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Abstract. We study a new class of boundary value problems of Caputo type fractional differential
inclusions supplemented with nonlocal integro-multipoint boundary conditions. An existence
result for the problem with convex valued (multivalued) map is obtained via nonlinear alternative
of Leray-Schauder type, while the existence of solutions for the problem involving nonconvex
valued map is established by means of Wegrzyk’s fixed point theorem. Our results are well
illustrated with examples.
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1. INTRODUCTION

In this paper, we obtain sufficient criteria for the existence of solutions for a Caputo
type fractional differential inclusion

“Dix(t)e F(t,x(t)),n—1<qg=<n, te[0,1], (1.1)
equipped with the boundary conditions
x(0) =0, xX'(0) =0, x"(0)=0,..., x®2(0) =0,

£ m—2
x(1) :a/ x(s)ds+b Zaix(ni), O<é<m<m<...<nm-2<l,
0 =1
l (1.2)
where ¢ D4 denotes the Caputo fractional derivative of order ¢, F : [0,1] x R — &£ (R)
is a multi-valued map, & (R) is a family of all nonempty subsets of R, a and b are
real constants and «;, i = 1,...,m — 2, are positive real constants.

Here we remark that the last condition in (1.2) connecting the nonlocal multi-point
and strip conditions can be interpreted as the linear combination of the values of the
unknown function at nonlocal points n; € (0,1) together with the strip contribution
of the unknown function on an arbitrary segment (0,&) C [0, 1] is proportional to
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the value of the unknown function at ¢+ = 1. The multi-point-strip boundary data,
occurring in certain problems of thermodynamics, elasticity and wave propagation
[3, 8, 27], correspond to the situation when the controllers at the end points of the
interval dissipate or add energy according to censors located at interior positions
(finite many points and strip) of the domain.

In recent years, the topic of initial and boundary value problems involving frac-
tional differential equations and inclusions has received great attention and many au-
thors have contributed to its advancement by producing a variety of results [2,4-7,9,

,18,23,25,28,34]. The interest in this topic owes to its extensive applications in the
mathematical modeling of scientific and applied problems occurring in various dis-
ciplines such as ecology, acoustics, viscoelasticity, electromagnetics, control theory
and material sciences. An important characteristic, distinguishing fractional order
operators from their classical counterparts, is their nonlocal nature that can take care
of the past history of the processes and phenomena involved in the problem. For some
specific examples, we refer the reader to the works [20, 35] and the references cited
therein. In [29], the authors studied the existence of solutions for one-dimensional
higher-order semi-linear Caputo type fractional differential equations supplemented
with nonlocal multi-point discrete and integral boundary conditions.

Differential inclusions (generalization of differential equations and inequalities)
are found to be of great utility in studying dynamical systems and stochastic pro-
cesses. An important application of differential inclusions can be found in the area
of sweeping processes. In fact, evolution differential inclusions appear in the math-
ematical modelling of sweeping processes. For a detailed account of this subject, we
refer the reader to the monograph [26] and research articles [1, 16]. In [31], it has
been shown that the existence and uniqueness of BV continuous sweeping processes
can be easily reduced to the Lipschitz continuous case by means of a suitable repara-
metrization of the associated moving convex set. Differential inclusions also play a
key role in the study of granular systems [30, 32], nonlinear dynamics of wheeled
vehicles [10], control problems [21], etc. In [24], one can find a detailed description
of pressing issues in stochastic processes, control, differential games, optimization
and their application in finance, manufacturing, queueing networks, and climate con-
trol. For application of fractional differential inclusions in synchronization processes,
we refer the reader to the paper [13].

The aim of the present work is to develop the existence theory for a multivalued
analog of the problem addressed in [29]. The first result dealing with the convex
valued maps involved in the given problem is obtained via nonlinear alternative of
Leray-Schauder type, while the existence of solutions for the nonconvex valued maps
is shown by applying Wegrzyk’s fixed point theorem. The main results are presented
in Section 3. The preliminary material needed to execute the main work is outlined
in Section 2.
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2. PRELIMINARIES
First of all, we recall some definitions of fractional calculus [20, 35].

Definition 1. The Riemann-Liouville fractional integral of order & > 0 of a func-
tion g : (0,00) — R is defined by

( S)a 1
« = d
Jog() = / @ ———&(s)ds,

provided the right-hand side is point-wise defined on (0, 00), where I" is the Gamma
function.

Definition 2. The Riemann-Liouville fractional derivative of order o > O of a
continuous function g : (0,00) — R is defined by

a _ 1 dyn ! g(s)
Dg(t)—m<a> /()(Z—S)Tﬂds’ n—1l<a<n,

where n = [«] + 1, [@] denotes the integer part of real number «, provided the right-
hand side is point-wise defined on (0, c0).

Definition 3. The Caputo derivative of order ¢ for a function f : [0,00) — R can
be written as

n—1 [
D4 f(t) = DY (f(t)—Z;—'f(k)(O)), (>0, n—l<q<n.
k=0~

Remark 1. If f(t) € C"[0,00), then
I0)
rin—gq)Jo (t—s)yatt—n

In order to define a solution of the given problem, we need the following known
result [29].

Lemma 1. Let w € C([0,1],R) and

D9 f@t) = ds=1""91fM1), 1>0,n—1<gqg <n.

_ _aén _ n— 1
A=1 chx,n 2.1
i=1

The boundary value problem
‘Dix(t)=w(), te]0,1],

x(0) =0, x'(0) =0, x"(0) =0,..., x*2(0) =0,
m—2

£
x(1)=a/ X()ds+b ) aix(n), 0<E<m<m<..<nma<lL
0 i=1

(2.2)
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is equivalent to the following integral equation

_ (=5t ! f(E-9)
)C([)— . WCU(S)CZS—F A (a/(; m&)(é‘)dé‘

U U G RN ()
+bz / “Fa (s)ds/o o) a)(s)ds). (2.3)

Next we fix our terminology and outline some basic concepts of multivalued ana-
lysis [14, 19].

Denote by C([0, 1], R) the Banach space of all continuous functions from [0, 1] into
R endowed with the norm ||x|| = sup{|x(¢)|, ¢ € [0,1]}. By L1([0,1], R) we denote
the space of Lebesgue measurable and integrable functions x : [0, 1] — R such that
Il = fo lx(@)ldr.

For a normed space (X, || - ||) let Poj(X) =1{Y € P(X):7Y isclosed}, Pp(X) =
Y € P(X) : Y is bounded}, ¢ 5(X) ={Y € P(X):Y isclosed and bounded},

Pep(X)={Y € P(X):Y is compact} and Pepc(X) ={Y € P(X):Y is compact and
convex}.

A multi-valued map # : X — P(X):

(1) is convex (closed) valued if J# (x) is convex (closed) for all x € X.

(ii) is bounded on bounded sets if H(Y) = Uxey # (x) is bounded in X for all
Y € Pp(X) (ie. supyey {suplly|: y € H(x)}} < 00).

(iii) is called upper semi-continuous (u.s.c.) on X if for each x¢ € X, the set
H (xp) is a nonempty closed subset of X, and if for each open set N of X
containing J€(xg), there exists an open neighborhood Ny of x¢ such that
H(No) C N.

(iv) G is lower semi-continuous (l.s.c.) if the set{y € X : #(y)NY # T} is open
for any open set ¥ in X.

(v) is said to be completely continuous it J(B) is relatively compact for every
B € £ (X); If the multi-valued map # is completely continuous with nonempty
compact values, then J is u.s.c. if and only if # has a closed graph, i.e.,
Xn = Xxy Yn —> Vs Yn € H (xn) imply ysx € H(xx).

(vi) is said to be measurable if for every y € X, the function

t—d(y,#(t)) =inf{|ly —z|:z € H(1)}
is measurable.
(vii) has a fixed point if there is x € X such that x € # (x). The fixed point set of
the multivalued operator # will be denoted by Fix# .
3. EXISTENCE RESULTS

By Lemma 1, we can define a solution of problem (1.1)-(1.2) as follows.
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Definition 4. A function x € C"([0, 1], R) is a solution of problem (1.1)-(1.2) if
there exists a function f € L1([0,1],R) such that f(¢) € F(¢,x(t)) a.e. on [0, 1] and

[T —s)T! 1 § (E—s)1
x(t)—/o Q) —— f(s)ds + 3 (a/o F(q+1)f(s)ds

N, " =9 (1-
—I—b;ai/o T)f()d / r() f(s)ds 3.1

Next, we define an operator X : C([0, 1], R) — £ (C([0, 1], R)) by

K(x)=1)zeCq0.1L.R): 2(1) = f ¢ Fi)l;  fs)ds
! (s (i =)
+— (a/o Ta@+D (s)ds+bZa,/ “Fa f(s)ds
L1 —s)a1
Q) f(s)ds) f GSF,x}- (3.2)
Definition 5. A multi-valued map F : [0, 1] x R — £ (R) is said to be Carathéodory

if
(1) t — F(t,x) is measurable for each x € R and
(ii) x — F(t,x) is upper semicontinuous for almost all ¢ € [0, 1].
Further, a Caratheodory function F is called L!—Carathéodory if
(iii) for each a > 0, there exists ¢, € L1([0, 1], RT) such that

[, x)|| = sup{|v]: v € F(r,x)} < ¢a()
forall ||x|| <a and fora.et € [0,1].
For each y € C([0,1], R), we define the set of selections of F by
SFy:={ve L'([0,1],R): v(t) € F(t,y(t)) fora.e.t€[0,1]}.
3.1. The convex-valued (Carathéodory) case

In this subsection, we prove an existence result for problem (1.1)-(1.2), assuming
that F is Carathéodory (F has convex values).
Before presenting the main result, let us state the auxiliary lemmas.

Lemma 2 (Nonlinear alternative of Leray-Schauder type [17]). Let C be a convex
set in a normed space, and E C C be open subset with 0 € E. Then each upper
semicontinuous and compact mapping § : E — P(C) with compact convex values
that is fixed point free on OE has at least one of the following two properties:
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(a) § has a fixed point in E, or
(b) there exist x € 0E and A € (0,1) such that x € 1§ (x).

Lemma 3 ([22]). Let X be a separable Banach space. Let F :[0,1] xR —
Pep,c(X) be an L'— Caratheodory multi-valued map, and let ¢ be a linear con-
tinuous mapping from L'([0,1], X) to C([0,1], X). Then the operator

oSk C([0,1], X) —> Pep,c (C([0,1], X)), x> (poSF)(x) =P(SFx),
is a closed graph operator in C([0,1], X) x C([0,1], X).
Theorem 1. Assume that

(Hy) F:[0,1]xR — P(R) is L'—Carathéodory and has compact and convex
values;

(Hy) there exist a continuous nondecreasing function y : [0,00) — (0,00) and a
function k € C([0,1], R™") such that

IF(t,x)|lp :=sup{|y|: y € F(t.x)} <k(®)x(l|x]]) for all (t.x) € [0,1]xR;
(H3) There exists a number N > 0 such that
N

1 L+ 1 . 5q+1 , -1 1
x ikl T | a{ el +||Zalnl > 1,

where A is given by (2.1).
Then the problem (1.1)-(1.2) has at least one solution on [0, 1].

Proof. We transform the problem (1.1)-(1.2) into a fixed point theorem by consid-
ering the operator K defined by (3.2). It is obvious that the fixed points of K are
solutions of the boundary value problem (1.1)-(1.2). We will show that K satisfies
the assumptions of Leray-Schauder nonlinear alternative. In the first step, we will
show that K (x) is convex for each x € C([0,1],R). Let z1,z2 € K (x), then there
exist f1, f2 € SF x such that for each 7 € [0, 1], we have

' _ ([—S)q 1 1 S(é_- )
= [ s+ (/()F(q+1)ﬁ()ds

_ g—1
~|—chx,/ (”’F(S)) fi(s)ds — f(lr()) f,(s)ds) i=1.2.

Set 0 <6 < 1, then for each ¢ € [0, 1], we have

q—1
521 + (1-8)z2](1) = / ¢ —s)*

T O =9 L)lds

n—1 &
ih (“/o NS00+ 1 -8 0)lds
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+bZaz [ )+ -9 (ol
—s5)41
- [ LR [5f1(s)+(1—5)fz(s)]dS)

Hence, by the convexity of SF x, it follows that §z1 + (1 —§)z2 € K (x).

Now, we show that K maps bounded sets into bounded sets in C([0,1],R). For
p>0,let B, ={x € C([0,1],R) : ||x]| < p} be a bounded set in C([0,1],R). Thus,
for each z € K (x), x € By, there exists f € Sf x such that

s L E (sl
w0 = [ s s+ (/om P ds

(1—s)71
b d 3.3
+§:a,/ / S f@ds). 6
Then, for x € B, in view of (H3), we obtain

|2(2)]

L (t—s5)1 1 £ (E—s)1
5/0 Wk(s)x(”xll)ds—i— 2l <| |  T@ +1)k(s)x(||xll)ds

q—1
+|b|Zal [ koreanas+ [ k(S)X(IIXII)ds),

which implies that

x(P)Ix] gott
Il < 7 +1)(1+|A|[ lal ey 1P |Zalm D

Next, we show that K maps bounded sets into equicontinuous sets in C([0, 1], R).
Let #1,1 € [0, 1] with #; <, and x € B,, then, we obtain for each z € K (x)

|z(12) —z(11)]
_ /tz (12 —5)4"" M=)t G )x
0

@) f(s)ds— A @) ——— f(s)ds+ 7

£ (E—s) (m— )
x[afo G +1)f(s)ds+b2al/ f(s)ds
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(1 —g)r!
@) f(s)ds:|
N R G ) St U Bnt) i 2 (ta—s)?"!
3 /o @) rordse | S rds
g - G
. {|a|f0 P ©lds

N, " o= A—s)r!
b i —_ d d
+ Eafo SO s+ [ s

|t —td| 4+ 2(ty —11)?
SX(P)HkH[Z Farh

L] RRNE Ny
+2 1 14 S+ :

which tends to zero independent of x € B, as (f2 —#1) — 0. Consequently, by the
Arzela-Ascoli theorem, the operator X is completely continuous.

Since KX is completely continuous, in order to prove that it is u.s.c. it is enough
to prove that it has a closed graph. Thus, now, we want to show that KX has a closed
graph. Let x, — X, z,, € K(xy), and z,, — Z. We have to show that Z € K (). So,
for z, € K (x,), there exists f, € SF x, such that for all € [0, 1], we have

_ (=9t ! ¥ (§—9)
w0 = | S s+ (a /0 o fas)ds

" (i —s)7! (1-s)7"!
b ds— ds |.
n }ja,/ O s [ s
Thus, we have to show that there exists f € SF 3 such that for each 7 € [0, 1],

sy [(a=TT T e
2= | T S0+ <a/0 F(q+1)f(s)ds

(i =)' 2 [t a=sr!
+bZ f @ S f(s)ds T f(s)ds)
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Consider the continuous linear operator @ : L1([0, 1], R) — C([0, 1], R) given by

[ PG
reono = [ R ras+ ( o [ Fr s

_ g1 1 Y/ |
+bZ / (”’F(S)) fls)ds— /0 A= F“(v;) f(s)ds).
Observe that

lzn () =Z2@)|l

(t—s5)271 -1 £ (E—g)d
H/ Q) ————(fu(s)— f(S))dS+ A (/0 I'(q +1)(fn(s) f(S))dS

03 a [ - Fends
(1—g)t!

» d

/0 g U= f) s)

tends to 0 as n — oco. Thus, it follows by Lemma 3 that @ o SF is a closed graph
operator. Moreover, we have z,(t) € @(SF x, ). Since x, — X, we have then

oy (=9 o fF E=)
20 = [ o+ (/()F(q+1)f(s)ds

~, (" mi=9" (1-5)""!
—I—bza,/() @ f(s)ds—/o Py — 2 f(s)ds |,

for some f €SF 3.

Finally, we show there exists an open set 'V C C(]0, 1], R) with x ¢ v K (x) for
any v € (0,1) and all x € 3V. Let x be a solution of (1.1)-(1.2). Then there exists
f € L1([0,1],R) with f € SF  such that for ¢ € [0,1], we have

A (O AN
x(t)=v | Wf(s)ds—i—v A (a/o F(q+1)f(s)ds

(i —s)?7! =9t
+bZ / ) S f(s)ds /O—F(q) f(s)ds).
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Using (H>), we obtain

k q+1
xy) = ZRDIEL (1+|A|[ Hlal s |Za,m D

which implies
x| 1 1 L4+ lal éq—i-l b |Za —1<1
PEDEIREDI @+ ini <.

By the assumption (H3), there exists N > 0 such that ||x|| 75 N. Let us take V =
{x € C([0,1],R) : |x|| < N + 1}. Note that the operator X : V — P (C([0,1],R))
is upper semicontinuous and completely continuous. From the choice of 'V, there is
no x € 3V such that x € v (x) for some v € (0, 1). Therefore, by Leray-Schauder
alternative, it follows that the operator K has a fixed point x € 'V, which is a solution
of the problem (1.1)-(1.2). This completes the proof. ]

3.2. Nonconvex-valued (Lipschitz) case

In this part, we discuss the existence of solutions for the inclusion problem (1.1)-
(1.2) with the right-hand side being nonconvex set-valued map by applying Wegrzyk’s
fixed point theorem.

Let (X,d) be a metric space induced from the normed space (X;| - ||). Consider
Q4:P(X)xP(X)— R J{oo} given by

Q4(A,B) = max{sup d(a,B),supd(b,A)},
beB
where d(a, B) = infpc g d(a,b). The map Qd is the (generalized) Pompeiu-Hausdorff
functional. Clearly, (p ;(X), Q) is a metric space and (Py(X), Q4) is a general-
ized metric space.

Definition 6. A function £2 : Rt — R™ is said to be a strict comparison function
if it is continuous strictly increasing and Y no ; £2" (1) < oo for all t > 0.

Definition 7. A multi-valued operator 4 : X — P.;(X)is called

(a) e-Lipchitz if and only if there exists € > 0 such that Q;(A(X),A(Y)) <
€d(x,y) foreach x,y € X.
(b) acontraction if and only if it is e—Lipschitz with € < 1;

(c) a generalized contraction if and only if there is a strict comparison function
2 :RT — R such that Q (A(x),A(y)) < 2(d(x,y)) foreach x,y € X.

Lemma 4 (Wegrzyk’s fixed point theorem [33]). Let (X,d) be a complete metric
space. If A : X — P.1(X) is a generalized contraction, then the operator A has at
least one fixed point.
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Theorem 2. Assume that the following conditions hold:

(Hy) F :[0,1] xR — Pcp(R) is such that F(.,x) : [0,1] = Pcp(R) is measurable
for each x € R.
(Hs) Qq(F(t,x),F(t,x)) <y()2(||x —Xx|) for almost all t € [0,1] and x,x € R
with a function y € C([0,1],R™) and d(0, F(t,0)) < y(t) for almost all t €
[0,1], where 2 : RT — R is strictly increasing.
Then the problem (1.1)-(1.2) has at least one solution on [0,1] if 682 : Rt — R™ is
a strict comparison function, where

_ vl 1 gatl
_F(q+1)(1+m[ Fla | n |Za,m D

Proof. Assume that 6§2 : RT™ — R™ is a strict comparison function. Then, in view
of (Hy) and (Hs), F(-,x(-)) is measurable and has a measurable selection {(-) (see
Theorem IIL.6 [11]). Also, y € C([0,1],R™) and we have

18] = d(0, F(1.0)) + Qq (F(1.0), F(r.x(1)))
=y +yOL2(xO]) = A+ L2]xD)y@).

Hence, the set S x is nonempty for each x € C([0, 1], R). Now, we will show that the
operator K which is given by (3.2), satisfies the assumptions of Wegrzyk’s fixed point
Theorem. First, we show that K (x) € #,;(C(]0,1],R)) for each x € C([0,1],R).
So, let, {gn}n>0 € K (x) be such that g, — g as n — oo in C([0,1],R). Thus g €
C([0,1],R), and there exists {, € SF x, . such that, for all ¢ € [0, 1], we have

_ [t [ e
e = [t + (afo o (sds

_ qg—1
+b2a1[ (’”F(S)) En(s)ds — /(lpi)) (s)ds).

Since F has compact values, we take a subsequence to obtain that ¢, converges to ¢
in L1([0, 1], R). Hence, ¢ € SF x, and for each ¢ € [0, 1], we have,

t g1 n—1 3
gn(t)—>g(t)=/o%§(s)ds+t (a[ E= oy

A o T'(g+1)

_ qg—1
+bZal / (Uzr(s)) / (1 ri)) () ds)

Thus, g € K (x).
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Now, we show that 0 (K (x), K (x)) <o 82(||x —x|), for all x,x € C(]0,1],R).
Let x, x € C([0,1],R) and z1 € K (x), then, there exists {1(¢) € SF,x such that, for
all ¢ € [0, 1], we have

t (4 -1 n—1 & _
21 = /0 ¢ Fi;q) C1(s)ds + - (a f =9 ¢ (5)ds

(ni —s)1~ =9t
—I—bZa,/ @ ;(s)ds fo @ ;1(s)ds).

In view of the assumption (Hs), we have Q4 (F(t,x), F(t,X)) < y(t)2(|x(¢) —
X(t)]). Thus, there exists € F(t,x(t))such that

181(1) =l = y(0)82(|x (1) =x(@)]). t €[0,1].
Let us define the map, W : [0,1] — £ (R) by
W(t) ={ueR: (81 (0) —p| = y(O)L2(Ix (1) =X (1))}

Because the nonempty closed set-valued operator W(z) () F(t,x(t)) is measurable
(Proposition II1.4 [11]), there exists a function {»(¢) which is a measurable selection
for W(r) () F(¢,%(1)). Hence, &>(1) € F (1, %(1)), and [¢1 (1) — £2()] < y(1) 2(1x (1) —
X(t)]) foreach t € [0, 1].

Define for each ¢ € [0, 1],

[T t—s)T! o £ (E—s)1
2at) = /0 P ta)ds + (a /0 (s

ni _ q—1
+bZ JaE = =T sy /“ ) zz(s>ds).

So, by the assumption (H5), we obtain

|21(2) —22(2)]

- P(t—s)27! =1 £ (£_s5)0
_/O Q) 181(2) — 82(2)|ds + "y <|a|/0 F(q+1)|;1(t)_§2(t)|ds

y Za, / O 0 ta(olds

(1—s)8!
+/0 ol - c2<z)|ds)
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which implies that

+1
”“_“”—w<”m[ Hal +|blzatm D

Interchanging the roles of x and X, we obtain

Q4 (K(x), K(x)) =o2(||x—x])

_lvlie2dlx—x1) ga+1
_W<l+m|: +la |( +1)+|b|zazﬂz :|),

for all x, x € C(]0, 1], R). Thus, the operator X is a generalized contraction. There-
fore, by Wegrzyk’s fixed point Theorem, the operator K has at least one fixed point
x, which is a solution of the problem (1.1)-(1.2). This completes the proof. ]

Remark 2. We emphasize that the existence result (Theorem 2) obtained by apply-
ing Wegrzyk’s theorem holds for several choices of the strictly increasing function
£2 involved in its hypothesis. For instance, by taking £2(x) = x, we obtain a special
case which is usually obtained by applying a fixed point theorem due to Covitz and
Nadler [12].

3.3. Examples

Example 1. (Convex-valued case) Consider the following multi-valued fractional
boundary value problem:

¢D3/* e F(t,x(1)), t €[0,1],

1/8
x(0) =0, x(1)=[ x(s)ds—l—Zalx(r)l
0 i=1
whereq =5/4,a=b=1,§=1/8, n1=1/6,n2=1/3,n3=1/2, n4=2/3, a1 =
1/7, ap =2/7, a3 =3/7, ag =4/7 and

(3.4)

F(t,x()) = [%—i—icos t, ; ’sinx:|. (3.5

Using the given data, we get

2

l—aT—bZa,n,

i=1

T+ 18] Za,n, )} = 6.0155.

i=1

|A] = = 0.2779,

bt
'ig+1)

%—q—i—l

1
14 +|a|
|A|<
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Moreover, for f € F, we have

/1 = max{

1 1
L_F—coszt , —e ! sinx}, xeR, te[0,1].
9(x[+5) " 18 2

Thus |
IF@. )] p = supily]:y € F(t.x)} < 5. x €R,
with k() = 1, x(|]|x||) = 1/2. Next, using the condition (H3), we find that N >

N1 =~ 3.0078. Thus, all the conditions of Theorem 1 are satisfied and consequently,
the problem (3.4) with F(z,x) given by (3.5), has at least one solution on [0, 1].

Example 2. (Nonconvex-valued case) Consider the problem (3.4) that is given in
Example 1, with

F(t.x(1) = [ S e i} (3.6)
V625412 2(4+t(1—1)? 8l
So, we find that
sup{|g|: g € F(t,x)} < m‘F%,
Qu(F (3. FL0) = | e =1
Put y(¢) = ;, so, ||y]l = 1/16. Thus, we get
4+1(1—1))?

o = 6.0155]]y|| = 6.0155/16 ~ 0.37597,

- _ _ 2+m) _
and Qg (F(t.x). F(1.X)) = y(0)$2(||x — X[|). where £2(||x —x[|) = ———lx—X].

Hence, all the conditions of Theorem 2 are satisfied. Therefore, the problem (3.4)
with F(z,x) given by (3.6), has at least one solution on [0, 1].
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