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OSCILLATORY PROPERTIES OF CERTAIN SYSTEM OF
NON-LINEAR ORDINARY DIFFERENTIAL EQUATIONS
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Abstract. We consider the two-dimensional system of non-linear differential equations

1
u' =gO)v[esgnv, v'=—p(0)|ul*sgnu,

where o > 0, g : [0,400[— [0,+00[ , and p : [0,4oc0[— R are locally integrable functions.

In the case f +oo g(s)ds = +o0, the considered system has been widely studied in particular
cases such linear systems as well as second order linear and half-linear differential equations.

However, the case [ Foo g(s)ds < + oo has not been studied in detail in the existing literature.
Moreover, we allow that the coefficient g can have zero points in any neighbourhood of infinity
and consequently, considered system can not be rewritten as the second order linear or half-linear
differential equation in this case. In the paper, new oscillation criteria are established in the case
[ too g(s)ds < +oo and without restricted assumption function p preserves its sign (which is
usually considered).
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1. INTRODUCTION

On the half-line R4 = [0, 400, we consider the two-dimensional system of non-
linear ordinary differential equations
u' = g(t)|v|#sgnv,
g(D)v]«sg (1)
v = —p(t)u|*sgnu,
where o > 0 and p, g : R+ — R are locally Lebesgue integrable functions.

Under a solution of system (1.1) on the interval J C [0, +o0o[ we understand a
vector function (u,v), where functions u,v : J — R are absolutely continuous on
every compact interval contained in J and satisfy equalities (1.1) almost everywhere
inJ.
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sciences”.
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It is known (see [7]) that all non-extendable solutions of system (1.1) are defined
on the whole interval [0, +oo[. Therefore, when we are speaking about a solution of
system (1.1), we assume without loss of generality that it is defined on [0, +o00[.

Definition 1. A solution (u,v) of system (1.1) is called non-trivial if u % 0 on
any neighborhood of +00. We say that a non-trivial solution (1, v) of system (1.1)
is oscillatory if the function u has a sequence of zeros tending to infinity, and non-
oscillatory otherwise.

In [7, Theorem 1.1], it is proved that a certain analogue of Sturm’s theorem holds
for system (1.1), if the additional assumption

g(t)=0 fora.e.t>0 (1.2)

is satisfied. Especially, under assumption (1.2), if system (1.1) has an oscillatory
solution, then any other its non-trivial solution is also oscillatory. Moreover, if (1, v)
is an oscillatory solution to system (1.1) then also the function v oscillates.

On the contrary, if g = 0 on some neighborhood of +0c0, then all non-trivial solu-
tions of system (1.1) are non-oscillatory. Consequently, it is natural to assume that
inequality (1.2) is satisfied and

meas{t >1¢:g(7r)>0}>0 fort>0. (1.3)

Definition 2. We say that system (1.1) is oscillatory if all its non-trivial solutions
are oscillatory.

It is clear that the half-linear equation
(r(t)|u’|q_1sgnu/)/ + p(0)|u]? tsgnu =0 (1.4)

is a particular case of system (1.1). Indeed, this equation is usually studied under
the assumptions that ¢ > 1, p,r are continuous functions on [0, +oo[, and r(¢) >
0 for t > a. If the function u is a solution of equation (1.4) (i.e., u € C! and
rlu’|9 1sgnu’ € C1), then the vector function (u,r|u’|9!'sgnu’) is a solution of
1
system (1.1) with g(z) :=rT—<(¢) and @ := g — 1.
1
In the case f0+°°rﬁ(s)ds = +oo0 (i.e. f0+°°g(s)ds = 400 in (1.1)), there are
many interesting results in the existing literature (see, e.g., [2, 3,5, 6, 8]). However,
1
in the case f0+°° ri=a(s)ds < +oo (i.e. f0+°°g(s)ds < +o0in (1.1)), as far as we
know, only a few results are known. Namely, some Hille and Nehari type oscillations
1
criteria are presented in the papers [4,9], where together with | O+°° ri=a(s)ds <400
is assumed that
p()>=0 fort>0. (1.5)
In addition, the coefficient g can have zero points in any neighbourhood of infinity
and consequently, considered system can not be rewritten as the half-linear differen-
tial equation (1.4) in generall.
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In this paper we “remove” the assumption (1.5) and we obtain oscillation criteria,
which complement and generalize above mentioned results. Therefore, throughout
the paper, we assume that the coefficient g is integrable on [0, +o00[, i.e

+o00
/ g(s)ds < +oo. (1.6)
0
Let
+o00
f@) = / g(t)ds fort=>0.
t

In view of assumptions (1.2), (1.3), and (1.6), we have

lim () =0 (17
and
f(@)>0 fort>0. (1.8)
For any A > o, we put
calti ) = (=) 2 (1) / ﬂgofi)l = ( [ ﬂ@)p(@ds) ds for1>0.
(1.9)

The following statement was established in [1].

Theorem 1 ([1, Corollary 2.11 (with v = 1 —a 4+ A)]). Let conditions (1.2), (1.3),
and (1.6) hold, A > o, and either

li 1A =
i)

or

—00 < hmlnfca (t;A) <limsupcy(t; 7).
—+00 t—+o00

Then system (1.1) is oscillatory.

It is obvious that two cases are not covered by Theorem 1, namely, the function

¢ (+;A) has a finite limit and liminf;—, 4 oo ¢ (z;A) = —00. We are interested in the
first case when there exists finite limit of the function ¢y (-; 4), i.e., if
lim cq(t;4) =:cy(A) €R. (1.10)
t—>+o00

2. MAIN RESULTS

This section contains formulations of all the results of he paper. Their proofs are
presented in detail in Section 3.

Theorem 2. Let A > « and (1.10) hold. Let, moreover, the inequality

14+«
(ca(A)—cqalt; 1)) > (L) (2.1)

lims
P 14+«

-1
t—>+oo fA7()In £ (1)
be satisfied. Then system (1.1) is oscillatory.
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As we presented above, known oscillation criteria for the equation (1.4) (with

integrable function rﬁ(l)) are established in [4, 9] under sign assumption on its
coefficient p(¢). We show an example of the system (1.1), where we can use the
oscillatory critearia from the Theorem 2, but we can not apply results from above
mention papers.

Example 1. Consider the system (1.1), where o =2
and  p(t):=(t +1)*cost forz > 0.
Obviously, the function p and its integral

t
/ p(s)ds = (t* + 41> —61%> —20t + 13) sint
0

+ (413 +12¢%2 =12t —20) cost +20 fort >0

change their signs in any neighbourhood of +oco. Therefore neither of results stated
in the papers [4, 9] can be used.
On the other hand, from (1.9) we obtain

s

) t
ca(t;4) = (1+5) cosédé& | ds
foe(]

(141)?
0
2
= m(l +sint —tcost —cost) fort > 0.

Hence, the function c;(+,4) has the finite limit
)= li t;4) =0,
Coe( ) t—:TOOCZ( ’ )
i.e., (1.10) holds. Moreover,

limsup ﬂ (cy(4)—c2(t:4)) = limsup
1—-+oo IN(t +1) % ’ t—+o00 In(t +1)

2(cost +tcost —sint — 1)
= +o0.

Consequently, condition (2.1) is fulfilled with ¢ = 2 and according to Theorem 2,
system (1.1) is oscillatory.

Introduce the following notations. For any A €]a, +o0o[ and p € [0, [, we put

L
S ()

H(to, ) = f*H(1) /Ot p(s) fH(s)ds fort >0, (2.3)

O(t:a, 1) := (c;(x)—[tp(s)fl(s)ds) fort >0, (2.2
0
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where the number cj (1) is given by (1.10). Moreover, let denote

O« (a,A) :=1liminf Q(¢;, A), Hy (o, ) :=liminf H(¢; 0, 1),
t—>+o00 t—>~+00

O*(a,A) :=limsup Q(;a, 1), H* (o, ) :=limsup H(t;a, j1). 24
t—+o00 t—+o00
Theorem 2 yields the following statements.
Corollary 1. Let A > «, (1.10) hold, and Q «(at, L) > —o<. Let, moreover,
lim sup - /tfa(s)p(s)ds > (L)Q—H (2.5)
t—>+o00 In f(2) Jo o+1
Then system (1.1) is oscillatory.
Corollary 2. Let u € [0,af, A €]a, +00[, and (1.10) hold. Let, moreover,
1+«
fiminf (Q(ri0.2) + H(ti. ) > _(f;)((ff)_u) (1 j‘_a) e

Then system (1.1) is oscillatory.

Corollary 3. Let i € [0,«[, A €]a, +00[, and (1.10) hold. Let, moreover, either

1 o 14+«
Q*(a,k)>—k_a(1+a) , (2.7)
or
1 o 1+a

Then system (1.1) is oscillatory.

Remark 1. Corollary 3 generalizes result presented in [4]. Indeed, in [4, The-
orem 3.1] is established condition (2.7) with A = o + 1, but there is an additional
assumption p(z) > 0 for t > a. We proved oscillation criteria without this additional
restrictions, so they can be apply, even if the function p(¢) changes its sign (see the
following example).

Example 2. Consider the system (1.1), where o = 2,

1
g(t):= m

Obviously, the function p changes its sign in any neighbourhood of 400, i.e. we can
not use the criteria presented in [4].

and p(t):=(+1) (cos(ln(t + 1) +sin(In(r + 1) + g) fort > 0.
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On the other hand from (1.9) we obtain
t /s
1 cos(In(§ 4+ 1) +sin(In(§ + 1) + %
t;3) = dé|d
=g [ | ET 12 )

_ Tt —4In(1 + 1) —3sin(In(1 +17))
N 3(1+1)

Therefore, the function c; (-, 3) has the finite limit

fort > 0.

>(3)= 1 1;3) =~
©2(3) = lim c5(:3)
i.e., (1.10) holds. In view of (2.2) we have

7

0(1:2.3) = (1 + 1) 5—/
0

cos(In(1 4 s) + sin(In(1 +s5) + 2 3y
(1+9)2 ’

4
=cos(In(t + 1))+ 3 fort > 0.

Hence

1+a
Q@M—MMMﬂﬁ'g%_QmM»L(ﬁd

with « = 2 and A = 3. Consequently, condition (2.7) is satisfied and according to
Corollary 3, system (1.1) is oscillatory.

Theorem 3. Let i € [0,[, A €]a, +o0[, and (1.10) hold. Let, moreover,

1 A 14+« 1 m 1+«
1 t;a,A)+ H(t; >— + .
mmeup (QU5a,4) + H . 1)) (1+a) a—u(1+a)
2.9)

Then system (1.1) is oscillatory.

Remark 2. Let we notice that if p > 0 for ¢ > 0 then conditions Q*(a,A) > 1
or H*(a, ) > 1 guarantees that (2.9) with A = o + 1 and u = 0 is satisfied. Con-

sequently, one can see Theorem 3 generalizes criteria established in [4, Theorem
3.5].

Now we provide two statements complementing Corollary 3 in a certain sense.

Theorem 4. Let € [0,af, A €la,+o0[, and (1.10) hold. Let, moreover, the
inequalities

a+1
L) oens ()T e
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and
1 w 1+a
H*(a,p) > —(—) +y—A(x, ) (2.11)
oa—pu\l+o
be satisfied, where
A, o
= 2.12
y (1 +a) (2.12)

and A(a, ) is the smallest root of the equation
1ta
alx—yl @ +ax+A—a)Q«(a,A)—ay =0. (2.13)
Then system (1.1) is oscillatory.

Theorem 5. Let € [0,a[, A €]a,4o00[, and (1.10) hold. Let, moreover, the
inequalities

p\* a(l+a—p) 1 o \1te
(1+Ol) (a_’u)(l—i_a)SH*(Q’M)SH(I-FO[) (2.14)

and

1 )’ 1+«
*(a,A) > B(a, p) + 2.15
0" (@)= B+ (147) @.15)
be satisfied, where B(o, j4) is the greatest root of the equation
1to
alx| @ +ax+ (a—p)Hy(a,n) =0. (2.16)
Then system (1.1) is oscillatory.

Finally, we present an assertion, when both conditions (2.10) and (2.14) are ful-
filled. In this case, we can obtain sharper results than those in Theorems 4 and 5.

Theorem 6. Let i € [0,af, A €]a, +00[, and (1.10) hold. Let, moreover, condi-
tions (2.10) and (2.14) be satisfied and

limsup (Q(t;a,A) + H(t;o, 1)) > B, u) — A, A)
t—>+o00 (2.17)
+O0x(a, M)+ Hx (o, ) + v,

where the number y is defined by (2.12), A(a, M) is the smallest root of equation
(2.13), and B(w, ) is the greatest root of equation (2.16). Then system (1.1) is
oscillatory.

3. PROOFS OF MAIN RESULTS

We first formulate auxiliary lemmas, which we need to prove main statements.
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Lemma 1 ([1, Lemma 3.1]). Let o > 0 and w > 0. Then the inequality

1ta w 1+«
olx[—alx| @ <
14+«

is satisfied for all x € R.
Lemma 2 ([1, Lemma 3.2]). Let @ > 0. Then
14a 14a 1
alx+y| e >aly| ¢« +(1+a)x|y|esgny forx,yeR.

Lemma 3. Letliminf;— oo o (£ 1) > —00 and (u, v) is a solution of system (1.1)
satisfying
u)#0 fort>1t, @3.1)

with t, > 0. Then
+00
/ g(5) fA17% ()h(s)ds < +oo, (32)
ty

where

o lta o 1 ER
h(t) :==al fEOp@) =yl « + A +a) fCOp)ye —ay «  fort =15, (3.3)
the number y is defined by (2.12) and

G ARERY N
0= gt @ (Tre) e 69

Proof. Let notice that acording to Lemma 2, we have

h(t) >0 fort>1t,. 3.5

From the proof [1, Corollary 2.11] one can see that

! 1 1 "
s n(A—a) _ A _
}1mig£f (t)/o |:f(k_°‘)(t) f('l_"‘)(s)j| f*(s)p(s)ds > —oo,
where n € N, n > max{1,a}. Therefore from [, Lemma 4.1] we obtain (3.2). O

Proof of Theorem 2. Assume on the contrary that system (1.1) is not oscillatory.
Then system (1.1) has non-oscillatory solution (u,v), i.e. there exists #;, > 0 such
that (3.1) holds. Now we can define the function p by (3.4) and from (1.1) we derive
that
1+o
S g()

p(r) — —HWW

o(t)=—pt)—ag(t) fora.e.t >t,., (3.6)

_r
Je@
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where the number y is defined by (2.12). Multiplaying the last equality by f A(t) and
integrating it from #,, to 7, we obtain

t t 14a
/t FH(5)p (5)ds = —a / g(5) 1% (5) |o(s) £4(s) — y| & ds

oy f ' g5) A1 () ds — [ rrA)ps)ds fort = b,

Integrating the left-hand side of the last equality by parts, we get

000 = (ay=ar's®) [ g2 s = [ fHop)ds

t

+ fA)pt) — | g(s) AT (s)h(s)ds  fort > 1,

ty

where the function 4 is defined in (3.3). Thus,

t t
FHOp) = 8(tu) — [0 ) p(s)ds — / g(s) fA717%(s)h(s)ds
Lte " (3.7)
aly=r+)
—Tf a(t) fOI'fEtu,

where

(r=r<)

tu o o
$(0) = £H@ptt)+ [ 10 p6)ds+ == ),

On the other hand one can verify (see Lemma 3 and the proof of [ 1, Lemma 4.2]) that
the finite limit of function cy(+; A) is

tu e
cad) = fRu)pw)+ | SR ps)ds + wﬂ—“ (tu)
0 A—o (3.8)
400
- / g5 FA 17 ()h(s)ds.
Hence, by virtue of relation (3.2), it follows from (3.7) that
t +00
FHOP) = ) — f FHs) p(s)ds + / ¢(5) FA 1 ()h(s)ds

0 ! (3.9)

14a
) L
7 A7) fort >t,.
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Multiplaying of the last equality by g(¢) f¢~1~*(¢) and integrating it from 7, to ¢,
we obtain

t

[ e r= s = 8(s) ( / f*(é)p(s)ds)ds
0

N t fl—hl—a(s)
. t g(s) o Ita ! g(s)
+Ca(/\)/tu fl—i—k—oc(s)ds_/\—oz (J/—J/ ‘ ) tu mds

N t g(s) (/‘+00g($)f1—1—oc(z§-)h(é§)d§) ds fort>t,.

t fl—HL—a(s)

(3.10)
One can see
t +00
s ([ ser e @nea)
_ ! o ai-a 1 [ e(s)
= oo ) sOr T weds + 5 [ S

+o00
B ()L—a)}/l—a(t ) /e g(s) fA717%(s)h(s)ds  fort > 1,

By virtue of the latter equality, (3.10) yields that

c;(/\)[ 1 }_ 1
A—a | fA=e@)  fA ()] (A—a) fA72()

1 1 +o00 Al g
T e () G—a) () /t g) T T ()h(s)ds

1 oo A1 1 (" g(s)
TG J,, SO OO ] e
kia ()/—ylera) t&ds fort >t

tu f(s)

t
ft ¢(5) £ (5)p(s)ds = caltih)

ca(lu;k)—F

h(s)ds
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Hence,
e ) —cattih)
= [ A [a-arr - +a (-5 as
+o0
e W i+ [0 s
1

400
FA(r) /t g() A% (s)h(s)ds  fort > 1,.
(3.11)

On the other hand, (2.12), (3.3), and Lemma 1 with @ := « yield the estimate
1t
(A=) f2()p(s) ~h(s) +a (y =y )
1+t
=—a (f¥s)p(s)—y)—al fH(s)p(s) —y| @ (3.12)

( o )1+(¥
= for s>1,.
1+«

Moreover, in view of (1.2), (1.8), and (3.5), it is clear that

1
A

Therefore, according to the last inequality and (3.12), it follows from (3.11) that

o )1+(¥ " f(t)
l+a S (tw)

+o0
[c;(k)—ca(tu;)t)—i- [ g(s)fl—l—“(s)h(s)ds} fort >t,.
Ty

/ e g(s) A1 (s)h(s)ds > 0 fors > 1.

1
W [C;(k)—ca(fﬂ)] < —(

)

Consequently, in view of (1.7), we get

lim sup

-1
t—>+o00 [ (t)In f (1)

which contradicts (2.1). ]

1+a
[co’:(A)—ca(z;A)]s(lj‘_a) ,
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Proof of Corollary 1. 1t is clear that

o g(s) :
alt:2) =(i—a) f4% (1) / s ([ P @eat)a

- [ FAe)p(s)ds — F47() / F4(5)p(5)ds.
0 0
Hence, by virtue of the definition (2.2), we have

1 , -0
Fram f e ealth] == 1f(t)

for t > 0. Now, the last equality, (1.7), (2.5), and the assumption Q«(ct,A) > —00
guarantee the validity of condition (2.1) and thus, the assertion of the corollary fol-
lows from Theorem 2.

/ £(5) pls)ds

O
Proof of Corollary 2. 1t is not difficult to verify that
1 . . B
W (Ca 1) - Ca(lyk)) =
A—a g(S) c; (,\)
lnf(t) mQ(S o, )&)ds—l-w fort >0
(3.13)
and
O(t:o,\)+ H(t;a, ) =
t
(A
(A=) fEH (1) 0/ g() /7 (5) Qs s + fj“_(ﬂ ()0) FER()
(3.14)

for t > 0, where functions Q(-;a,A) and H(-;o, ) are defined by (2.2) and (2.3).
Moreover, it is easy to show that

t

&S) x—i t n—a—1 .
J S )Q( =1 (t)O/g(s)f () Q(s; 0, A)dss

(3.15)
t s

+(a—ﬂ)/g(s)f“‘“‘1(s) (/g(é)f““l(S)Q(E:a,k)dS) ds
0

0
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for ¢ > 0. On the other hand, in view of (2.6), relation (3.14) yields

¢ 1 1 o a+1
.. a—p n—o— .
limint 0 [ 60747 @A > e (cx T 1) |

Consequently, in view of (1 .7) it follows from (3.15) that

-1 g(s) 1 a \**!
}—>+o£lnf(t) Ty QWi Vs > 50 (a+1) '

The last inequality, by virtue of (1.7) and (3.13), yields the validity of condition (2.1).
Therefore, the assertion of the corollary follows from Theorem 2. U

Proof of Corollary 3. First let assumption (2.7) hold. Then it follows from (3.13)
that condition (2.1) is satisfied. Therefore, by virtue of Theorem 2 system (1.1) is

oscillatory.
Now suppose that assumption (2.8) is fulfilled. It is not difficult to verify that
t
/ fe(s)p(s)ds = H(t;a, ) + (cx—u)/ %H(s o, uyds fort > 0.
Hence, in view of (2.8), we get
t o a+1
liminf ¢ d — . 3.16
zfligolnf(z)/o S7E)pEs) s>(a+1) (3.16)

On the other hand, one can see
A— t
o f"““’l(t)

where function cy(+; A) is given by (1.9). By integrating the last equality from t to ¢,
we obtain

/t f¥(s)p(s)ds fora.e.t >0,
0

ottt =cattid) =G [ ES ([T re@n@rag)as oz =0

and therefore, by virtue of assumption (1.10) and condition (3.16), we have
C;(A) —cq(tid) =

T g(s)Inf(s) (1 * e
(A—O[)/ fa—A—i—l(S) (lnf(s)/(; f (é)p(g)d%-) ds fort 2((’)3 17)

In view of (1.7) and (3.16), there exist € > 0 and 7, > 0 such that

-1 [, a
lnf(l)/o f (s)p(s)dsz(a—_H) +e& for t>t.

f) <1,



452 Z. OPLUSTIL

Hence, (3.17) yields that

a+1 o0
c;(x)—ca(z;x)z—(x—a)((i) +e)/+ OIS o s

a+1 foeAt1(s)
By virtue of ¢ > 0 and (1.7), from the last relation we derive inequality (2.1). Con-
sequently, the assertion of the corollary follows from Theorem 2. O

Proof of Theorem 3. Assume on the contrary that system (1.1) is not oscillatory,
i.e., there exists a solution (1, v) of system (1.1) satisfying relation (3.1) with ¢, > 0.
Analogously to the proof of Theorem 2 one can show that equality (3.6) and (3.9)
hold, where the number y, and the functions #, p are given by (2.12), (3.3), and (3.4).

Multiplaying of (3.6) by f#(¢) and integrating it from #,, to ¢, we get

t t t

f FE(s)p (s)ds = — f F1(5)p(s)ds —a [ g () S ()] p(s) £ () — y | E% ds
ty ty ty
t

+“V/g(s)f“_“_l(s)ds fort >t,.

ty

Now we integrate the left-hand side of the last equality by parts and we obtain

S 0)p(1) =
t
+ R0 [ g) 17 (s) [—uf“(s)p(s)—a|p<s>f“(s>—y|‘*7“]ds
ty

() fOR ) — Htro ) + Y fort > 1,
o—p

(3.18)
where the function H (-;«, i) is defined by (2.3) and

ay 1
(0 —p) foO ()

On the other hand, multiplaying of (3.9) by /¢ ~*(¢), we get

ty
8() = (1) p(t) + [0 F1(s) pls)ds — (3.19)

400
FUOP() = O ) + ﬁ | s wnas

14a
a(r =)

- fort>t,,
A—a -
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where the function Q(-;«, 1) is defined by (2.2). Hence, by virtue of (3.18), one can
see

. . — 1 oo A—1—a
Q(t:o,\) + H(t, 1) = _W/t gs) f (s)h(s)ds
t
4720 [ 40271 [ 000 —alots) )71 F Jds G20
Iy

o 4o o _
o (y =y ) e 8(0) ST fort = 0
A—a o—u

Moreover, it follows Lemma 1 with @ := u > 0 that

e 14+«
—u(f“(t)p(t)—y)—alp(t)f“(t)—yl% < (1+a) fors>1,. (3.21)

Therefore, using (2.12), (3.5), and (3.21) in relation (3.20) yields

1 1 1+a+ 1 " 1+a
“A—a\l+« a—pu\l+o (3.22)

O(t;a, M)+ H(t;a, ) <
+81(t) @) fort > 1y,

where

m 1+a 1
81(tu) := 8(tu) + |:IW—(1+a) } =) [ () (3.23)

Consequently, by virtue of (1.7) relation (3.22) contradicts with assumption (2.9).
O

Proof of Theorem 4. Assume on the contrary that system (1.1) is not oscillatory.
Then there exists a solution (u, v) of system (1.1) satistying relation (3.1) with z,, > 0.
Analogously to the proof of Theorem 3 one can show that relation (3.18) holds, where
the numbers y, §(t,) and the functions H(-;«, 1), p are given by (2.12), (3.19), (2.3),
and (3.4). Moreover using inequality (3.21) in (3.18) yields

1 m 1+a
FEOp@) <61(t) fHO) —Htia p) + —— ( ) +y fort =1,

ao—pu\l+a
(3.24)
where 87 (¢,,) is given by (3.23).
Now we show that the estimate
liminf /%(t)p(t) > A(a, ) (3.25)
t—>+o00

holds, where A(x,A) denotes the smallest root of equation (2.13). Similarly, as in
the proof of Theorem 2 we can derive that equality (3.8) holds. Multiplying (3.8) by
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FA(1), we obtain

FHOp(0) = Q(t30.2) + ﬁ / " o) A (h(s)ds

14a (3.26)
(%)
e t=ty.
s ort >ty
Let denote
m = liminf /% (t)p(t). (3.27)
t—+o0
Observe that, if m = +o0, then (3.25) is fulfilled. Therefore, we assume
m < +00.
In view of (2.10), (3.5), and (3.27), it follows from relation (3.26)
m= Qula )= (y=v'=") =0, (3.28)
—a

where Q4 («, 1) is given by (2.4).

First suppose that Q. (a, 1) = 72 (y — ylfTa), then it is clear that O is a root
of equation (2.13). Moreover, in view of Lemma 2 and the assumption A > «, one
can derive that the function x — a|x — y| e +ax— oeylfTa is positive on | — 00, 0[.
Consequently, by virtue of notation (3.27) and relation (3.28), desired estimate (3.25)
holds. e
Now suppose that O« (e, A) > 72 (y — y « ). Let

e €10, Qux(a,A) — 12, (v — y%)[ be arbitrary. According to (3.28), it is clear that
m>e. (3.29)
In view of (2.4) and (3.27), there exists # > t,, such that
fe¥)p(t)>m—e and Q(t;a,A) > Qu(a,A)—e fort >1,. (3.30)
Then (3.26) yields that

1 too
FoOp0 = 0uleh) —e+ s [ e W)
e ! (3.31)
— M fort > te.
A—a

. 14a 1
On the other hand, one can see that the function x — a|x — | @+ (1+a)xye —
14+o

ay « is non-decreasing on [0, 4oco[. Therefore, by using (3.5), (3.29), and (3.30)
in (3.31), we obtain that

al(m—e)—y| & —ay +A(m—¢)

FE@p@) = Qxla.d) —e+ o

for t > t,,
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which implies

14+«
alm—e)—y| @ —ay+Aim—e)

A—a '
Since ¢ was arbitrary, the latter relation leads to the inequality

m> Qx(a,A)—e+

a|m—y|1TTa +am+ Qx(a,A)(A—a)—ay <0. (3.32)

One can show that the function y : x > a|x — )/|1TT“ +ax+ Q«(a,A)(A—a)—ayis
decreasing on | — 00,y — (735)*] and increasing on [y — (5)%, +00o[. Moreover,
in view of assumption (2.10), the function y is non-positive at the point y — (ﬁ)a,
which together with (3.27), and (3.32) yields desired estimate (3.25).

Let now € > 0 be arbitrary. In view of (3.25) there exists #;> t,, such that
fEOp(t) = A(e, 1) =€ for 1>t
Hence, it follows from (3.24) that

1 1+(¥
H(t;a,u)581(tu)f"““(t)—A(a,/\)+Z+—( ad ) +y for t>tz
ao—pu\l+a

Since & was arbitrary, in view of (1.7) and (2.4), from the latter inequality we obtain

1 I 1+a
ren o (H) ™ e awin
a—p\1+o

which contradicts assumption (2.11). ]

Proof of Theorem 5. Assume on the contrary that system (1.1) is not oscillatory,
i.e., there exists a solution (u, v) of system (1.1) satisfying relation (3.1) with f,, > 0.
First we show that the estimate

ltimiup(f “(Op(t)—y) < Bla,p), (3.33)

holds, where the number y, the function p are defined by (2.12), (3.4), and B(«, 1)
is the greatest root of equation (2.16). Let denote

M :=limsup (f*(1)p(1) —y). (3.34)

t—>+00

It is clear that, if M = —oo then (3.33) holds. Therefore, we suppose that
M > —oo0.

Analogously to the proof of Theorem 4, we can derive inequality (3.24), where the
function H(¢;«a, i) is defined by (2.3). Then, in view of (1.7) and (3.34), it follows
from inequality (3.24) that

1 /uL 14+«
M <—Hy(o,pu)+—— ( ) . (3.35)
o—pu\l+ao
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L)“ a(d+a—p)
I+a/ (@a—pw)(1+a)
verify that —(HLQ)“ is a root of the equation (2.16) and the function x — a|x| = +
ax + (o — u) Hyx(a, ) is positive on | — (HLO()“, +00[. Therefore, (3.34) and (3.35)
yields that (3.33) is satisfied.

Now we suppose

First we assume that Hy (o, ) = ( Then it is not difficult to

0 )"‘ a(l +a—p)
l+a) (a—p)(d+a)

o
M<—( i ) .
1+«

On the other hand, similarly as in the proof of the Theorem 3 we can derive equality

(3.18). Let £ €]0,— (%) — M| be arbitrary and choose 75 > f,, such that

f ) pt)—y <M +e, H(t;a, ) > Hy(a,u) —e fort >tq. (3.36)

Hy (o, 1) > (

Hence, it follows from (3.35)

One can see that the function x — ux + a|x|1TTa is non-increasing on interval | —
00, — (ﬁ)a] and thus, using relations (3.36) and M +¢& < — (HLQ)O‘ in (3.18), we
get

L) < 8a(t) LXH(E) — Halorupt) + 8+ —1— — HY

o—un o—U

t
+fwwm/QQVWﬂ*@ﬂﬂuM+@—mM+aW7}n for 1 > 1,
ty

where .
u 1

52(t) = F1 (1) plt) + /0 SOOI = oy,
Hence,

fE@pt)—y <83(ty) f*H(t) — He(a, ju) + ¢

14a
_mMAataM el v L
o—p

where

B WM +e)+alM+el = 1
83(tu) = 82(tu)+ (Ol—li) fa_“(tu)’

which, by virtue of the assumption « > u, condition (1.7) and notation (3.34), yields
that

+a
WM +e)+alM el
o— L ’

M S _H*(a7l’l/)+8_
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Because of ¢ was choosen arbitrary, from the latter inequality follows
1ta
alM| @ +aM + (a—p)Hy(a, 1) <0. (3.37)

One can easily verify that the function y : x oz|x|ljr7a 4+ oax + Hye(o, ) (e — )
is decreasing on | — 00, —(7%5)%] and increasing on [—(755)%, +0o[. Moreover,
in view of assumption (2.14), the function y is non-positive at the point — (1%‘)“
which together with (3.34), and (3.37) yields desired estimate (3.33).

Let now s > 0 be arbitrary. Then, by virtue of (3.33), there exists f;> #,, such that
f¥0p@)—y < Bla.u)+& for t>rx

Observe that, analogously to the proof of Theorem 4 we can derive relation (3.26).
Then, in view of the last inequality, (1.2), (1.8) and (3.5), it follows from (3.26)

O(t;a,A) < B(a,pu)+ec+y+ )La—a (J/—)/l?LTa) for t >t
Since ¢ was arbitrary, from the last inequality and (2.4), we obtain
14a
0*(@.2) < Bl + 12—,
A—o
which is in contradiction with (2.15). ]

Proof of Theorem 6. Suppose on the contrary that system (1.1) is not oscillatory.
Then there exists a solution (1, v) of system (1.1) satisfying relation (3.1) with #,, > 0.
Put

m:= A(a,A), M := B(a,p), (3.38)
i.e., m denotes the smallest root of equation (2.13) and M s the greatest root of
equation (2.16). Analogously to the proofs of Theorems 4 and 5 we can derive that
estimates (3.25) and (3.33) hold. Consequently, by virtue of (3.38), we have
liminf £*(t)p(¢) >, limsup (f*(t)p(t)—y) < M, (3.39)
t—>+o00

t—>—+00
where the number y and the function p are defined by (2.12) and (3.4).

On the other hand, in view of (2.10), one can show that the function y : x +—
oz|x—y|1TTa 4 ax+ Q«(a,A)(A—a)—ay is positive on | — 0o, 0] and there exists X €
[0, +o00[ such that y(x) < 0, which yields that 72 > 0. Moreover, by virtue of (2.14),
one can easily verify that the function z : x — cx|x|% +oax + (@ — u)Hy(a, 1)
is positive on | — (%)a ,F00[ and there exists X < — (H_La)“ such that z(x) <O0.

Consequently, we have M <-— (%)a.

—~

We first assume that 77 > 0 and M < — (ﬁ)a. Let ¢ €]0, min {1%,— (%)a —
M }[ be arbitrary. Then, it follows from (3.39) that, there exists t, > t,, such that

feWpt) =7i—e, fEO)p(t)—y <M +e fort>1t,. (3.40)
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Observe that, the function x — o|x — yllJfTa + 1+ cx)xyé is non-decrasing on
[0, +o00[ and thus, in view of (3.3) and (3.40), we obtain

1 oo A-l—a
W/ g(s)f ($)h(s)ds =
t
+Ol|%—e—y|l—j_7a +/\(%—3)—QVITTO[
A—a

Moreover, the function x — —ux —a|x| s non-decrasing on | — 0o, — (L)a [
Therefore, by virtue of (3.40), we obtain

fort > t,.

t
ARNO f g6) /17N [~ ()~ alp(s) £ () |+ | ds
e (3.42)
- (M +e)—a|M +e| o —py

a—p
On the other hand, analogously to the proof of Theorem 3 we can derive relation

(3.20), where the number §(t,) and the function / are defined by (3.19) and (3.3).
Now it follows from (3.20), (3.41), and (3.42)

O(t;0. X))+ H(t;a, 1) <M + 6+ Hy(o, ) — (M — &) + Qula, M) +y
_a(M +e)+alM +¢ & +(@—p) Heler p)

e “—H (3.43)
alm—e—y| @ +ami—e)+(A—a)Q«(a,A)—ay
B A—a
+68(te) fH () fort >t,,

for t>1t,.

where
fe 14«
8(t¢) 1= 8(tu) + / g6 /177N s) [~ ()p(s) — alols) £ () — | & | ds.

Since ¢ was arbitrary, in view of (1.7) and (3.38), inequality (3.43) yields that

limsup (Q(t;0,A) + H(t;0, 1)) < Bla, ) — A, A, y)
t—>+00 (3.44)
+ Q*(Ol,k) + H*(O{?/’L) + 12
which contradicts assumption (2.17).
If m = 0 then, in view of (3.5), it is clear that

~ 14+« —~ 14+o
a|m—y| o —|—/\m—ay ]
a—A

—1 oo A—1—a
=10 /t g(s)f (s)h(s)ds >0 =
(3.45)
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for t > 1,,. On the other hand, if M = — (HLO()“ then, using Lemma 1 with @ := pu,
one can show that

feT@) f g6 SN [~ )~ alp(s) f4 () ]+ |ds

1+« _ 1+«
() T owr e [(e) T -y
B o—p SO () a—p
— ~ 14a _ 1+«
_ oMM —py 0 | () o]
= > 1.
a—p SO () a—pu
. (3.406)
Consequently, if 1 = 0 (resp. M = — (HLO[)D‘), then we derive the inequality
(3.44) from (3.20) similarly as above, but we use (3.45) instead of (3.41) (resp. (3.46)
instead of (3.42)). ]
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