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Abstract. In this paper, we establish the existence of at least four solutions for a perturbed fourth-
order Kirchhoff type elliptic problem by using a recent variational principle due to Ricceri.
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1. INTRODUCTION

This paper is concerned with the existence of weak solutions to the following
fourth-order Kirchhoff type elliptic problem
p—1
A(|AulP~2Au) — |M / Vu|pdx>} Apu4m|ulPu
Q

=Aa(x)f(u)+b(x)g(u) inQ,
u=~Au=0 on 0Q2,

(1.1)

where Q is a bounded smooth domain in RY (N > 1), p > max{1,5}, A,u =
div(|Vu|P~2Vu) is the p-Laplacian operator, | > 0, f,g : R — R are continuous non-
constant functions, A € R, a,b € L' (Q) are non-negative non-constant functions and
the function M : [0, +eo[— R is a continuous function.

The fourth-order equation furnishes a model to study travelling waves in suspen-
sion bridges, so it is important to physics. Due to this, many researchers have dis-
cussed the existence of at least one solution, or multiple solutions, or even infinitely
many solutions for fourth-order boundary value problems by using lower and up-
per solution methods, Morse theory, the mountain-pass theorem, constrained minim-
ization and concentration-compactness principle, fixed point theorems and degree
theory, and variational methods and critical point theory. We refer the reader to
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This problem models several physical and biological systems where u describes a
process which depends on the average of itself, such as the population density, see
[2].

The problem (1.1) is a generalization of the stationary problem of a model intro-
duced by Kirchhoff [9]. More precisely, Kirchhoff proposed a model given by the

equation
o%u P, N E /L
P\ 2L o

which L, E, h, p, Py are constants, which extends the classical D’ Alembert’s wave
equation by considering the effects of the changes in the length of the string during
the vibrations.

However, to be accurate, the problem (1.1) is related to the models of extensible
beam and plates by Woinowsky-Krieger [20] and Berger [4]. In addition, the first
stationary study of such fourth order nonlocal boundary value problem was given by
Ma [11]. In [13], it was named first time fourth order problem of Kirchhoff type. The
problem is also related to the so-called p-Kirchhoff problems.

In recent years, problems involving Kirchhoff type operators have been studied in
many papers, we refer interested readers to [2,3,7,8,12,16,19,21,24]. For instance,
B. Ricceri in an interesting paper [16] established the existence of at least three weak
solutions to a class of Kirchhoff-type doubly eigenvalue boundary value problems
using Theorem A of [14].

The starting point of our approach to problem (1.1) has been [15], in which the
author considers the following ordinary Neumann problem

—u" +u=Na(x)f(u)+b(x)g(u) in]0,1],
{ W (0) = u'(1) =0, (1.3)

where A€ Rand f,g: R— R, a,b:[0,1] — [0, +oo] are four continuous non-constant

functions. Ricceri has proved that the above problem admits at least three non-zero

solutions.

Our results here are motivated by the recent papers [5, 15, 17, 18]. We establish some

sufficient conditions under which the problem (1.1) possesses four weak solutions.
The paper is arranged as follows. In Section 2, we give preliminaries and our main

tool, that is, Theorem 1, while in Section 3, we present our main results.

Bl
ox

2 2
0“u
dx) 2 =0, (1.2)

2. FUNCTIONAL SETTING

As already said in the introduction, our approach in facing problem (1.1) is based
on the multiplicity result established in [15], that we recall below for the reader’s
convenience (see also Theorem 1 of [17] for a similar result).

Theorem 1 ([ 15, Theorem 1]). Let X be a reflexive real Banach space; ® : X — R
be a coercive and sequentially weakly lower semicontinuous C' functional whose
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derivative admits a continuous inverse on X*, ¥, %, : X — R two C! functionals with
compact derivative. Assume that there exist two points ug,vo € X with the following
properties:

(i) uo is a strict local minimum of ® and ®(ug) = V1 (up) = ¥2(uo) = 0;
(i1) (I)(V()) < ‘Pl(VQ) and ‘Pz(VO) > 0.

Moreover, suppose that, for some p € R, one has either

sup inf (A(®(u) ~ Wi () — p) —¥a(w) < inf sup(A(@() — 1 (1) ~ p) — ¥ (u)
A>0UE USA )0

2.1
sup inf (P(u) =¥ (1) = Mp +W¥2(u))) < inf sup(P(u) — ¥ (1) —A(p +¥2()))-
A>0UE UEX A>0 2.2

Finally, assume that

¥ ¥
max{limsup 1(#) ,limsup l(u)} <1 (2.3)
oo P) " umsug P(u)

and

max { limsup Faw) ,limsup Fal) } <0. 2.4)
| too P) " umsug P(u)

Under such hypotheses, there exists N* > 0 such that the equation ®'(u) =¥ (u) +
AW, (u) has at least four solutions in X. More precisely, among them, one is u

as a strict local, not global minimum and two are global minima of the functional
DY — A,

Remark 1. It is important to remark that, in view of Theorem 1 of [6], condition
(2.1) is equivalent to the existence of u;,v; € X satisfying

CI>(u1) —‘Pl(ul) <p< CD(vl) —lP1(V1)
and

sup(q,_qjl)q(}_m’p]) ‘Pg - le(l/tl) < sup(q)_\{,])fl(]_m’p]) \PZ — lPQ(Vl)
p—P(ur) +¥i (1) p—P(v1)+¥i(v1) '

Likewise, condition (2.2) is equivalent to the existence of u;,v; € X satisfying

\P2<V]) <p< lPQ(M])

and
CI>(u1) — ‘{’1 (ul) — inf.{,f;l([p’_‘_w[) (Q) - lpl) - CD(V]) — ‘Pl (Vl) - inf‘{’gl([p&w[)(q) - Tl) .
Wo(u1) —p Wa(vi) —p
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Here and in the sequel, X will denote the space W2 (Q)N WO1 7(Q) endowed with

the norm
1

p
= (], Q8o + 9ol + o)
Put
c— sup max, g |u(x)|
uex\ {0} [ u

For p > max { 1, %}, since the embedding X < C%(Q) is compact, one has ¢ < +oo.
Let M : [0,+c[— R be a continuous function such that there is a positive constant m
with M(¢) > m for all 1 > 0. Set

t
M) = / (M(s))"~'ds foralls >0,
0
M~ :=min{l,m" ! n}.
The following lemma is useful in the proof of our results.

Lemma 1. Ify: Q — [0, +oo[ be a non-zero function in L'(Q) and h: R — R a
continuous non-zero function, we denote by Ty, the functional defined on X by putting

Tinlu) = | ¥ h(u))d

for all u € X. Then, one has

: Ty(u) , h(g)
lim sup ¥ <Pl max{O,hmsup (2.5)
o g =€ M@ n
and W :
. Ty p(u . h(&)
lim sup i <P max{O,hmsup}. (2.6)
T 117111 Ml €| —s-+oo [G[7

Also, the functional Ty i, where H is defined by H(§) = foéh(t) dt for all & € R, turns
out to be in C'(X,R) and its derivative is given by

T () = [ () vix)ds

for all u,v € X. Moreover, the compact embedding of X in C°(Q) implies that TYﬁ e
X — X* is compact.

Proof of the previous lemma is similar to proof of Lemma 2.1 in [5]. The following
lemma is Proposition 2.3 in [&], it is needed in the proof of Theorem 2.

Lemma 2. Let A : X — X* be the operator defined by
Alu)y = / |Au(x) [P~ 2 Au(x)Av(x) dx
Q
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4 [M ( /Q Vu|”dx>r_l /Q IVa() P2V (x) Vo x) dx

0 [ Gl 2ux)v() d

for every u,v € X. Then A admits a continuous inverse on X*.

We can deduce that u € X is a weak solution to problem (1.1) if and only if u is a
critical point of the functional

1 1 -
7/ |Au(x)|Pdx+ —M </ |vuypdx>+”/ ()P dx — ATy — Tyo
pJa p Q pJo

which represents, therefore, the energy functional related to problem (1.1).

3. MAIN RESULTS

Now, we present our main result.

Theorem 2. Let f,g: R — R be two continuous non-constant functions and let
a,b: Q — [0,+o0[ be two non-constant functions in L' (Q). Assume that

[roa — [roa
(f1) max{lénisllogo’a’p,lirglj(l)lp(w,} <0,
£ /ig(t)dt M-
(60) supscs, | a(0)d < o Hnsup = < bl

Finally, suppose that there exist G > C{/Afmax{l,(HbHLl(Q) supRG)/l’} and
&1 € R such that
& g g
(7) 0< [ foyde = sup ["pe)ar <sup [ feyar,
0

El<c 0 EeR 0

&1
P
P < ———|b|| / t)dt.
(82) |§1’ _mQ||| I Q) 0 g(?)

Under such hypotheses, there exists N* > 0 such that the problem

p—1
A(|AulP~2Au) — [M </ |Vu”dx>] Apu+n|ulPu
Q

=MNa(x)f(u)+b(x)g(u) inQ,
u=Au=0 on 0Q,

has at least three non-zero solutions, two of which are global minima of the associ-
ated energy functional.
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Proof. Our aim s to apply Theorem 1. Take ¥1,¥; equal, respectively, to 7j, g, Ty F
defined in Section 2. For each u € X, let the functional ® : X — R be defined by

Du) = ;/Q|Au(x)v’dx+;M (/Q|Vupdx> +‘;/Qu(x)v’dx.

The function @ is continuously differentiable whose differential at the point u € X is

& (u)h = /Q |Au(x) [P 2 Au(x)Av(x) dx

+ [M < /Q |Vu|pdx>]pl /Q V()P 2Viu(x) Vo (x) dx

+n /Q |u(x)|P~2u(x)v(x) dx

for every v € X, while Lemma 2 gives that &’ admits a continuous inverse on X*.
Furthermore, & is sequentially weakly lower semicontinuous.

Now, take up = 0 and vy = &;; of course, assumption (i) of Theorem 1 is evident.
Moreover, thanks to (f2) and (g2), one has

3
(o) = V10 < bl | 8(0)dt =T ()
and
9
Tur (0) = lallay [ S@)dr >0,

so assumption (ii) of Theorem 1 is satisfied. Now, since %HMHP < ®(u) for each
u € X, we see that

TyG(u) _ pTh(u)
O(u) ~ M ulr’
and by Lemma 1, we get
&
T; P t)dt
lim sup Tho(u) < gHbHU(Q) max{O,limsupng()} <0.
40 Plu) T M ot [SI7

Also, in view of Lemma 1 and (g ), we have

3
T; P t)dt
limsupb’Gi(u) < ﬁﬂbHU(Q) max{O,limsupfog()} <1.

w0 @) T M- E—0 &P

So, (2.3) is fulfilled. Likewise, from Lemma 1 and (f}), one has

&
T, P . t)dt
limsupL(u) < QHaHLI(Q) max{O,hmsupfOf()} <0
st P(u) — M Eloteo  [SI7
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and

3
t)dt
|l (@) max {O,limsup fof()} <0,
£—0 |§|p
which satisfy (2.4). Finally, let us check that (2.1) holds. Since ¢ > cd% , We see

that

T P
limsup ar (1) < pe”
u—0 (I)(l/t) M~

oM~
1—||b G< — b G
16112 (@) sup er 15112 (@) sup
and so it is possible to choose p € R such that
oM~

max {0, 1 —[|b]|1(q) S%PG} <p< — 1l (@) S;\)PG-

pc?
Let u € X such that ®(u) — T, g(u) < p. For each u € X, by the definition of ¢ and
the choice of p, we get

M

7Hull < ®(u) <p+bllie supG

and then, being p + [|b[| 1 ) supgr G > 1, we obtain

p P
ul| < ——(p+1|]|11(q) su G) <
Il < (7 (0 16l oy 0)

o lQ

Thus, owing to the embedding of X in C°(Q) we have the inclusion

{ueX : ®u)—The(u) <p}C {u €X :suplu(x)| < G}. (3.1)

x€Q
Now, in order to fulfil the equivalent formulation of (2.1) recalled in Remark 1,
choose u; = vp and take as v| any constant d such that F(d) > SUpP|_g 6] F. Such a
d exists by (f2). Thanks to (g2), we have

Q &
@) ~Thln) < Il ~ (Bl [ e)ar <0<p.

Moreover, ®(vi) — Tj, g(v1) has to be necessarily strictly greater than p, otherwise,
by (3.1), we would have |d| < ¢ and F(d) < sup|_q q F, a contradiction. Then, due
to (f2) and to the choice of d, we easily obtain that

sup Tor <Tor(ur)
(@—Tp,6) " (]—o=,p])
and
sup Ta,F S Ta,F(Vl)-

(@=Tp) " (J==p])
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Thus, the following inequalities hold

SUP(@—7, ) (|—eo,p)) TaF — Tar (u1) - SUP(¢ 7, 6) (| —eo,p]) TaF — Tar (V1)
p—P(u1) + Tp 6 (1) p—P(v1)+Thc(v1)
and, each assumption of Theorem 1 being satisfied, our problem admits at least three

non-zero weak solutions, two of which are global minima of the energy functional.
O

Remark 2. Suppose that & > 0 and B > 0 be two real numbers and suppose M :
[o, B] C [0,+o[— R be a function defined by M(r) = 8; + 8,1 for each 7 € [a, ]
where 01,0, > 0. So, M~ = min{1,(8; +6,0)”~!,n} and Theorem 2 holds for the
following problem

A(|AulP~2Au) — (8, —|—62/Q \Vu|P)P~ A4 |ulP 2 u

= ha(x) f(u) +b(x)g(u) in Q,
u=~Au=0 on 0Q,

where f, g, a and b satisfy in the conditions of Theorem 2.

Remark 3. Tt is worth pointing out that, if assumption ( f2) of Theorem 2 is replaced

by the existence of
p 1
c>c 73— max L (6]l ) S%PG)”

and §1,&, € R, with §;&, > 0, such that

&
0§Af(m_mm £t m</_f (3.2)

El<c 0

under the additional assumption |Q| > nM we can ensure that the three non-zero
solutions of the thesis of Theorem 2 are non-negative (respectively non-positive)
provided &; > 0 (respectively &, < 0). To see this, it suffices to apply Theorem 2
to the functions fy, go : R — R defined by

o(E) = {f@ ifE >0,

0 ifE<0,
_ Je&) ifE>0,
go(§) = {0 ifE <0,

when §; > 0 or by

fo®) = {g@ oo
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0 if & >0,

when &; < 0. In fact, conditions (f1) and (g;) ensure that £(0) = 0 and g(0
namely, that f; and go are continuous functions. Therefore, condition |Q|
guarantees that |€;| < o, in fact by (g») one has

gaa—{“a <0,

) =0,
> M

ncl) )

plbllL @) supr G < M~c? -
n|Q| ne?|Q|

Gil” <

Hence, the function fj satisfies in the assumption (/7).
From Theorem 2 and Remark 3, we get:

Corollary 1. Let |Q| > nc =, and f : R — R be a continuous function such that

g
f(t)dt

&
(f3) supéeR/ f(t)dt < 4oo, limsup?l——— <0.
0 £-0 €|

Moreover, suppose that there exist 6>0and&;,& € R, with &€, > 0, such that

&
(7) 0< [ 0y = sup " dr</ £(0)

El<c 0

and

gy NQUES Mo

J§' F0)dr e supecp Ji (1) di
Under such hypotheses, for every non-constant function a : Q — [0,4oo[ in L' (Q)
satisfying

p —cP
0 max{ 1F’ n\fllHﬁll }g o < M csé |
Supr - p 5! (1) d1 peP supee fo (1) dt

there exists A > 1 such that the problem

p—1
A(|AulP~2Au) — [ </ |Vu|pdx>] Apu+m|ulP?u

= Ka(x)f( ) inQ,
u=Au=0 on 0Q

has at least three non-zero solutions which are non-negative or non-positive accord-
ing to whether & > 0 or §; < 0.

Another consequence of Theorem 2 is as follows:
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Proposition 1. Ler f: R — R be a continuous function and z1,22,23,24 four pos-
itive constants, with z; < zo < z3 < z4 such that f(&) > 0 for all & €] — o0, —74] U
[—23,0] U [z1,22], while f (&) <0 forall & €] — z4,—2z3) U[0,21] U [22, +o0[, and

-4

O</sz(t)dt< f(t)dr.
0 0

Moreover, let g : R — R be a continuous function and let b : Q — [0, 4-oo] be a function
in L' (Q) such that

2 3 & t)dt M~
/ g(t)dt >0, sup [ g(t)dt < 4o, limsup Jo g(p) T
0 ger /0 gso |Gl peP (bl a)
and
1 n|L||z2|?, M-z
max{ G7 ‘ZZH ‘d } S ||bHL1(.Q) < 3& .
supr G p J5* g(t)dt peP supeeg o 8(t)dt

Under such hypotheses, for each non-zero function a : Q — [0,+o[ in L' (Q), there
exists A* > 0 such that the problem

p—1
A(|AulP~2Au) — [M </ |Vu]”dx>] Apu+m|ulP?u
Q

— Na(x) £ () +b()g(w) inQ,
u=Au=0 on 0Q

has at least three non-zero solutions, two of which are global minima of the associ-
ated energy functional.

Proof. The same assumption also implies that fOE" ft)dt <0 forall § € [—z3,21],
and so (f1) holds. Consequently, if we take &; = z5, the assumptions of Theorem 2
are satisfied and the conclusion follows. n

We now exhibit an example in which the hypotheses of Proposition 1 are satisfied.

Example 1. Suppose that M : [0,+e[— R is a continuous function such that
M~ > 162 and suppose Q = {(x,y) € R%;x> +y*> < 9}. Define f,g: R — R as follows:

f(t) =~ =Tt 47 + 4362 — 421,

0 if r <0,

1? if0<r<2,
g(t) = :

—2t+8 if2<r<4,

0 if t > 4.

Also, put a(x,y) = b(x,y) = x> +y?* for all (x,y) € Q.
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Then, by choosing z; =1,z =2,z3 =3,z4 =7, p =3, and since ¢ = ¢ %7 the
conclusion of Proposition 1 holds for the following problem

2
A(|AulAu) — [M </ IVu|3dxdy>] Asu+n|ufu
Q

=Aa(x,y)f(u) +b(x,y)g(u) inQ,
u=Au=0 on 0Q.
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