i]q is defined by

[ﬂ — % (=¢")"q®)  (0<g<lipeCineNg)  (38)
q ’ n

and @, denotes the generalized g-hypergeometric function with r numerator and s
denominator parameters (see, for example, [23, p. 347, Eq. 9.4 (272)]).

Remark 3. It follows from Definition 3 that

ql—S. P
— _ ’ t
-1 =25 @y ¢ |- (39)
Since the series
A;
1Po q.2

is single-valued when (see, for details, [5])

larg(—z)| < m and lz| <1,
the g-binomial (z — tq{)z_1 in (3.9) is single-valued when

8 8
t t
arg (—i) <, - <1 and larg(z)| < .
Z Z
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Definition 4 ([15], [16] and see also the references cited therein). The fractional
q-derivative operator @g’ . of order § is defined, for a function f(z), by

N YR < s
bSO =8P 1O = = D | G0 S04t G0

0=5<1),

where the function f(z) is analytic in a simply-connected region of the complex

z-plane containing the origin and the multiplicity of the g-binomial (z —tq);S
removed as in Definition 3.

Definition 5 ([15], [16] and see also the references cited therein). Under the hypo-
theses of Definition 4, the fractional g-derivative operator @Sq, . of order ¢ is defined,
for a function f(z), by

D) f@)=2m, 3 f(z)  (m—1=8§<limeNg=N\{0}). (.1

Definition 6 ([18]). In terms of the fractional g-derivative operator @‘Sq’ ; given
by Definition 3.13, the fractional g-derivative operator

25, A(p) — A(p)

is defined as follows:
I +1-6

Iy(p+1)

oo

Tk + 1) (p+1—8)
_ D q q k
=t Z Ty DI+ 1-5)

FRACS

(3.12)

where the function f(z) € A( p) is given by (1.1).

Thus, for b e C*, 0<g<1,0=A=1,0=68 <1 and p € N, we now let
81.4,b,8 (P, ) be the subclass of the normalized p -valently analytic function class
A(p) consisting of functions f(z) of the form (1.1) and satisfying the following
subordination condition:

11 2De(90,0@) + 2427 DY(9] /()
o\ l, (T-M@28, /() + 22Da(28, /()

—1)<e¢(z). (.13

Remark 4. By using arguments and analysis to those in the proofs of Theorem 1
and Theorem 2, we can analogously derive Theorem 3 and Theorem 4 below. The
details involved are being left as an exercise for the interested reader.

Theorem 3. Let the function ¢(z) be given by
¢(z) =1+ B1z+ Baz* ++++(B1 > 0).
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If the function f(z) given by (1.1) belongs to the class 8 45 5(p.¢) and . € C,
then

B b _ 4p—6+1 _gPp—8+2 1+ -1
apsa—pay,| = e BIPL (=g" (1 g7 >< +4 (17 ))

Tlp+2,-lpl, (A—gPtH(—gr+2) \1+A(p+2],-1)
B, [ply B1b [p+2], -],

B, [p+1]q—[p1q( -1,

(=g (1—gP 7511 [1+A([p+21q—1)][1+A([p1q—1)])‘§
(1—gPF)(1—gP=3+2) [1+2([p+11,- D]

-max | 1,

and

lap+3| = [Pl Bilbl  (1—-g?~5+H)(1—g? o) (1—¢P*3)
p+3| = [p+3l,—[rl, (1—gPT)(1—gPT2)(1—gPt3)

( 1+ ([pl,—1)

1+A([p+3],—-1

))H(Q1,612),

where q1 and q» are defined by (2.6) and (2.7). The result is sharp.

Theorem 4. Let the function ¢(z) be given by
@(z) =14+ Biz+ Baz? 4+ (Bx >0; k €{1,2}).

If the function f(z) given by (1.1) belongs to the class 8y 4 p s(p.¢) and p € R, then

2
|ap+2—pay | =
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[plyd (1—gP 51 —¢q?73+2)  1+2([p],—1)
[p+2,—[pl, (—gPtH(1—gP*2) 1+2A(p+2],—-1)

[p), B?b (_ [p+2l,—[Ply (1—gP+?)(1—gP~3+1)
p+1l,—1, \ 10, —1pl, (1—qPt)(1—qro+2)
[1+k([p+2]q—1)][1+k([p]q—1)])§
[1+A([p+1],-1)]

2

(w=o7)

[pl, Bib  (1—gqP~ 5+t (1—gqP=+2) 14+ A([pl,—1)

[p+2,—[pl, (—g?*H(1—gP*2) 1+2A(p+2],—-1)
(of =p=o0y)

[ply b (1—gP=3+1)(1 —gP=5+2) 1+ A([pl,—1)
[p+2,—[pl, (A—g?tH(1—¢P*2) 1+2A(p+2],—-1)
B2 [p], BiD (u [p+21,—[pl, (1—gP+2)(1—gP=3+1)
[p+1,—-[ply \" [p+1],—[ply (1—gPt)(1—gP~3+2)
[+ A(Ip +2, = 1)1 +A(1p)g— 1) _1)$
[1+A([p+1],—-1)]

(n =03),
where

. (p+11,=1p)) [(B2— B)) (Ip+ 11, — [p),) + p), BEB][1+ A ([p+ 1], )]’
o, = 3
[ply ([P +21, = 1p)g) [1+A ([P +21, = )] [1+A([p]l, — 1)] Bfb
(1—gP* (1 —g?73+2)
(1—gP¥2)(1—gP=3HT)

and
. (p+11,=1p1,) [(Ba+ B1) (Ip + 11, — [Pl,) + [, BZD] [1+A([p + 11, —1)]
oy = 2
[ply ([P +21, = plg) [T+ A ([P +20, = )] [1+A([pl, — 1)] B}b

(1—gPth)(1—gP5+2)
' (1—gP+2)(1 _qp—8+1) ’
The result is sharp.
Further, if we set

(1~ 1)) [(1p+ 11, ~ [p),) B+ [pl, B26][1+ A (Ip + 1], — 1) ]2
03 = 5
[Ply ([P +21, = 1ply) [1+A ([P +21, = D] [1+A([pl, — 1) ] BED
(1—gPTH(1—gP3+2)

(1—gP+2)(1—gP=3+1)
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then each of the following assertions holds true:
(i)Ifof = u = o}, then
(lp+1,-1Pl)"  (1—gPtH(1—gP—512)
[pl, ([p +21,—[p],) Bib (1—qP+2)(1—gP=8+1)
_ [1+A(p+11,-1)] By By - p), B2b
[+A(p+2, - DI +A(pl - D] 7 i1l
[, lp 2= (ply 1 —g7 ) (A —gP )
Mo+ 1, —[ply =g (1—gP—572)
[1+Aﬂp+ﬂq—0”l+kﬂmq—lﬂ)}w P
[1+A(Ip+1],—1)] 7
[ply Bib (1—gP~ 5t (1—¢q?5%2) 1+2(lp],—1)
“p+2,—-lply (=gt —gP™2) 14+X([p+2],-1)
(i) If 05 = u = 05, then

|ap+2—pag |+

IA

([p+1,-[rly)"  (1—gP+H(1—gP=5+2)
(pl, ([p+21,—[pl,) Bib (1—gP+2)(1—gP~3+1)
[1+a(p+1,-1)] pl, B2b

Al +20, - D[+ A ([Pl - 1] { =)= o, o,

[p+2l,—[pl; (1—gPT2)(1—gP73TT)
' (“ [p+ 1, —[ply 1 —gP+)(1—gP—3+2)
. [1+A(lp+2), - )][1+ ([l —1)] _ 1)
[1+2(lp+11,-1)]
[P]q Bi1b (1_qp—8+1)(1_qp—8+2) 1+/\([P]q—1)
[p+2,-[ply, (1—gPH(1—gP*2) 1+A([p+2],—1)

Remark 5. For different choices of the parameters p, ¢ and A in Theorem 3 and
Theorem 4, we can obtain new results for each of the following p-valently analytic
function classes:

8;,17 (‘p)v €b,p(¢)’ gl,b,p (gﬁ), 8q,b (90)’ .€q,b ((p)v 8; (gﬁ) and '€b (90)’
which are defined in Section 1.

|ap+2—pag |+

}ap+1}2

A

Remark 6. For different choices of the parameters b and A in Theorem 3 and
Theorem 4, we can deduce new results for each of the following p-valently analytic
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function classes:

8,00 87,,(p) and €Y ().

which are defined in Section 1.
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