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Abstract. This paper investigates the bounded input bounded output (BIBO) stability in a class
of control system of nonlinear difference equations with several time delays. The proofs are
based on our studies on the boundedness of the solutions of a general class of nonlinear Volterra
difference equations with delays.
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1. INTRODUCTION

Time delays play an important role in control systems, since a delay naturally
appears when a system wants to measure or react to information. Stability or sta-
bilization of a system is one of the central question which is investigated in control
theory [10-12]. Because of its simplicity, the bounded input bounded output (BIBO)
stability of control systems is widely investigated. The sufficient conditions for BIBO
stability of control systems without delays are obtained in [18, 19] by using Liapunov
function techniques. More recently many researchers have focused their interest on
the BIBO stability of nonlinear discrete and continuous feedback control systems
with or without delays [1,2,5-9, 13—-15,17].

In this paper we consider a class of discrete control systems with multiple time
delays. We search for delayed feedback controls such that the corresponding closed
loop system be BIBO stable. We rewrite the closed loop system as an equivalent
nonlinear Volterra difference equation (VDE) with delays. The BIBO stability results
are based on our theorem which formulate sufficient conditions for the boundedness
of the solutions of delayed VDEs. The results presented in this manuscript extend
the methods introduced in [ 1] for nonlinear differential equations with a single delay
and boundedness of ordinary VDESs presented in [3].

The structure of the manuscript is the following. Section 2 contains the precise
problem statement, the definitions of BIBO stability and local BIBO stability, and we
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rewrite our closed loop control equation as an equivalent VDE. Section 3 formulates
sufficient conditions for the boundedness of a general class of nonlinear VDEs with
multiple delays. Section 4 contains our BIBO stability results for cases when the
nonlinearity has a sub-linear, linear or super-linar estimates.

In the rest of this section we introduce some notations which will be used through-
out this paper. R, Ry, R? and R%*4 denote the set of real numbers, nonnegat-
ive real numbers, d-dimensional real column vectors and d x d-dimensional real
matrices, respectively. The maximum norm on R? is denoted by | - ||, i.e., x| :=
maxj<j<g |Xi|, where x = (x1,... ,xz)T. The matrix norm on R¢*¢ generated by
the maximum vector norm will be denoted by || - ||, as well. Let Z 4 and N be the set
of nonnegative and positive integers, respectively. L°°(Z 4, R%) will denote the set
of bounded sequences r : Z 4 — R? with norm ||7 || := sup,ez, [r(m)||. Lett >0

be a fixed integer, S([—7,0], R%) denotes the set of finite sequences
{1// HA—t,—1+1,...,0} > [Rd}

and ||y ||; ;= max . |l (n)]||. For a given sequence x and an integer n the forward
—r<n<

difference operat:)r_is defined by Ax(n) :=x(n+1)—x(n).

2. PROBLEM STATEMENT
In this paper we consider the nonlinear discrete control system with several delays

Ax(n)=gn,x(n—o1(n)),...,x(n—o0¢(n))) +u(n), neZs,

y(n)=Cx(n), neZy. (2.1)

Here x (1) € R? is the state vector, u(n) € R¥ is the input vector and y(n) € R?! is
the output vector of the system (2.1), C € R91%4 ig a constant matrix, oj . Z4+ —
Z4,i=1,...,£ are bounded delay functions, and the nonlinear function g : Z 4 x
RY x...xR? — RY satisfies

£

lgn,xV, ... .x©)| < b(n)w( max ||x(m)||), neZy, xM,... x®epr?,
1<m<{
2.2)
where b(n) > 0 for all n € Z4, and ¢ : R4+ — R4 is a monotone nondecreasing

mapping.
Our general problem (2.1) satisfying condition (2.2) includes, e.g., linear control
systems

Ax(n) = A1(m)x(n—o1(n)) + -+ Ag()x(n —og(n)) +u(n),  neZs,
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and nonlinear control systems of the form

d
Axi(n) = Zaij(n)xjp(n—Gj(n))+u,~(n), neZy,i=1,...,d,
j=1

where x(n) = (x1(n),...,xgm)T, u(n) = wi1(n),...,ug(n))T, p > 0; or a poly-
nomial difference system

l
Axi(n) = Zaij (n))c;]’jl (n—oj (n))---xgijd (n—oj(n))+u;(n)
j=1

forneZy,i=1,...,d,whereq;jx € Ry fori,k =1,....,dand j =1,...,{; or the
scalar nonautonomous control system of the form
a(n)x?(n—o1(n))
Ax(n) = +u(n), neZy,
=5+ —ozny " :
where p,q > 0. In all the above cases assumption (2.2) holds under natural conditions
with ¢(¢) = t? with some p > 0.
We assume that the uncontrolled system, i.e., (2.1) with ¥ = 0 has unbounded
solutions. Our goal is to find a positive diagonal matrix D and a positive integer k
such that the delayed feedback law of the form

u(n)=—Dx(n—k)+r(n) 2.3)

guarantees that the closed-loop delayed system
Ax(n) =g(n,x(n—o01(n)),....x(n—o0y¢(n))) —Dx(n—k)+r(n), neZy,
y(n) =Cx(n), neZs,

x(n) =¥ (n), ne{-t,—t+1,...,0}
(2.4)

is BIBO stable. Here r(n) is the reference input, D = diag(A1,...,A4), A; > 0 for
i=1,....d, ¥ € S(—7,0],R?) is the initial sequence associated to the equation
where

7= max{ max ||Uj||oo,k} , (2.5
1<j<t

The assumed diagonal form of the feedback law (2.3) is one of the simplest possible
choice. In its implementation it is important to know how large delay can be. In The-
orem 2 and 3 we give sufficient conditions on how to select the feedback gain D and
the time delay k to guarantee the boundedness of the solutions. Our conditions (see
(4.1) and (4.13) below) show that the larger the delay the smaller gain can guarantee
the boundedness of the solution.

Following [16], we introduce the next definition of BIBO stability.
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Definition 1. The closed loop system (2.4) is said to be BIBO stable if there exist
positive constants 61 and 6, = 0, (|| ||z) such that every solution of the system (2.4)
satisfies

lymIl <bilrllc+62, neZy
for every reference input r € L®(Z 1, R?).

Later we need the notion of local BIBO stability (see similar definition in [1] for
the continuous case).

Definition 2. The closed loop system (2.4) is said to be locally BIBO stable if
there exist positive constants 61, 6, and 0 satisfying

lyml <6, nezZy
provided that ||| < &1 and ||7]eo < 82-

Our approach is the following. We associate the linear system

Az(n) =—-Dz(n—k), neZy (2.6)
with the constant delay k£ € N and the initial condition
z(n) = ¥ (n), —k<n<0 2.7)

to (2.4). Then the state equation in (2.4) can be considered as the nonlinear perturba-
tion of (2.6), and by the variation of constants formula (see, e.g., Lemma 4 in [4]) we
get

n—1

x(n) =2+ Y W= =D[g(.x( =01()).....x(f =0¢()) +7())]
Jj=0
(2.8)

forn € Z 4+, where z(n) is the solution of (2.6)-(2.7) and W is the fundamental matrix
solution of (2.6), i.e., the solution of the IVP

AW(n)=—-DWm —k), neZ, 2.9
0, —k<n<-I,
Win) = { I n =_O.n B

Here I € R?*4 is the identity matrix and 0 € R?*? is the zero matrix. Since D is a
diagonal matrix, it is easy to see that W(n) is a diagonal matrix too for alln € Z ;.
We can rewrite the equation (2.8) as a VDE

x(n+D)=z(+1)+Y Wh—j)g(,x(j —01())....x(j —0¢(})))
Jj=0

n
+Y Wa—jr(),  neZy,
j=0
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and so it is equivalent to

X1 =" fj.x(f =01 x(G—0eG)) +h(n),  neZy,

Jj=0
(2.10)
where
h(n):=z(n+ 1)+ Y Wn—j)r(), (2.11)
j=0
and
f(n,j,x(l),...,x(e)) = W(n—j)g(j,x(l),...,x(e)) (2.12)

for 0<j <n, x@ e IRd, 1 <i <{ . The equation (2.10) is a nonlinear VDE with
several delay functions.

3. BOUNDEDNESS OF THE SOLUTIONS OF VDES WITH DELAYS

In this section we give a general result for the boundedness of the solutions of
nonlinear VDEs with multiple delays which is a natural extensions of the results
presented in [3] for nonlinear VDEs without delays.

We consider the nonlinear VDE with several delays

X(n4+1) =" f,j.x(j=01())) - x(G—0cG)) +h(m),  neZy, B.1)
j=0

with the associated initial condition
x(n)=vy@), —Tt=n=0, (3.2)
where 7 is a positive integer constant. We assume the following conditions.
(B1) Forany fixed0<j <nand j,neZ4
fn,j,...,0): RY x...xR? — R¢.
£
(B2) Forany 0 < j <n and 1 <i <d there exists an a; (n, j) € R4 such that

in x| fai(n,j)co( max ||x<’">||) (3.3)
1<m</{

holds for x(, ..., x® e R? with a monotone non-decreasing mapping ¢ :
Ry — Ry, where f = (f1..... f)T.

(B3) h(n) = (hi(n),....hgn))T e R? forn e Z .

(B4) 0; : Z4+ — Z 4 satisfies |oj(n)| <tforneZ  andi =1,...,¢L.

(B5) ¢ € S([—7,0],RY).
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Clearly, problem (3.1)-(3.2) has a unique solution under the above conditions. The
next result formulates sufficient conditions implying the boundedness of the solu-
tions.

Theorem 1. Let  be fixed, (B1)-(B5) are satisfied and let x (n; ) be the solution
of (3.1)-(3.2). Suppose there exist N € Z4, u € Ry and v > p such that for i =
1,....d

N
Y ai(N, j)e(u) + [hi(N)] < v, (34)
j=0

N n
doai ew+ Y air, @)+ ki) <v,  n=N+1 (3.5
Jj=0 J=N+1

and
lx(:y)ll=p.  nef{-t....N}. (3.6)
Then the solution is bounded by v, i.e.

Ix(m:¥)|| <v, n>-t (3.7)

Proof. Consider the solution x(n) = x(n;vy), n € Z4+ of (3.1) with the initial
condition (3.2), and let u and N be such that (3.6) holds. Then, by using (B2), (3.4),
(3.6) and the monotonicity of ¢, we have fori =1,...,d

N
i (N + D] <D 1N j.x(G =010 x(f —0e (D] + [hi (V)]
j=0

N
<D ai(N.e(_max [x(m)]])+ ki (N)]
Jj=0 =

=

ai (N, j)e(u) + |hi(N)]

M=

0

IA
S T

’

Therefore ||x(N + 1)|| <wv, so (3.7) holds forn = N + 1.
Now we show that (3.7) holds for any n > N + 1. Assume, for the sake of contra-
diction, that there exists ngp > N + 1 and iy € {1,...,d} such that

|Xig (0 + D[ = |xig (no + 1:9)| > v, (3.8)

and
|xi(n)| = |xi(n;¥)| < v, N+1<n<ng, i=1,...,d. (3.9)
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Hence, from equation (3.1), we get

N
xig(0 + DI < Y | fig(0.j.x(j —01()).....x(j —0¢(j))]

Jj=0

+ Y fio@0,J.x(F =01 x (G =0 (ID] 4 [hig(n0)]
j=N+1

N
< D _dig(no, ))p(_ max |lx(m))
j=0 ==

no

+ . %_Ham(no’j)(p(—tnsl?nxsj l|x (m)]) + |hio (n0)].
j:

Since ¢ is a monotone non-decreasing mapping, (3.5), (3.6) and (3.9) yield

N no
xig(no+ DI < Y " aig(no. NeG) + D aig(no. )W) + |hig(no)| < v.
Jj=0 j=N+1

This contradicts to our hypothesis (3.8), so inequality (3.7) holds. O

4. MAIN RESULTS

Our main goal in this section is to formulate sufficient conditions which grantee
the BIBO stability of the closed loop system (2.4). We will assume that function ¢ in
(2.2) is a power function. Our first result is given for the case when g in (2.2) has a
sub-linear estimate, i.e., when ¢(¢) = t?, with 0 < p < 1 in (2.2).

Theorem 2. Let g : R — R? be a function which satisfies inequality (2.2) with
et) =tP, 0< p <1, t =0. The feedback control system (2.4) with D =
diag(A1,...,A4) and k € N is BIBO stable if

1blloc := sup b(n) < oo and 0<Aj <2cos 2: i=1,....d (4.1)

n€Z+ +1’
hold.
Proof. Let ¥ = (Y1,....¥2)T € S([—7,0],R?), and z(n) = (z1(n),...,24(n)T

be the solution of the IVP (2.6)-(2.7). Then, fori =1,...,d, z; is the solution of the
IVP

Azi(n) =—-Aizi(n—k), neZy 4.2)

with initial condition

zi(n)=vi(m),  —k=n=<0. (4.3)
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It is known (see, e.g., [4]) that condition (4.1) yields that there exists a positive con-
stant M and p € (0, 1) such that

lzim)| = MY llep", neZy, i=1...d, (4.4)

where |||l := max_;<;<o|[¥(/)||. Hence every solution of (4.2) tends to zero as
n — oo, and

Izlleo :=sup [lz(m)]| = M|[y]lx < oo. (4.5

n€Z+

Let W(n) = diag(wy(n),...,wg(n)) be the solution of (2.9). Relation (4.4) yields
lim, oo wij(n) =0fori =1,...,d, and

o0
‘= ma w; (n)] < oo. 4.6
n osis"d,;o' i(n)] (4.6)

From (2.8), foralln € Z4 andi = 1,...,d, we have
xi(n+1)=zi(n+1)

+Zwi(n—j)[gi(j’x(j —01(j)),...x(j —0¢(j)) +ri(j)],
/=0 4.7)

where x(n) = (x1(n),....xgm) T, g = (g1.....84)T andr = (r1,...,r7)T. There-
fore (2.11) and (2.12) imply

filn, joxW, . xO) = win— j)gi (j,x D, x©)
and
n
hi() =zi(n+ 1)+ Y wi(n—j)ri(j).
j=0
Hence, by (2.2),

| fi (s jox @, xO) < wi(n— )] g (G, xD,... x©)
- |w,-(n—j>|b<j)¢( max ||x<'">||),
—t<m<{

so the conditions (B1)-(B5) hold with a; (n, j) := |wi(n— j)|b(j),0 < j <n.
By (4.1), (4.5), (4.6) and the definition of the infinity norm, we obtain
yi= max sup [hi(n)|

1<i<d ez,

< max sup |z;(n)|+ max  sup |wi (n— )IIr()H
1<i<d yez, l dneZ+JZ() l
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o0

< sup [z + 7l max > fwi(j)] (4.8)
n€Z+ 1<i<d —0
j_

= [|zlloo + 17 [loc < 00. 4.9)

By conditions (4.1) and (4.6) we get

n
o= max sup Zai(n,j)
15i§dn€Z+j=0

= max sup lei("—j)|b(j)

ISiSdl’lEZJrj:o

o0
<|b max w; (J
= 19lee x, 32w

= 1||b]loo < 00. (4.10)
Now we show that the inequalities (3.4) and (3.5) are satisfied with
pt)=tP,t>0, N=0, pw:=|[¢l::= max |x@) (4.11)
—T<n<0

and
v:=max(2(7l||b”oo”1//”5+||Z||oo+77”"”00)’(27)”b||oo)ﬁ»”‘/f”t)- (4.12)
By using (4.9) and (4.10), it is clear that fori = 1,...,d
a; (0,0) ¥ 12 + 17 (0)| = bl ¥ 112 + |zlloo + nllFlloc < v,

therefore (3.4) holds with (4.11) and (4.12). We have v > (217||b||oo)ﬁ, and so
(4.10) and the definition of « yield

o
2115l o

Similarly, using v > 2(|b|lo ||| + 1z |loo + 1|7 |0o) and the inequalities (4.9) and
(4.10), we obtain

Pl <

1
<.
-2

1 a|yllf +y 1
—(allyl? +v) = T <5
v 2blloo ¥z + Izlloo + 1l lloo)
Thus 1
v lat @y 2 +7) < 1.
hence for all n > 1, we have fori =1,...,d

ai (0, 00(|¥l) + D ai(n, j)p®) + hi ()| < ||y |2 +av? +y <w,
i=1
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consequently, (3.6) holds with (4.11) and (4.12). Then all the conditions of Theorem
1 are satisfied, therefore the solution x of the closed loop system (2.4) is bounded by
v forn > —1,1i.e.,

_1
@l = v =max (20Bllocll ¥ 12 + 2 lloo + 1ll7lloo). 1116 lo0) 7. 4]

1
= 2l oo + max (20115 oo 1912 + 121lo0). 21l1Blloc) 7. 1)
for n > —t. Then
Iyl < IClllx)l < 61llrlloo + 602, n€Zy,
where 01 := 27||C|| and

1
6 1= |C |l max (2115 llooll ¥ 12 + 12 lo0). @11blloc) =7 1]
Hence, by Definition 1, the closed loop system (2.4) is BIBO stable. U

It is easy to see that for k = 1 the last inequality of (4.1) gives the upper bound
Ai <1, and as k — oo, the upper bound of A; in condition (4.1) tends monotonically
to 0. Therefore large delay allows only small gain in the control law.

In the following theorem a sufficient condition is given for the BIBO stability in
the case of a linear estimate of the function g.

Theorem 3. Let g : RY — R? be a continuous Sfunction which satisfies inequality
(2.2) with ¢(t) =t, t > 0. The closed loop system (2.4) with D = diag(Ay,...,A4)
and k € N is BIBO stable if

km

1
[16]lco < = and 0< A <20052k+1,

i=1,...d 4.13)

hold, where 1 is defined by (4.6).

Proof. As in the proof of Theorem 2, we rewrite (2.4) in the form of (4.7), and
define the functions f;, a; and h; fori = 1,...,d. Then the conditions (B1)-(B5) are
satisfied.

Next we show that the inequalities (3.4) and (3.5) are satisfied with

nlrlloo + My |l
o(t)=t, N=0, p:= |y, and v:=max( > Sl ), 4.14)
1—=7]lbleo
where the positive constant M is defined in (4.4), |||z := sup |[x(n)|. Since
—Tt<n<0

ai(n,j)y:=wi(n—j)b(j),0<j <n, wehave

D ai(n.j) = lwi(n—j)Ib(j)

Jj=0 J=0
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< max sup lei(n—jﬂb(j)

1§i§dnez+j20

o0
< Iblles @a;«q'gw,- (n)
= 1lb]loo (4.15)
<1. (4.16)

By (4.4), (4.8), (4.13), (4.14) and (4.16), we have forn e Z1,i =1,...,d
_llrlo + MY

~ 1-1lbleo
n
I loo Y lwi(n— )| +1zi(n+1)]
Jj=0
Z n
1= " wi(n—j)Ib(j)
j=0

> lwin— )IIri ()] + |zi (n + 1)]
>j=0

1= " Jwi(n = )Ib()

j=0
Since h;(n) = Z?:o w;(n—j)r(j)+z;(n+1), it follows
|hi(n)]
1= lwitn=j)Ib())

J=0

R neZ.

Therefore
n
lew,-(n—j)lb(j)—l—lh,-(n)l§v, neZ4+, i=1,....d.
Jj=0
Hence the above inequality and v > || ||; yield forn =0andi =1,...,d
ai (0,0)[| [z + |hi (0)] = v[w; (0)[56(0) + 7 (0)] < v,
and so (3.4) is satisfied with (4.14). Similarly, forn € Nandi =1,...,d

vlw; (M[bO0) +v Y |wi(n— j)Ib(j)+hi(n)] < v.
Jj=1
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Therefore

n
ai(n,0)||lﬁ||r+v2ai(n,j)+|h,'(n)| <wv, neN, i=1,....d,
j=1

consequently, (3.5) is satisfied with (4.14). Then all the conditions of Theorem 1 hold
with with (4.14), therefore the solution x of the closed loop system (2.4) is bounded
by v, i.e.,

Hence
Iyl < 1€ [lx ()]
=|lClv
nllrlloo + M|y
= max (M=t I g,
1=7lb]l o
< 01|rlloo + 62,
where
IClin M|y«
0r:=———-— and 6 :=||Cllmax|{ ——=—. [Vl ].
1=nblloo 1=7n[blloo i
Then, by Definition 1, the feedback control system (2.4) is BIBO stable. U

Corollary 1. Let g : Ry x R — R? be a continuous function which satisfies in-
equality (2.2) with ¢(t) =t, t > 0. The closed loop system (2.4) with D =
diag(A1,...,A4) and k € N is BIBO stable if

k

Iblleo < 4 = G

i=1,...d 4.17)

hold.

Proof. Under our condition (4.17) and from Lemma 4 in [4] we get that the fun-
damental solution w; of (4.2)-(4.3) is positive and

o0

1
E wl(']):k_, l:1,,d
Jj=0 '

1 1
=max| —,...,— |,
n a py

and hence 7||b]lcc < 1. The proof is similar to the proof of Theorem 3 and it is
omitted. U

Therefore
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In the next theorem it is shown that in the super-linear case there exist positive
diagonal gain D and positive delay k such that the solutions of the closed loop system
are bounded for small initial functions and small reference inputs, i.e., the system is
locally BIBO stable.

Theorem 4. Let g : RY — R? be a continuous function which satisfies inequality
(2.2) with o(t) =tP, p > 1, t > 0. Then the solution x of the feedback control system
(2.4) is locally BIBO stable if (4.1) holds.

Proof. Suppose A1,...,A4 are fixed satisfying (4.1), D = diag(Ay,...,A4), and
let z be the solution of the IVP (2.6)-(2.7), and n be defined by (4.6). Let ||¥ | < 61
and ||7||co < 82, where 81, 8> will be specified later. From (4.5) and (4.9) we have

[zlloo = M[¥llz < M6,

and
y = max sup |hi (n)| < ||1zlloo +1lI7 looc < M1+ 12 < 00,

I=<i< neZ

and from (4.1) and (4.15) it follows

n
o= max sup Zai(n,j)fnllblloo<00-

Since p > 1 and 1 and ||b||so are positive and finite, we select the positive constants
81 and &, so that

S & M) + Sy <\ V™ 0<s < LV s
“ 1+’“—2(2n||b||oo e AT '

hold.
Next we show that the inequalities (3.4) and (3.5) are satisfied with

1
2n[1blloo

We note that the definitions of i, §; and the second part of (4.18) yield u < v. Using
the definition of v, p > 1 and (4.18) we get

@(t) =17, N =0, w:=|lvl|: and v::( )pl (4.19)

1 1 —1
v> L (—) > S+ M8y + 082 = [ W12 +y = ar (0.0)[¢|12 + [hi (0)
G

fori =1,...,d, hence the condition (3.4) holds with (4.19).
Similarly, the definition of v, p > 1 and (4.18) yield

1

1\ 71
) > a0 + M8y + 182 = a ||| +7.

1
v—av? >v—nl|b vl’:_(—
Ploev™ =2 20T
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Then the definitions of « and y imply

n
ai(. )12+ ai(n. jw? + hi(m)| <e|y|? +ev? +y <v,  neN,
j=1
therefore the condition (3.5) holds with (4.19).
Therefore the conditions of Theorem 1 are satisfied with (4.19), so the solution of
the closed loop system (2.4) is bounded by v, i.e.,

1 =T
||x(n)||<v=(—)  nezs.

Pillblloo
Hence
[yl < ICllx@m)| <6, neZy,
where :
0= C] ( 1 )
o P15 oo '
By Definition 2 the closed loop system (2.4) is locally BIBO stable. g
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