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Abstract. In this paper, we introduce a new concept of Morita context rings which we call special
Morita context rings. We determine the conditions under which this kind of rings are quasipolar.
We use special Morita context rings to extend some results of quasipolar rings. Then many of the
main results of quasipolar rings are special cases of our results for this general setting. Several
basic characterizations and properties of these rings are given.
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1. INTRODUCTION

Throughout this paper all rings are associative with identity and modules are unital.
The commutant and second commutant of a € R are defined by comm(a) = {x €
R | xa =ax},comm?(a) ={x € R | xy = yx forall y € comm(a)}, respectively.
U(R), J(R) and Nil(R) will denote the set of all invertible elements, the Jacobson
radical of R and the set of all nilpotent elements, respectively. An element a in a
ring R is called quasinilpotent if 1 —ax € U(R) for any x € comm(a). The set
of all quasinilpotent elements of R will be denoted by QN (R) ([9]). Set J#(R) =
{x € R | 3n € N such that x* € J(R)}. Obviously, J(R) € J#*(R) € ON(R) and
Nil(R) € J*(R) € ON(R).

The notion of a quasipolar ring was introduced by Harte in his 1991 study on quas-
inilpotent in rings. An element a € R is called quasipolar provided that there exists
an idempotent p € R such that p € comm?(a), a + p € U(R) and ap € QN(R).
A ring R is quasipolar in case every element in R is quasipolar. Any idempotent
p satisfying the above conditions is called a spectral idempotent of a. Koliha [11]
introduced the concept of a generalized Drazin inverse in a complex Banach algebra.
An element a of R is generalized Drazin invertible [12] in case there is an element
b € R satisfying ab?> = b, b € comm?(a) and a>b—a € QN(R). Such b, if it exists,
is unique; it is called a generalized Drazin inverse of a and will be denoted by a&P.
Koliha and Patricio [12] proved any quasipolar element @ € R has a unique spectral
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idempotent denoted by a”, and a is quasipolar if and only if a is generalized Drazin
invertible. Quasipolar rings have been studied by several authors [2,4,7,12,22].

Recall some definitions. A ring is called strongly clean if every element is the sum
of an idempotent and a unit which commute (see [16]). Following [1], an element
a € R is said to be strongly w-regular if a” € a1 RN Ra"*! for some n € N. An
element a € R is called pseudopolar if there exists p? = p € comm?(a) such that a +
p € U(R) and ap € J*(R) ([21]). An element a of R is (pseudo) Drazin invertible
([21]) [5] in case there is an element b € R satisfying ab>=b,b e commz(a) and
(@*b—a € J¥(R)) a®?b—a € Nil(R). Such b, if it exists, is unique; it is called a
(pseudo) Drazin inverse of a and will be denoted by (a?P) aP. In 1958, Drazin
showed that a is strongly w-regular if and only if @ has a Drazin inverse. Wang
and Chen proved that a is pseudopolar if and only if a is pseudo Drazin invertible.
By definitions, we conclude that any strongly -regular element is pseudopolar, any
pseudopolar element is quasipolar and any quasipolar element is strongly clean.

Morita contexts appeared as a key ingredient in the work of Morita that described
equivalences between full categories of modules over rings with identities. Morita
context rings form a very large class of rings generalizing matrix rings. One of the
fundamental results in this direction says that the categories of left modules over
the rings A and B are equivalent if and only if there exists a strict Morita context
connecting A and B. Other applications, though not stated in an explicit form, can
be found in various places. A Morita context (A, B, M, N, ¥, ¢) consists of two rings
A and B, two bimodules 4y Mp, p N4 and a pair of bimodule homomorphisms

V. M@pN —>Aandp: NQuM — B

which satisfy the following associativity:
Y(m@n)ym' =mp(n®@m') and ¢(n @m)n’ =ny(m@n’) (1.1)

for any n,n’ € N, m,m’ € M. These conditions insure that the set of generalized

matrices Z ’Z ;a€ A, be B,me M,n e N will form a ring, called the ring

of the Morita context. A Morita context withd=B=R,M =N, and

A M
N B
Y = ¢ = @ is called a special Morita context. Throughout § denotes the ring of a
special Morita context [R, M, ¢].

The main purpose of this paper is to study quasipolarity of special Morita con-
texts which are a natural generalization of (generalized) full matrix rings (K s(R)
or M» (R;s)) M5 (R). One of the motivations to study the concept of special Morita
context rings is to construct nontrivial examples for quasipolar rings (see Examples 1,
2, 3). In the present paper we use special Morita context rings to extend some res-
ults of quasipolar rings (e.g. [2, Theorem 2.10], [10, Theorem 22], [19, Theorem 15,
Theorem 18 and Theorem 22] and [2 1, Theorem 1.4]).
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This paper is organized as follows. In Section 2, the forms of the Jacobson radical
and the center of special Morita contexts are determined and some properties of this
class of rings are investigated. Furthermore, we define (uniquely) weakly quasipolar
rings and determine the relation between quasipolar rings and pseudopolar rings (or
equivalently, uniquely strongly w-rad clean rings). In particular, we show that R is
quasipolar if and only if R is uniquely weakly quasipolar (Theorem 2). This gives
an affirmative answer to the question in [12, Remark 4.8] and [1 1, Lemma 2.4]. In
Section 3, criteria are obtained for a single element of & to be quasipolar for a local
ring R. As a result, we see that (in Proposition 5) § is quasipolar if and only if § is
weakly quasipolar where M is uniquely bleached and R is local. In Section 4, we
determine when a special Morita contexts over a commutative local ring is quasipolar.
It is shown that § is quasipolar if and only if x2 —x 4+ w = 0 is solvable for every
w € Img where R is commutative local and Img € J(R). This extend and improve
many known results such as [10, Corollaries 11 and 12] and [19, Theorem 18]. In
particular, we prove that if R is commutative local and Img is nilpotent, then & is
quasipolar. This yields the main result of [19] (see Example 1). Several equivalent
conditions on quasipolar special Morita context rings over a (commutative) local ring
are obtained.

In this paper, the ring of integers modulo # is denoted by Z,,, and we write M, (R)
and C(R) for the rings of all n x n matrices over the ring R and the set of all central
elements of R, respectively. For elements a,b in a ring R, we use the notation a ~
b to mean that a is similar to b, that is, b = u~'au for some u € U(R). We set
(M:J(R)={meM|om@n)e J(R)foralln € M} and (J(R): M) ={m €
M | p(n@m) e J(R) foralln € M}.

2. PRELIMINARY RESULTS

In this section, we decide the forms of the Jacobson radical and the center of spe-
cial Morita contexts. We introduce (uniquely) weakly quasipolar rings and investigate
relations between quasipolar rings and pseudopolar rings (or equivalently, uniquely
strongly m-rad clean rings). We prove that R is quasipolar if and only if R is uniquely
weakly quasipolar (Theorem 2). As a result we obtain an affirmative answer to the
question in [12, Remark 4.8] and [1 1, Lemma 2.4].

The Jacobson radical formula of a Morita context was determined by Sands in his
1973 study on Radicals and Morita contexts (see [17]):

Theorem 1. Let R be a ring. Then
J(8) = J(R)  (M:J(R)) J(R)  (J(R): M)
| (M:J(R)) J(R) (J(R): M) J(R) '
Corollary 1. Let R be a ring and Ime C J(R). Then

IR M
J(‘g)—[ M J(R)]
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Proposition 1. Let R be a ring and Img C J(R). If J(R) is nilpotent, then J(§)
is nilpotent.

Proof. Assume that [J (R)]t = 0 for some ¢ € N. By direct calculation one sees
that

: [J(R)] + Img M [lmw M }_.
/(5] g[ M [J(R)] + Img Sl M me | T

Further, we have
t t
T2 = Img = Img-M ,and so T2 = [Im(?] [1mg] ,M =0.
Imo-M Img [Imgo] -M [Imga]
2
Therefore [ J(§ )]Zt = 0, that is, J(&) is nilpotent, as desired. O
The following lemma is verified by direct calculation.

Lemma 1. Let R be a ring. Then

C(S):{[g ) } |a,beC(R)andam=mb,bm:maforallmeM}.

Lemma 2. Let R be a ring and Img C J(R). Then [ Z YZ ] is invertible in & if
and only if u,v € U(R).

Proof. Since units always lift modulo the Jacobson radical, it is clear by Corol-
lary 1. U

Lemma 3. Let R be a local ring and let > = o € 8. Then there exist B,y € U(8)
* 0
such that Bay = [ 0 x ]

m .
r i| where e, f € R and m,n € M. Since a? =a, we

S o

Proof. Write o =|:
have
e=e’>+om®n), m=em+mf.n=ne+ fn, f = f2+on@m).
If e € U(R), then we see that

1 00[e m 1 —eim ] _[e 0
|:—ne_1 1i||:n f]|:0 1 ]_|:O f—(p(ne_1®m)]'

Similarly, if f € U(R), then there exist 8,y € U(8) such that fay = |: ; 2 :|

Now assume that e, f € J(R). Then a € J(§), and so it is zero. We complete the
proof. O
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In view of [18, Theorem 4], we have the following result.

Corollary 2. Let R be a local ring and let a®> = o € 8. Then there exists a

B € U(8) such that Bafp~! = [ ?; 2 ]

Let M be an R-R-bimodule andleta € R. [, M — M andr, : M — M de-
note, respectively, the abelian group endomorphisms of M given by [, (m) = am and
ra(m) =ma forallme M.

Lemma 4. Leta = )(; 2 X = Z’Z €38. Then X € comm(«) if and

onlyifa € comm(x), b € comm(y), m € ker(lx —ry) andn € ker(l, —ry).
Proof. 1t is straightforward. g

Corollary 3. Leta=|:(l) 8]e8and,3= [8 ?}68. Then

comm(a) = { |: g 2 } |a,b e R} =comm(p).

Lemma 5. Let R be a ring. Then [ i ’Z ] > |: :1 Z i| is an automorphism of
5.

Remark 1. If R is isomorphic to a ring S by f, then a € R is quasipolar if and
only if f(a) is quasipolarin S.

Lemma 6. Let R be a local ring. Then [ g 2 ] € OQN(8) ifand only if a,b €

a

J(R) ifandonlyif|: 0 2 :|€ J(8).

Proof. If R is alocal ring, then J(R) = QN(R), and so the proof is clear. O

Wang and Chen prove that ([21, Theorem 1.4]) if there exists p? = p € comm(a)
such that a + p € U(R) and a* p € J(R) for some k € N, then p is unique if and
only if p € comm?(a). We extend this result as the following.

Theorem 2. Let R be a ring and assume that p?=pecomm(a), a+peUR)
and ap € RI™! for some a, p € R. Then p € comm?(a) if and only if p is unique.

Proof. If p € comm?(a), then p is unique by [12, Proposition 2.3]. For the con-
verse, suppose p is unique and let xa = ax for some x € R. Set ¢ := xp — pxp,
b=(a+p)~'(1—p). Thenab?> =b, 1 —p =ab =ba, p+c =: e is an idem-
potent, ep = e and pe = p. We show that a + e € U(R) and ae € QN(R). Since
(a+e)b+p)=1l+ap+px(1—p)b+p)=1+pa+ pxb=1+ p(a+xb)is
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invertible if and only if 1 4+ (a + xb) p = 1 +ap is invertible, and ap € ON(R),a +e
is a right invertible element. Further, as (b+ p)(a+e) =1+ap+ px—pxp =1+
ap + pxab = 1+4ap(1 + xb) is invertible if and only if 1 + (1 +xb)ap =1 +ap is
invertible, a + e is a left invertible element. Hence a + e is invertible. Let yae = aey
for some y € R. We prove that 1 +aey € U(R). We know that 1 +aey € U(R) if
andonly if 1 +aye =1+ayep € U(R) if and only if 1 + paye =1+apye € U(R)
because ep = e. Furthermore, pyeap = pyepa = pyea = pyae and appye =
apye = apeye = paeye = pyaee = pyae, we conclude that 1 +apye € U(R) as
pa € OQN(R). Thus e = p+c = p, and so ¢ = 0 because p is unique. That is, we
have xp = pxp. Analogously, it can be shown that px = pxp. Therefore xp = px,
and so p € comm?(a). The proof is completed. O

Definition 1. Let R be a ring. Then a € R is called weakly quasipolar provid-
ing that there exists an idempotent e € comm(a) such that a + e € U(R) and ae €
ON(R). If this representation is unique, then a € R is called uniquely weakly qua-
sipolar. A ring R is called (uniquely) weakly quasipolar if any element of R is
(uniquely) weakly quasipolar.

Remark 2. Lemma 2.4 in [1 1], Koliha proved that every weakly quasipolar element
is quasipolar in a Banach algebra. Butitis not true in aring. Let R = Z[t1.12,.. ]¢))
be a ring of polynomials in countably many indeterminates, localized at the prime
ideal (#1) (for details see [5, Example 2.4.3]). Let o be the map which satisfies
o(t;) =t; + 1. Then R[[x;0]] is the skew formal power series local ring over R. Con-

sider A = [ tg [(I :| € Mz(R[[x;o*]]) where t; € J(R[[x;a]]), t € U(R[[x;o]]).

We directly see that A is weakly quasipolar with E; = [ 8 )16 ], E, = [ 8 (1) ]

Therefore A is not quasipolar.
By Theorem 2, we have the following result.

Corollary 4. Let R be a ring. The following are equivalent for a € R.

(1) a is uniquely weakly quasipolar.
(2) a is quasipolar.

3. NONCOMMUTATIVE CASES

The goal of this section is to investigate quasipolarity of special Morita contexts
over local rings. We begin with the following definition.

Definition 2. We say that a bimodule g Mg is called (bleached) cobleached provided
that for any a € J(R), b € U(R), both [, —rp and [}, — r, are (surjective) injective on
M . Further, a bimodule g M g will be called uniquely bleached if, for every j € J(R)
and u € U(R), l, — rp and [, — r, are surjective as well as injective.
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Huang, Tang and Zhou [ 10, Corollary 6] proved that if Ks(R) is quasipolar, then
R is cobleached where R is local. Our next result shows that the latter assumption is
superfluous.

Theorem 3. Let R be a ring. If 8 is quasipolar, then M is cobleached.

Proof. Letu € U(R), j € J(R), and let (I, —r;)(m) = 0 where m € M. Consider
= [ g 5) ] € 8. Take E = 8 (1) . Then Fo = aFE, o + E is invertible and
oFE is quasinilpotent. Since « is quasipolar, by Theorem 2, E must be unique and

E € comm?(c). Note that |: 8 ’g :| € comm(a). So E commutes with |: 8 ’g :|,

which implies m = 0. As required.

Proposition 2. Let R be a local ring. Then a € & is strongly clean if and only if
either a € U(8), or I —a € U(¥), or a is similar to |: g 0 ]

Proof. “=" Assume that o =

); is strongly clean. Then there exists an

idempotent £ € § such that « — F € U(8) and E € comm(x). By Corollary 2,
there exists B € U(8) such that B~ EB = [ 8 ;), . Since R is local and E? =
E,wehave 2 =e, f2= f €{0,1}. If E =0, then o € U(8). If E = I, then

I —a € U(8). It follows that o is similar to |: ] where a, b € R because

a 0
0 b
E e comm(a).

“="IfaeU(S)or I —a € U(S), then it is strongly clean. Hence we can assume

g 2 . Since R is local, there exist e? = ¢, f2 = f € R
suchthata—e,b— f € U(R), e € comm(a) and f € comm(b). Therefore §— F €

that o is similar to 8 =

U(8) and BF = F where F = (e) j), . That is, B is strongly clean. It is well
known that if x is strongly clean and x ~ y, then y is strongly clean. Thus « is
strongly clean, as asserted. O

Proposition 3. Let R be a local ring. Then the following statements are equivalent
foroa = x 0 e
ora=| y .

(1) « is quasipolar.
(2) Both lx —ry and ryx — 1, are injective.

3) comm(oz)z{[g 2] |a,b€R}.
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Proof. (1) = (2) Suppose that (Ix —ry)(m) =0 for some m € M and « + E €

U(8) where E = E? = 2, € comm?(a) and «E € QN(8). By Lemma 4,
1 0 0 m R s s
weget[o 0i|, 0 O]ecomm(a). Then b =0=c,a*=aand d*“ =d

because E? = E € comm?(a). Since R is local, a,d € {0,1}. In view of Corollary 3,
comm(E) is the set of all diagonal matrices in §. We conclude that i = 0; that is,
lx —ry is injective. Similarly, we see that 7 —1, is injective. So holds (2).

2)= () Ifx,y e U(R) or x,y € J(R), then we easily see that « is quasipolar in
8. Letx € J(R) and y € U(R). Write E = (1) 8 ] Then E2 = E € comm()
anda+ E e U(S). Let X = |: CCZ 2, i| € comm(a). According to Lemma 4, b €
ker(lx —ry) and ¢ € ker(ry —1y). By (2), we have b = 0 = c¢. Hence we get
E € comm?(a) by Corollary 3. As oF = |: )(; 8 } € J(¥) by Theorem 1, we have
aF € ON(8). Thatis, o is quasipolar in §.

2)= B)Let X = 4 € comm(a). By Lemma 4, we have m € ker (I —

m

b

ry) and n € ker(rx —1I,). By assumption, we get m =n = 0, and so comm(a) =
“ O llaber!.

(3) = (2) Suppose that (Ix —ry)(n) = xn —ny = 0 for some n € M. This gives

that X = 8 g € comm(a). By (3), we have n = 0 and so [ —r) is injective.

Similarly, it can be proved that rx — I, is injective. Therefore we complete the proof.

g

Remark 3. As is well known, if ab is quasipolar and (ab)&P = ¢, then so is ba
and (ba)8P = bc2a [15] (or see [6]). In particular, if a is quasipolar and a®P = c,

then u~'au = b is quasipolar for any u € U(R) and b8P =y ~lcu.

Proposition 4. Let R be a local ring. Then o € § is quasipolar if and only if

a € U(S), ora € QN(8), or a is similar to [ a

0 (b) i| where Iy —rp, lp —rq are

injective.

y

X
Proof. “=" Assume that o = |: . 1

] is quasipolar with spectral idempotent
|: pm ] Then, by Corollary 2, there exists 8 € U(8) such that B~ EB =

i

] Since Rislocal and E2 = E, wehavee? =e, f2= f €{0,1}. If E =0,

[eaN
\o
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thena € U(S). If E = I, then @ € ON(¥). It follows that « is similar to [ g 2 ]

where a, b € R because E € comm?(a). In view of Proposition 3, I, —rp, [ — 14
are injective, as asserted.
“&” It is clear from Proposition 3 and Remark 3. O

Remark 4. Clearly, if a € U(R) U QN(R), then it is weakly quasipolar. In this
case, we say that a is trivial weakly quasipolar. If a is not in U(R) N QN (R), we say
that a is non-trivial weakly quasipolar.

Theorem 4. Let R be a local ring. Assume that « is non-trivial weakly quasipolar
with E?> = E € 8. The following are equivalent.

(1) E is unique.
(2) E € comm?(a).

3) « is similar to |: ?) 2 :| where lg —rp, lp — g are injective.

Proof. By Theorem 2, we conclude that (1) < (2).
(2) = (3) By assumption, we get « is quasipolar. Then o is similar to [ ((l) 2 ]
where [, —rp, I — r4 are injective by Proposition 4.

(3) = (1) In view of Proposition 4, « is quasipolar, and so E is unique. ]

Theorem 5. Let R be a local ring. For any u € U(R) and j € J(R), the following
are equivalent.
(1) ry—1j is injective and l,, —rj is an isomorphism.
(2) Foreachm e M, a = |: g ’;1 :| is quasipolar in 8 with o™ = [ 8 ’; ]
for somen € M.

Proof. (1) = (2) Letm € M. Since I, —r; is an isomorphism, there exists n € M

such that un —nj = —m. Write E = [ 8 ’; i| This gives £ € comm(a). As
-1 -1 ; -1
u —u(m+n)(j+1)
wen (] G+

_ [u‘l —u‘l(m+n)(j+1)‘1]
_( 0 G+t )

(¢ + E) = I, we have o + E € U(8). We show that E € comm?(a). Let X =

[ )ZC ); } € comm(«). This implies that z =0, ¢tj = jt, ux =xu and uy —yj =
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xm —mt because r,, —[; is injective. We conclude that
u(y+xn—nt)—(y+xn—nt)j =uy—yj +uxn—unt —xnj +ntj

=uy—yj +xun—unt—xnj +njt
=xm—mt+xun—unt—xnj +njt
=xm—mt+xun—nj)+ (nj—un)t
=xm—mt+x(—m)+mt
=0.

Therefore XE = EX because [, —r; is injective. Finally, we show that oF €

ON(¥). Assume A = |: Ccl 2, :| € comm(aE). Then I +aEA € U(8) because

oF = 0 n.J }, as desired.
0 J
(2)= (1)If m =0, then [, —r}, r, —[; are injective. It remains to prove that [, —r;

is surjective. That is, for each m € M, there exists n € M such thatun —nj = m. Let

m e M. We write @ = |: l(; ’7 } By (2), there exists an idempotent £ = [ 8 ’I ]
such that £ € comm?(a), « + E € U(8), and aE € QN(8). Since aE = Ea, we
getu(—n)—(—n)j =m. O

By a similar method of the proof of Theorem 5, we can derive the following.
Theorem 6. Let R be a local ring. For any u € U(R) and j € J(R), the following
are equivalent.
(1) Ly —r;j is injective and ry —l; is an isomorphism.
Q) Foranyme M, o = [ ;;; ;) ] is quasipolar in 8 with o™ = |: 2 (1) ]for
somen € M.

According to Theorems 5 and 6, the following result is immediate.

Corollary 5. Let R be a local ring. The following statements are equivalent.
(1) M is uniquely bleached.

’ R M R 0 |. ol
2) o r || M g |sauasipolar.

Proposition 5. Let R be a local ring and M is cobleached. Then the following
are equivalent.

(1) « € & is quasipolar.
(2) a € 8 is weakly quasipolar.

Proof. (1) = (2) Itis clear.
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(2) = (1) Assume that E?> = E € comm(a), « + E € U(R) and o E € QN(8).
If E is zero or identity in &, then « is quasipolar. Hence, we deduce that E is similar
to the diagonal matrix by Corollary 2. Thus, we have « is similar to the diagonal
matrix. Since M is cobleached, we get that « is quasipolar by Theorem 4. ([l

4. COMMUTATIVE CASES

Let R be a commutative ring and o = IZ € &. In this section, we assume
that ¢ satisfying symmetry; that is, o(m ®@n) = ¢(n ® m) for all m,n € M. We define
det(a@) =ab—pm®n)andtr(e) =a+b,and ra = :Z 7;; for r € R. Note

that if R is commutative and M is right R-module, then M is left R-module where
rm:=mr forall r € R, m € M. Therefore, M is uniquely bleached.

Lemma 7. Let R be a commutative ring and let a, B € 8. The following hold:

(1) det(af) = det(a)det(B).

2) a € U(¥) ifand only if det(x) € U(R).

3) Ifa ~ B, then det (o) = det(B) and tr(a) =tr(B).
@) a?—tr(@)a+det(a)l> =0.

(5) det(Io+a)=1+1tr(a)+det(x).

Proof. 1t is straightforward. O

Theorem 7. Let R be a commutative ring and let « € 8. Then det (), tr(a) €
J(R) if and only if a is quasinilpotent in §.

m

b
Lemma 7(4), we have a? = tr(a)a —det(a)l> € J(8), and so @ € QN(8). Con-
versely, suppose that « € ON(S). To prove that det(x) € J(R), let y € R. It
is easy to check that So = aff = det(x)l, where f = _bn —am € &. Since
o € ON(8), we have that I, + yBa € U(8), and so 1 + ydet(«) € U(R). There-
fore, we get det(x) € J(R). Let x € R. Then we have I, + xa € U(§), and so
det(Io + xa) = 1 4+ xtr(a) + x%det (o) € U(R) by Lemma 7(2). This gives that
1+ xtr(a) € U(R); thus, tr(«) € J(R). The proof is completed. O

Proof. Assume that det (), tr(x) € J(R) and let o = [ Z ] €4§. By

Corollary 6. Let R be a commutative ring. Then the following statements are
equivalent.
(1) ¢ € QN(8).
(2) det(a), tr(a) € J(R).
(3) a? € J(8).
4) ok € J(8) for some k > 2.
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Remark 5. Let R be a commutative ring. Then we conclude that
ONS)=J*8) ={aec8|a?c (8.

Recall that an element a in aring R is called strongly w-rad clean if there exists an

idempotent e € comm(a) such thata —e € U(R) and (ae)* € J(R) for some integer
k.

Corollary 7. Let R be a commutative local ring. The following are equivalent.
(1) « is pseudopolarin §.
(2) « is quasipolar in §.
(3) « is weakly quasipolar in §.
(4) « is strongly m-rad clean in §.

Proof. (1) = (2), (2) = (3) and (4) = (3) are clear. By Remark 5, we deduce
that (3) = (4) and (2) = (1). According to Proposition 5, we have (3) = (2). ]

Theorem 8. Let R be a commutative local ring and let a € 8. Then the following
statements are equivalent.
(1) « is quasipolar in §.
Q) a €U(8), ora € ON(8), or x> —tr(a)x +det(a) = 0 is solvable.

Proof. (1) = (2) Let @ € § be quasipolar. We may assume that « ¢ U(§) and
o ¢ ON(8). Then « is similar to B = g 2 where a € U(R), b € J(R) by

Proposition 4. According to Lemma 7(3), tr(a) = tr(8) and det («) = det (B). This
gives x2 —tr(a)x +det(a) = x> —tr(B)x +det(B). Since a®>—tr(B)a+det(B) =
0, the equation x2 —¢7(a)x + det () = 0 is solvable in R.
(2) = (1) If « is invertible or quasinilpotent in &, then « is quasipolar. Let
o= |: ZH le ] € 8 and suppose x2 —tr(a)x + det(a) = 0 has roots a,b € R.
21 422
Since @ ¢ U(S) N ON(S), we get det(a) = ar1a22 —¢(a12 ® az1) = ab € J(R)
and tr(e) = a1 +azx =a+b € U(R) by Theorem 7. So one of a,b must be in
U(R) and the other must be in J(R). By Lemma 5 and Remark 1, we can assume
1 0
that a € U(R), b € J(R) and a1 € U(R). Let B = _ . B
( ) ( ) 11 ( ) :B |:a21(a—a22) 1 1] y
Lemma 7(2), B € U(8) and easy calculation shows that 8~ !af is an formal triangu-

lar matrix in [ g Alde . Therefore « is quasipolar from Corollary 5 and Remark 3.
We complete the proof. U

Now we extend [19, Theorem 15] as follows.

Theorem 9. Let R be a commutative local ring and let a € §. Then the following
statements are equivalent.
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(1) « is non-trivial strongly clean in §.
(2) det(a) € J(R), tr(e) € 1+ J(R) and x> —tr(a)x +det(a) = 0 is solvable.

Proof. (1) = (2) Itis clear by Proposition 2 and Lemma 7.
(2)= (1) Since det(x) € J(R) and tr () € 1+ J(R), we deduce that « ¢ QN(S) N
U(8). By Theorem 8, « is quasipolar, and so « is strongly clean.

Remark 6. According to Theorem 9, o € § is non-trivial strongly clean if and only
if it is non-trivial quasipolar in § where R is commutative local.

Theorem 10. Let R be a commutative local ring. Then the following are equival-
ent.
(1) & is quasipolar.
(2) Forevery o € 8 with det(a) € J(R), one of the following holds:
(1) tr(a) € J(R),
(i) xZ—tr(a)x +det(a) = 0 is solvable in R.

Proof. (1) = (2) Suppose that &« € § with det(x) € J(R). By (1), there exists an
idempotent o € & such that E € comm?(a) and o + E € U(8) and Ea € ON(8).
If E=15,thena € QN(8) and so tr(x) € J(R) by Theorem 7. So we can assume
that « ¢ QN(8). Since det(a) € J(R), @ ¢ U(8) by Lemma 7(2). According to
Theorem 8, the equation x2 —r(ct)x + det (o) = 0 is solvable in R.

2)= (1) Leta 8. If det(x) € U(R), then « € U($) and so « is quasipolar.
Let det(a) € J(R). If tr(a) € J(R), then « is quasipolar by Theorem 7. Hence we
assume that #r () € U(R). This gives o ¢ U(8) and « ¢ QN (8). By Theorem 8, «
is quasipolar and so & is quasipolar. O

Lemma 8. Let R be a ring and let u € U(R) N C(R). Then a € R is quasipolar
ring if and only if ua is quasipolar in R.

Proof. “=" It follows from [3, Lemma 2].

“&” Assume that au = s + g where s is strongly regular, s € comm?(au), q €
ON(R) and sq = gs = 0 by [7, Corollary 2.17]. Then we geta = u~'s +u~lq.
It can be shown that u~1's € comm?(a) and u='su='q = u='qu~'s = 0 because
u € C(R). Since s is strongly regular, there exists ¢ € comm?(s) such that s = s2¢.
Multiplying by u~! yields u=ls = u=1s%t = [u_ls]zut. This gives that u~Ls is
strongly regular in R. Toprove u™'q € QN(R), let xu='qg =u"'gx. Asu is central,
we deduce that u™'xg = qu™'x = u~1gx, and so 1 +u~1gx € U(R) because g €
ON(R), as asserted. O

Theorem 11. Let R be a commutative local ring. The following are equivalent.

(1) & is pseudopolar.

(2) & is quasipolar.

(3) 8 is weakly quasipolar.
(4) & is strongly m-rad clean.
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(5) & is strongly clean.

m

b

assume that @ ¢ U(8) N QN(8). Then we have det () € J(R) and tr(a) € U(R).
Case L. Let ¢o(m ® n) € J(R). Then we may assume a € U(R) and b € J(R) by

Proof. It suffices to show that (5) = (2). Leta = € &. We can further

Lemma 5. We write ¢ Lo = [ ; ? } wherea™'n =¢q,a7'm=panda='b = ;.

Note that a=1 1, is central invertible in § by Lemma 1. Since j € J(R) and j + (—

<p(p®q)) =:we j+Ime,wehavedet(a~'a) e J(R)and det(I—a ') € J(R).

This implies ™!« is non-trivial strongly clean. Thus x2 —¢r(a~ o) +det(a™ o) =

0 is solvable by Theorem 9, and so a '« is quasipolar, and so « is quasipolar by

Lemma 8.

Case Il Let o(m ®n) =:u € U(R). Now we prove that 1> —¢ —w = 0 is solvable

-1

forall w € J(R). Let w € J(R) and write 8 = [ n(l)v ! lm i| Since det(f) =0—

e 'm@nw) = —ulwe(m @n) = —u"'wu = —w € J(R) and det (I, — B) =

1—tr(B)+det(B) =—w € J(R), B is a non-trivial strongly clean element, and so
det(a) __

t2 —t —w = 0 is solvable by Theorem 9. Hence 2 —t + @2 = 0 is solvable. This

gives that x2 —¢r(a)x + det (a) = 0 is solvable. Consequently, « is quasipolar. We
complete the proof. U

Remark 7. According to the proof Theorem 11, we deduce that if & is strongly
clean and Img N U(R) # @, then x? —x —w = 0 is solvable for all w € J(R).

Theorem 12. Let R be a commutative local ring with Img C J(R) and let a € §.
Then the following are equivalent.
(1) & is quasipolar.
(2) x2—=(1+ j)x +w = 0 is solvable for any j € J(R) and w € j + Img.
(3) x%—x 4w = 0 is solvable for any w € I me.

Proof. (1) = (2) Leta = ,1 ]’.n where j € J(R), w = j +¢(m ®n). By
(1), « is quasipolar. Since det(¢) = j +p(m®n) € J(R) andtr(e) =1+ j € U(R),
we have that x? — (14 j)x 4+ w = 0 is solvable by Theorem 10(2).

) = (1) Leta = ’Z €8.Ifa,be J(R) ora,b € UR), then & € J(8)

or @ € U(¥), and so « is quasipolar. Hence, by Lemma 5, we may assume that
a € U(R) and b € J(R). Then we conclude that a "o = |: 611 f ] where a~n =gq,
a”'m=panda~'b=j.Since j € J(R)and j + (—¢(p®q)) =:w € j + Img,

by assumption, we get x2 — (1 4+ j)x + w = 0 is solvable. This gives that a '« is
quasipolar, and so « is quasipolar by Lemma 8.
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(1) = (3) Similar to the proof of (1) = (2).
3)= DLleta=| ¢ n]’;1 ] €8. Ifa,be J(R) ora,b € U(R), then o €
J(8) or a € U(8), and so « is quasipolar. Hence, by Lemma 5, we may assume
that ¢ € U(R) and b € J(R). Then we conclude that a ™ la = |: nl n;z ] =:f
2
where a='ny =ny,a " 'my =my anda~'b = j. It is well known that f is strongly
clean if and only if I, — f is strongly clean. Hence, we now consider I, — 8 =
|: 0 2 :| We directly see that (1 —j)~1(I,—B) = |: 0 m :| where m =
—ny 1—j n 1
—(1—j) Ympyand n = —(1—j)"'n,. By (3), we have that x> —x —p(m ®n) =0
is solvable, and so (1— j)~1(I, — B) is (non-trivial) quasipolar. In view of Lemma 8,
I> — B is (non-trivial) quasipolar; hence § is (non-trivial) quasipolar by Remark 6.
Therefore, by Lemma 8, we deduce that « is quasipolar. O

The following theorem is a generalization of Theorem 22 in [19].

Theorem 13. Let R be a commutative local ring. If Img is a nilpotent ideal of R,
then 8 is quasipolar.

Proof. We can assume that (Img)” = 0 for some 7 € N. In this case, we also note
that Img C J(R). By Theorem 12, it suffices to prove that xZ — x +w = 0 is solvable
forany w € Img. Let w = ¢(m ®n) and fo(x) = x> —x +w = 0. We set

Wy = {wkxz—ux—l—w =0eR[x]|luel+J(R),wEe J(R)}

for any k > 0. Then we have fo(w 4+ wx) = wfi(x) where f1(x) =wx>+x+w e
W,. Further, we see that f;(—w 4+ wx) = w f2(x) where f>(x) = w?x? — Qw? —
1)x + w? € W,. By iteration of this process, we get fx_; (wx + wx) = wfy (x) for
allk =1,...,t. Therefore,
ft(ar) € R,
= fr—1(ar—1) € wR,
=  fi—2(a;i—2) € w?R,

= fila)ew' 'R,
= fo(ap) e w'R =0.
So we see that x2 —x +w = 0 is solvable. We complete the proof. g

We wind up the paper with some examples of special Morita contexts and quasi-
polar rings. In spite of the fact that it is difficult to find a pair of bimodule homo-
morphisms which satisfy the associativity rule, we supply the following examples.

Example 1. Let I’ =[M,N, A, B, ¥, ¢] be a Morita context rings. Take M = N =
R=A=Band Y = ¢ =: ¢ is defined by a ® b > sab (or a ® b — s?ab) where
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s is central in R. Then & is a generalized matrix ring over R denoted by K (R) (or
M>(R;s?)) (for more details see [8, 10, 13, 14, 19,20]). It is easy to see that § is
isomorphic to M, (R) when s = 1. Therefore, we see that the special Morita context
rings are a natural generalization of generalized matrix ring.

Example 2. Let R be a local ring with Im¢ = 0. Then § is quasipolar if and only
if & is strongly clean and M is cobleached (if and only if M is uniquely bleached).

Proof. “ = > Itis clear.

“ &7 Assume that & is strongly clean and M is cobleached. Firstly, we prove that
M is bleached. Letm € M,u € U(R) and j € J(R). Consider 8 = |: g ’7 €.
By assumption, f is strongly clean. That is, there exists an idempotent E such that

B — E is invertible and E € comm(f). Take E = |: )ZC ); } Since E2 = E and

BE = EPB, we directly see that x2 = x, t?2 = ¢, xu = ux, tj = jt and uy +mt =
xm+yj,and hence x =0,7 = 1and uy —yj = —m because R islocal and f — E €

U(8). Thus M is uniquely bleached. Let o« = “ . It is enough to show that

m
b
a is weakly quasipolar by Proposition 5. Without loss of generality, we may assume
that a € U(R) and b € J(R). As M is bleached, there exist x,y € M such that

ux —xj = —m and jy —yu = n. Write E = 0 )16 ] This gives that E? = E,

E e comm(a) and oE € J(8), and so « is weakly quasipolar. U
. . . R M

Example 3. We consider the special Morita context § = |: M R ] where R =

ZyM=Z,®Zrandg: M ® M — Z, is defined by ¢((@,h) ® (¢,d)) = 2(ac + bd).
This implies that ¢ satisfy the associativity conditions and Img = {0, 4}, and so Im¢
is nilpotent ideal in R. Hence, by Theorem 13, § = [R, M, ¢] is quasipolar.
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