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Abstract. In the paper, firstly, a new fractional integral identity is obtained. Then, some new
results related to the left side of Fejér’s inequality for differentiable mappings whose derivatives
in absolute value are convex via fractional integral operator, using this identity with fundamental
inequalities such as Holder’s integral inequality, power-mean inequality and triangle inequality
for integral, are presented. The results presented here would provide extensions of those proved

in[l1].
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1. INTRODUCTION AND PRELIMINARIES

Let f : I € R — R be a convex function defined on the interval / of real numbers
and a,b € I with a < b. The inequality

b
f(a;b) Eﬁ/ f(x)dxsw (L.1)

is well known in the literature as Hermite-Hadamard’s inequality (see e.g. [5]). The
most well-known inequalities related to the integral mean of a convex function f are
the Hermite Hadamard inequalities or its weighted versions, the so-called Hermite-
Hadamard-Fejér inequalities. In [6], Fejér established the following inequality:

Let f : [a,b] — R be convex function. Then the inequality

b b b b b
(550) [ ewx = [ reoseoar <50 [Cewax a2

2

holds, where g : [a,b] — R is nonnegative,integrable and symmetric to #.

For some results which generalize, improve, and extend the inequalities (1.1) and
(1.2), (see e.g. [7,10-13]).
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In the following, we will give some necessary definitions and preliminary results
which are used and referred to throughout this paper.

Definition 1. Let /' € L;[a,b]. The Riemann-Liouville integrals J;*, f and J;*_ f
of order o > 0 with a > 0 are defined by

1 X
Jg+f(x)=m/a (x—0*"' f()dt, x>a
and

1 b oa—1
JE f(x) = Ta)/ ( —x)* f(0)dt, x <b
respectively where I'() = [~ e~"u® 'du. Here is J 2, f(x) = T f(x) = f(x).

Some recent result and properties concerning the this integral operators can be
found in [2—4, 8].
In [9], Raina introduced a class of functions defined formally by

o (k)

k
- LA > 05 R), 1.3
F(karA)x (p,A > 0;]x| <R) (1.3)

oo

Fpax) = ?p(f)(LO)’G(l)w(x) = Z
k=0
where the coefficients o (k) (k € N = N U {0}) is a bounded sequence of positive
real numbers and R is the set of real numbers. With the help of (1.3), Raina [9] and
Agarwal et al. [1] defined the following left-sided and right-sided fractional integral

operators respectively, as follows:

(#5509) 0 = [ =07 0GPl >0

b
(#520mu0) @ = [ =PI FR w02V lo0dr (x<b). (15)

X
where A, p > 0, w € R and ¢(¢) is such that the integral on the right side exits.

It is easy to verify that §¢ @(x) and ¢° @(x) are bounded integral

0:A,a+;w 0,A,b—w
operators on L(a,b), if
M := ?p‘fk_i_l[w(b—a)p] < 00. (1.6)

In fact, for ¢ € L(a,b), we have

18515091 < MB =)@l (1.7)
and

1925 b @1 < MB—a)* |y (1.8)
where

b »
lellp := (/ Iw(t)lpdt) .
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Here, many useful fractional integral operators can be obtained by specializing the
coefficient o (k). For instance the classical Riemann-Liouville fractional integrals
Jg and J' of order « follow easily by setting A = &, 0(0) = 1 and w = 0 in (1.4)
and (1.5).

Set et al. established a new identity and some Hermite-Hadamard-Fejér type in-
equalities for differentiable mappings whose derivatives in absolute value are convex
via Riemann-Liouville fractional integrals as the following:

Lemma 1 ([11]). Let f : [a,b] — R be a differentiable on mapping (a,b) with a <
b andlet g : [a,b] — R. If f',g € Lla,b), then the following identity for fractional
integrals holds:

a-+b o o
f( ) )|:J(aJ2rb)_g(a)+J(aJ2rb)+g(b):|

)+(fg)(b)}

- |: (a+b) (fg)(a)—I—J(

o )/ k@) f'(t)dt, (1.9)

where

[Hs—a)*'g(s)ds, te [a,“zb],
k(@) =

fg(b—s)“_lg(s)ds, te [“+b b].
Theorem 1 ([11]). Let f : I — R be a differentiable mapping on 1° and [’ €

Lla,b] witha < b and g : [a,b] — R is continuous. If | f'| is convex on [a,b], then
the following inequality for fractional integrals holds:

b
‘f (%) [Jf“w—g(“)“(“awg(b)}

- (b—a)““llgll[a,b],oo
— 20t g+ 1)+ 1)

I/ @]+ 1/"(®)]) (1.10)
with o > 0.

Theorem 2. ([11]) Let f : I — R be a differentiable mapping on 1° and [’ €
Lla,b] with a < b and let g : [a,b] — R is continuous. If | f'|1 is convex on [a,b],
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q > 1, then the following inequality for fractional integrals holds:

b
/ (%) {J(“;gb)_g(a) v J(“;;mg(b)}

(b—a)““llgll[a,b],oo
TG (w4 (@ +2)d Ma+1)
x { (@+3F @17 + (@ + DI/ BT + (@ + DI F @) + (@ +3)| £/ (b)) 7
(1.11)

with a > 0.

Theorem 3 ([11]). Let f : I — R be a differentiable mapping on 1° and [’ €
Lla,b] with a < b and let g : [a,b] — R is continuous. If | f'|1 is convex on [a,b],
q > 1, then the following inequality for fractional integrals holds:

a+b o o
(457 [J(u;b>_g(a) + J(a#%g(;})}

- b +Ja b b
|: (a+ ) (fg)(a) ( + ) (f9)( )iH

(b—a)**|gl{a,51,00
Tt ap 4 )P M (a4 1)

[(3|f @I+ 1 BN + (L @ +31f (b)|‘1)5} (1.12)

1,1 _
where;—ka—l.

Motivated by results works done in [1,9, 1 1], in this paper we show that Fejér type
inequalities containing the Reimann-Liouville fractional integral operator and given
in [11] can be extended to fractional integral operator introduced in [1, 9].

2. MAIN RESULTS

Lemma 2. Let f : [a,b] — R be differentiable mapping on (a,b) with a < b and
letg:la,b] - R. If f', g € Lla,b], then the following identity for fractional integrals
holds:

+b
f(az )[gg,a,ayw;wg(b)+5‘Z,a,a;b_;wg(a)} Q.1
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[z“ ity FOOV I s (fg)(a)]

/ (/ (s—a)f* 7, [uw(s - a)”]g(s)ds)f(t)dt

/ (/ (b= T lw(b— S)p]g(s)ds)f(t)dt

Proof. It suffices to note that

/ (/ (s —a)* 1 F o [w(s — a)p]g(S)ds)f(t)dt

+/anrb (/l; (b—9)*" 1(~a o [w (b — s)"]g(s)ds)f (1)dt
=1L+ 1.

By integration by parts, we get

a+b
2

I = (/t(s —a)a_I?p(fa[w(S—a)p]g(s)ds) f(@)dt

a
a+b

- f (t ) 70wt —a)lg(t) f (t)d1

a

“4* b
=(/ (5= @) 7 (s - a)"]g(s)ds)f(a; )

- f (t—a)* 7, [w(t —a))(fg)()d1

b
=f (a + ) 4Z,a,#_;wg(a) - 4z,a’#_;w(fg)(a)

and similarly

b

12=(/ (b—9)*" 7l [wb—5)lg (S)dS) Jwadr

2

b
/ (-0 L7, [w(b—1)°lg (1) f(t)d1

2

b
= (/ (b—s)*" 1327” [w(b— s)P]g(s)ds)f(a;b)

2
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(2.2)

(2.3)

2.4)
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b
S R AT PO

b
=f (a + ) 3Z,a,#+;wg(b)—5(;,a’#+;w(fg)(b).

Putting (2.3) and (2.4) in (2.2), we obtain (2.1) which completes the proof.
O

Theorem 4. Let f : I — R be a differentiable mapping on 1° and f' € L[a,b]
with a < b and g : [a,b] — R is continuous. If | f’| is convex on [a,b], then the
following for fractional integrals holds:

+b
‘f (a ) [3g,a,tﬂzrb+;wg(b) + 3g’a,¢1;ﬂ,_;wg(a)] 2.5)

9 OO 4T (00|
< (b= gl o0 P51 Il 6 —a)) (L @]+ 17 ®))

where
1

20+Pk+1 (o + pk 4 1)

o1(k) :=o(k)
with o > 0.

Proof. Since | f] is convex on [a,b], we know that for 7 € [a,b]
b—t t—a b—t t—a
/ _ / / /
700 = |7 (ogat 5250 | < poel @ g S
From Lemma 2 we have
a+b o -
F(50) [ g 80+ @]

- [g;’,a,agbﬁw (f8)(b) + ;z;a,u;b_;w(fg)(a)} ‘

agp
<

+[abb
5 ||g||[ba “J:]OO/ (/ (s—a)*” l(oo 1(“7((5)—|FW|1€)( - )pk) )

x[0-If" @]+ —a)lf'B)l]dt

t
/ (s —a)* 15, [w(s —a))g(s)ds| |/ (0)]d

t
f(b— TLF b —s)Plg(s)ds || f'(1)|d
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||g||[a+bb]oo a—1 > U(k)|w| k
=l (/(” > ( b ‘S)p)‘“)

x[0-0)lf’ (a)|+(z a)lf(b)l]dt

||g||[a “'H’]oo o (k)|wl* ! a+pk—1
= / Zr(a+pk> (/ (s=a)y™ ds)

x[b=DIf @)+ —a)l f'(b)|]dt

IIgII[a+b bl.oo i a(k)lwlk ! ot pk—1
/ F(a+pk) (/( -7 ds)

x[b=Df" @]+~ a)lf(b)l]dt

b—a
00 atb
2 _\a+pk _ ’ 3 , M
kZ(/ (o=l @l a=alf <b>|]d’) Ptk +1)
Igllz12 4.0
rea
0o b k k
"L (/ b= [G=nlf @]+ —a)lf’(b)l]dt) TRETD

g llia, 441,00
~ b—a
> o(k)|wk (a + pk +3)(b—a)*trk+2 /
2 k+2 |/ (a)]

(b_a)a+pk+2 )
+ (2“+pk+2(a—|—pk+2)) |f (b)|j|}

b—a

= o(k)|wk (b—aq)xtrk+2 /
,Z(:)F(O‘+pk+1)[(2"‘+"’k+2(a+pk+2)>|f (a)]

(@ + pk +3)(b—a)*Pk+2 ,
" (2°‘+”"+2(a + pk + 1)(a + pk +2)) 1/ (b)|]$

+




1050 ERHAN SET AND BARIS CELIK

- 1€ 1l1a,5],00
- b—a

i U(k)|w|k (b_a)a+pk+2
= I(a+ pk +1) 20+ok+1(q + pk 4 1)

= lgllfa,b1,00(0 —@)* 1 F g Wb = )1 f (@] + | £/ (b)),

where
a+b

b
/ 2 (t _a)a+pk+1dl — / (b _t)ot—i-pk—i-ldt —
a a+b

2

(Lf" @] +1f"®)])

(b _a)a+pk+2
20+0k+2 (o + pk +2)’

a+b

/ S (=) PR (b—1)di = / ’ (b —0)*PK (1 —a)d1
a a+b

2
B (a+ pk +3)(b _a)ot—i-pk-i—z
20k +2(g 4 pk + 1) (a0 + pk +2)°
This completes the proof. U

Remark 1. If we choose 6(0) = 1 and w = 0 in Theorem 4, then the inequality
(2.5) reduces to (1.10).

Theorem 5. Let f : I — R be a differentiable mapping on 1° and ' € L[a,b]
with a < b and let g : [a,b] — R is continuous. If | f'|4 is convex on [a,b], ¢ > 1,
then the following inequality for fractional integrals holds:

b
'f (a > ) [4Z,a,“§”+;wg (b) + gg,a,#_;wg (a)] (2.6)

|8 i OO s, Fo0]|

_1
q

<118 lla,p100((b—a)* )7 (b - a)““f“”Hnwa a)°1)

1
q

X{[”p‘%ﬂ[lwl(b )’ f @ + 75 1 llwl(d—a)?1 /()|

| I—|

+[Fraia o=yl @7 + F 5 [l (b= a)pnf(b)w]"}

where |
k = k )
o1(k) o( )(a+pk+1)2a+pk+1
o+ pk+3
k):=o(k
02(k) 1= o )(a+pk+1)(a+pk+2)2o‘+Pk+2
and

1
(ot+pk+2)2°‘+pk+2

o3(k) = o (k)
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with a > 0.

Proof. Since | f'|4 is convex on [a,b], we know that for 7 € [a b]

b—t t—a \|?
/
(b—aa+ b—ab)

Using Lemma 2, power-mean inequality and the convexity of | /|4, it follows that

b
‘f (a ; ) [‘(”Z’a’“i‘#;wg(b) * 5‘5,a,c4;za_;wg(a)}

O = If( I+ If )7

—[st;;a,m SO+ o (fg)(a)”
( «1 50 w(s —a)lg(s)ds dz)
a;h t é
x( / [ (s — @) 79, [w(b—a)g (s)ds If(t)lth)
+< U (b—9)* 177, [w(b—s)1g(s)ds dz)
( /‘ [ 6= Tl - s¥lg1ds 15 (r>|‘1dr)q

t
/ (s_a)(x-i-pk—lds
a

=18, 412100 (/ Z If((;{)Jlru;)lllz)
([ 5 et
gl lese 4100 ( Lb Z ;g)ﬂ;

1—
a1 o®)wl (b—a)’
5(([) @) Ig)l“(a—i-pk)(oz+pk)(a+pk+1)2°‘+pk+1)

dt)
f ((s—ayt k14 |f/(t)|qdz)q

o

t
/ (b _S)a+pk—1ds
b

1

ft(b—s)“ﬂ’k—lds |f/(z)|qdz) ’
b

Q=
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1810, 442,00 o (k)|wl*
{ (h—a)t (/ Z ¢ I'(c+ pk)(a + pk)
x[(1=a) Kb =1)| f(@)|7 + (1 =) * | )| | dr)q
18 1lpes2 00 o (k)lwl*
ot (h—a)i (ﬁ+bzf(a+ﬁ)k)(a+pk)

<[ b= f1@1 + (b= R —a) £ 0] dr) §

Q=

1

= (655w —a))

R e
(b—ays  \ = \I'(@+pk)(@+ pk)

[ (o + pk +3) (b —a)* Pk +2

i
20tk +2(p 4 pk 4 1) (o + pk 4 2) @)

(b_a)oe+pk+2 ) é
+ 2a+pk+2(0{+pk—{—2)|f (b)|qj|))

l18lage 400 (& o (k)|wl*
+ (b_—a)g,(;) (F(a + pk)(e + pk)

k
(b _a)a+pk+2
20+Pk+2 (o 4 pk +2)

|/ (@)

(a + pk +3)(b—a)*Hrk+2 , 1
+ 20‘+’°k+2(“+,0k+1)(a+pk+2)|f (b)|qi|)) }

1

< lgllfap0 (=) )7 (=) 7L, [lwl b —a)p])l_"

X

[r‘paiﬁ[lwl(b )| f1 @+ F,o 4 [lwl(d - a)”]lf(b)lq]a

+ [ Fraa I = ILf @ + F g [l a)"]lf(b)lq]"$



ON GENERALIZATIONS RELATED TO FEJER’S INEQUALITY 1053

b
dt = /
ath
2
(b . a)d—i-pk-i-l

T 20tPkt (g 4 pk) (o + pk + 1)

where it is easily seen that

/ /(S ) k=1

a+b

t
/ (b—s)*TPkgs| dr
b

a+b

[

b
(t —a)* Pk (b —1)dt = / L, (0 NPkt —a)dt
2
(a4 pk +3)(b—a)¥trkt2
200k +2(g + pk + 1) (o + pk +2)
Hence the proof is completed. O

Remark 2. 1f we choose 0(0) = 1 and w = 0 in Theorem 5, then the inequality
(2.6) reduces to (1.11).

Theorem 6. Let f : I — R be a differentiable mapping on 1° and f' € L[a,b]
with a < b and let g : [a,b] — R is continuous. If | f'|9 is convex on [a,b], ¢ > 1,
then the following inequality for fractional integrals holds:

+b
‘f (“ ) [ggﬂ:“ébvt;wg(b) * 5‘;,a,a;b_;wg(a)] 2.7)

—[51" . <fg>(b)+5zgya,a§b_;w(fg)(a>]‘

(- a)“+1||g|| Do o L
= @blee (g1 llwl(b—a)?]) 7
q

<{BL/ @+ 1 BT+ (1 @1 +3] 1/ B)[4)}

where
1

p(ap+pkp+1)P

o1 (k) = o (k)

yotpk+]
1.,1_
andp—i—q 1.

Proof. Using Lemma 2, Holder’s inequality and the convexity of | f/|4, it follows

that
b
‘f(“+ )[g PG (a)]

|8 s OO+, (fg)(a)”
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a+b

[ ([ oo mgbus-arlewis) o
b
t.
<[ b
o
a-;b
),
o

=

( / t(b —s)* 7 F I w(b —s)p]g(s)ds) f'(t)dt
b b >

|f'(®)ldt

st—m“*fow@—avmmyu

| f'(0)ldt

/bt(b -5 “_lﬁp‘fa[w(b —s)Plg(s)ds

et ok £ 0)ld

0 kio__ k
/t(s—cl)o‘_1 Z okyw (s —a)” g(s)ds
a k=0

|f/(0)]dt

L e e o (RwF (b —s)Pk
/b(b s) I;) Fat o) S6ds

|f/(t)|dt

0 O wk t
Z Fi(gl j_u;)k) / (s _a)a+pk71g(s)ds
k=0 a

b okywk atpk—1
fm];)F(a+pk)/;(b_s) PE=1a(5)ds

[“3” i o (k) wl*
a = I' (o + pk)

b all)|wlk
+/a;h (Z T(a+pk)

k=0

|f'(0)ldt

+

S

[ (s —a@) P g(s)ds

IA

)If’(t)ldt

/b (b5 1 g (5)ds

)lf/(t)ldt

a+b

o 0 (k)w]¥ 2
< llgll atty 0 D /
@ 0100 2 Tat o) \ o
o 0 (k)|w|* /b
+ a
“gH[#’b]’ka:(:) I (a + pk) ath
1 1
2. o(k)|w|k e et P ? P , N
St (1| o apiafa) ([ o
a a a

k=0
= sk)wk [ P NP p ;
+Z I (o + pk) (ﬁ+b dl) ([l;b |.f (l)|qdl‘) }

k=0 2

/t(s—a)"‘”k_lds If'(t)ldt)

t
/ (b—s)a+pk_lds
b

|f ’(t)ldt)

< l&ll[a,b1,00

t
/ (b _s)a+pk—1ds
b
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+§7‘>’f$)—% (/b“’ e ; pd’); (/ib |f/(t)|th)‘5 }
S ([ esta) ([ s
+§ﬁ((§)—+lii> (/i %d’); (/ I (t)lth) }
LSt (1
L) (o)
5ot (et ([ o)
Eritita(e i) (Lo |

ki: F(Z(—]E)/Lllfi 1) (2“+pk(+bfl’_(:;a4+-p:;;+ 17 ) (fa N lf,ml(ldt) %

00 U(k)lwlk (b_a)(x+pk+% b / . é
d
+Z F(O[ +Pk+ 1) (2&+Pk+ll,(ap+pkp+1)}, ﬁ;—h |f (t)l !

= ”g” [a,b],00 (D — a)OH_l (Vpaé+1[|W|(b—a)p]

» { (U@t (b)w)é N (|f/<a)|q+3|f/(b)|4)i}
8 3 .

b (S_a)a+pk t
= ||g||[a,b],oo _—

a

= |l&lia.b1.00

|/’ (t)l"dt>

= ||gll[a,b],00

i g(k)|w|k B (b-— Z)ap+pkp+1
s Flatpk+1)\  ap+pkp+1

= ||g||[a,b],oo

= ||2]l{a,b],00

Here we use

# t )4
/ / (s—a)*TPk1gy — )@ tPk=lggl dr
a a

p b
dt = /
a+b
2
(b _a)ap—i-pkp—i-l

- 2“P+,0kp+1(a + pk)p(ap + pkp + 1) ’
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a+b a+

[ 7o s [T [e-olr @l + -l s @)1
I @B

=(h-— -
and
b 1 b
Jow o= L To=olr @i+ a-als o)
— ol @ISO
Hence the inequality (2.7) is proved. g

Remark 3. 1f we choose 0(0) = 1 and w = 0 in Theorem 6, then the inequality
(2.7) reduces to (1.12).
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