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Abstract. The deferred Cesaro transformations which have useful properties not possessed by
the Cesaro transformation was considered by R.P. Agnew in [1]. In [9], Deger and Kiiciikaslan
introduced a generalization of deferred Cesaro transformations by taking account of some well
known transformations such as Woronoi-Norlund and Riesz, and considered the degree of ap-
proximation by the generalized deferred Cesaro means in the space H(o,p), p > 1,0 <a <1
by concerning with some sequence classes. In 2014, Nayak et al. studied the rate of convergence

problem of Fourier series by deferred Cesaro mean in the space H, IS‘”’ introduced by Das et al.
in [7].

In this study we shall give the degree of approximation by the generalized deferred Cesaro

means in the space H, IS“’). Therefore the results given in [17] are generalized according to the
summability method.
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1. INTRODUCTION

Let f be a 2 — periodic function and f € L, := L, (0,27) for p > 1 and let

1 - -
sn(f1x) = Ja0+ Z(akcoskx + bg sinkx) = Z Ax(f3x)
k=1 k=0

partial sum of the first (n 4- 1) terms of the Fourier series of f € L, (p > 1) ata point
X.

The degree of approximation of the sums s, ( f;x) in different spaces has been
studied by many authors. In [20], Quade investigated approximation properties of
the partial sums of Fourier series in L, norms. Chandra in [5] and Leindler in [13]
generalized the results of Quade using the Woronoi-Nérlund and the Riesz means of
Fourier series for some sequence classes. A similar problems were studied for more
general means in [8] and [15].
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The space

Hy ={f € Con : | /()= fMI = K[x—y|*.0<a =1}

where Cy, is space of all 2x-periodic and continuous functions defined on R with
the supremum norm and K is a positive constant, not necessarily the same at each
occurrence, is a Banach space (see Prosdorft, [19]) with the norm || - || defined by

I flle =11fllc + sup A% f(x,y) (1.1)
xX#y
where
A fey) = LT ()
[x—yl
by convention A® f(x,y) =0 and
Ifllc = ffp ]If(X)I-

The metric generated by the norm (1.1) on Hy, is called the Holder metric. Prosdorff
has studied the degree of approximation by Cesaro means in the Holder metric and
proved the following theorem.

Theorem 1 ([19]). Let f € Hy(O<a <1)and0< B <a < 1. Then

nP-o O<a<l;
nP~llnn ,oao=1

lon(f) = fllg = O)

where a,( f) is the Cesaro means of the Fourier series of f.

The case B = 0 in Theorem 1 is due to Alexits [2]. Leindler introduced more
general classes than the Holder classes of 2w -periodic continuous functions, gener-
alized the results of Prosdorff [11]. Chandra obtained a generalization of Theorem 1
by considering the Woronoi-Norlund transform [4]. In [16] Mohapatra and Chandra
considered the problem by a matrix means of the Fourier series of f € H,.

Further generalizations of the Holder metric was given in [6] and [7]. In [6], Das
et al. studied the results regarding the degree of approximation by infinite matrix
means involved in the deferred Cesaro means in a generalized Holder metric.

In [9], the authors considered the degree of approximation to functions in this
space with respect to the norm in the space given in [6] by the deferred Woronoi-
Norlund means and the deferred Riesz means of the Fourier series of the functions.

The modulus of continuity of f € Cy is defined by

o(f.8):= sup [f(x+h)—f(x)].

0<|h|<d
According to this, the class of functions H® is defined by
H? :={f € Con :0(f.8) = O(w(8))}

where w(8) is a modulus of continuity.



APPROXIMATION BY GENERALIZED DEFERRED CES ARO MEANS 825

There are numerous papers related to the degree of approximation in H® space
such as Leindler [1 1], Mazhar and Totik [14], Das et al. [7], Khatri and Mishra [10].

A further generalization of H® space has been given by Das, Nath and Ray in [7].
They defined the following notations: If f € L,(0,2m), p > 1, then denote

H®) :={f € Ly(0.2m),p > 1 : A(f.w) < 00}
where w is a modulus of continuity and

A(fw) 1= sup L CED=TOllp
170 o(|t])

where ||.||,, will denote L,-norm with respect to x and is defined by

2 %
171pi= {5 [ 1717ax] "

The norm in the space H ,S‘”) is defined by
115 = 11/ 1lp + A(f.0).
(

Given the spaces H, pw) and H, IS”), if % is nondecreasing , then

H® cHMCcL, p>1

since

“v(2m)

Especially, the leading studies related to degree of approximation in H p(w) space can
be found in [7] and [12].

2
||f||§,”)§max(1 o ”))||f||§,‘°>.

2. DEFERRED CESARO MEAN AND ITS GENERALIZATION

The concept of deferred Cesaro mean has been given by Agnew as following (see
[1]). Leta = (ap) and b = (b,) be sequences of nonnegative integers with conditions

an < by, n=12,3,.. 2.1)
and
lim b, = +o0. (2.2)
n—>oo

The deferred Cesaro mean, D Z , determined by a and b

D, = D"

a

_ Sap+1+Sa,+2+-+S8p, 1 S s

where (S ) is a sequence of real or complex numbers.
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Since each Dfl’ with conditions (2.1) and (2.2) satisfies the Silverman-Toeplitz
conditions, every D2 is regular. Note that D2 involves, except in case a, = 0 all
n, means of deferred elements of (Sy). It is also known that D} _, is the identity
transformation and Dy is the (C, 1) transformation. The basic properties of DZ can
be found in [1]. By considering deferred Cesaro means, Deger and Kiiciikaslan gave
the following notations with conditions (2.1) and (2.2) in [9].

Let (pn) be a positive sequence of real numbers. Then

by
1
DgNu(f1X) = —p—g D Phy-mSm(f32).
PO m=a,-+1
and
1 bn
DiRu(fix)=—— D pmSm(fix)
Pa,1+1 m=a,+1
where
bp—ay—1 by
bl’l_ n— b}’l
Pl = 3" p#0. Pr= Y pr#0
k=0 k=a,+1
and
1 T
Sn<f;x)=—/ F (c+1) Dy(t) .
TJ-n
in which
sin(n + 3t
Dn(l)=2.—,2
sin (5)

These two methods are called deferred Woronoi-Norlund means, (Dg N, p), and
deferred Riesz means, (DZR, p), with respect to Sy, (f;x), respectively. In case
by = n and a; = 0, the methods DZ N, (f:x)and Dfl’ R, (f;x) give us the classicaly
known Woronoi-Norlund and Riesz means, respectively. Provided that p, = 1 for all
n(> 0), both of them yield deferred Cesaro means

b
1 n
D(fix) =1 > Sm(fix)
n—dn
m=a,-+1
of Sy (f, x).

In addition to this, if b, = n, a, = 0 and p; = 1 for these two methods, then
they coincide with Cesaro method Cy. In the event that a, = 0, (b,) is a strictly
increasing sequence of positive integers with »(0) = 0 and p; = 1, then they give us
Cesaro submethod which is obtained by deleting a set of rows from Cesaro matrix

(see [3,8, 18]).
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There exist some inclusions that established relation between deferred method and
Cesaro method. Before giving this inclusions without detail, we need to give some
definition. If (a;) and (b;,) satisfy, in addition to (2.1) and (2.2), the condition

ap

e = = 0(1) (2.3)

for all n, then (DZ) is properly deferred ; such a transformation is called a proper
(Dg ) (see [1]). Therefore we know that

(C,1) C D(an,by) if and only if (DZ) is properly deferred,
and
D(ay,n) C (C,1).
On the other hand,
D(ay,n) ~ (C,1) if and only if (DZ) is properly deferred.

In 2014, Nayak et al. has studied the rate of convergence problem of Fourier series

by deferred Cesaro mean in the generalized Holder metric (H, ,§“’)) and gave the fol-
lowing theorem.

Theorem 2 ([17]). Let v and w be moduli of continuity such that 3 is non-
decreasing and [ € ngw),p >1. Let
qgn=(2j + D) pn+2j

where j is a positive integer. Then

w_ o L o(1) ™ w(t)
) | Du(Sn(f3 )= fO) I (pn+1)+(Pn+1)2 /WHH) t3v(t)dt

If in addition ((t)) is non-increasing then

o) /” w(?)

(i) | Du(Su(f: )= fO) = ont 02 )= ()

and a fortiori

([11) || Da(Su(f:) = £) 9= (M)

v(m/(pn+1)

Taking into account of this theorem and the methods given in [9], we shall improve
the results in [17] on the degree of approximation by the generalized deferred Cesaro
means in the space H I‘;’ . Therefore the results given in [17] are generalized according
to the summability method.
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3. THEOREMS

In this section we will give two theorems on the degree of approximation by de-
ferred Woronoi-Norlund means and deferred Riesz means in generalized Holder met-
ric.

Theorem 3. Let v and w be moduli of continuity such that %} is nondecreasing and

fe ngw), p > 1. Let by, = (2] + 1)a, + 2] where j is a positive integer. Moreover
let (pn) be a positive sequence and the conditions

(bn —an) p, = O(PL",1) (3.1)
and
b,—1
> 1Am(pm)l = OUps, — Pay+1) (3.2)
m=a,+1

are satisfied where Ay (Pm) = Pm — Pm+1- Then
1Dg Ru(f3) = FOII

_o (H— | Pb,, _Pan+1|)
Pb,

1 1 T w(t)
an+1+(an+1)2/ . z3v(z)d[$

@n+D
Proof. By definition of the deferred Riesz means, we have
bn

DIR(f) =S = —5— D pulSn(f2)= 1)

anp+1 m=a,+1

By elementary methods, we get

bp—a;—1

[:=DlR,(f:)—f()= Pbi Z Pm+an+1(Smta,+1(f:)— f()).

ap,+1 m=0

Using Abel’s transformation, we see that

by—an—2 m
1
1= Y [Pmtant1 = Pmtan+2llY | (Sktan+1(f3:) = F()]
anp+1 m=0 k=0
by—au—1
1
+—— D [Skray1(/3)=fOpy, = L+ 12 (3.3)
P n
an+1 k=0
By considering the second term in right side of the above equality, we write
bﬂ
Pb, by —ay Pb, (bn —an)

L=
b _
P an+1 bn—a

Y Sk(f)-f() = T(DZ(Sn(f; D=1,

" k=a,+1 an+1
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Hence by the condition (3.1) and Theorem 2-(i), we obtain

bn —Un
1217 < | P2 DL 5, 1) = £

ap+1
= O DE(S(f: )= FOII
- 1 o [T w@)
=0 (an + 1) + (an + 1)2 /(anﬂ-l) t3v(t)dt‘ 3.4

Now let us consider the first term in (3.3). Then we have

1 bp—a,—2 m

h = by Z [Z(Sk—}—an—}-l(f;-) _f(-))][Pm-i—an—l—l —Pm+an+2]
Pan-i-l m=0 k=0
1 by—1 m—an—1
= 2 Anlpm) Y0 (Serai(/i)=S0)
anp+1 m=au+1 k=0
1 P m—da, ~—
= Am(pm) (Sk(f:)—f()
P::—i-l m=aZn+1 m—dn k=§+1
1 by—1
= o 2 m—an) An(pm) DS (1)~ fO) (3.5)

an+1 m=a,+1

By considering (3.5) and Theorem 2-(i), we write

by—1
111 < ——n—an) Y [ Am(pm) D2 (Su(f:) = OIS
an+1 m=a,+1
_ (bn—an) 1 o(1) ™ w(?) by—1
- Py { ¢ (an + 1) a2 /mn"+1> t3v(t)dt} ngnzﬂ [ (P

Owing to condition (3.1) and condition (3.2) in the last term, we obtain

1 o) [T  w()
o(an+1)+(an+1)2/ i t3v(t)dt}. (3.6)

(an+1)

11 =

|pbn — Pant1 |
P

n

Combining (3.3), (3.4) and (3.6), we get the desired result . Therefore the proof is
completed. ([l

Corollary 1. Under conditions of Theorem 3, if f € ngw) for p>1and tu;((’;)) is
nonincreasing then

(i) | DERa(f3) = O IS = 0(1) (14 12 Pentl) o, p7 0Dy

Dby
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and furthermore

(i) | DR ()~ ) 15 = 0 (14 2o Pental) wCrfan 1),

Theorem 3 and its corollaries are very important due to the relations between Riesz
type deferred method and Riesz method. Let us recall some results establishing these
relations given in [9]. Suppose that the sequences (a,) and (b,,) satisfy the conditions
(2.1) and (2.2). If the condition

p1+p2+--+ pa,

b
Pa:+l

= 0(1) 3.7)

satisfy for (py), then we shall say that (Dfl’R, p) is properly deferred and such a
transformation is called a proper (Dg R, p). We see that if (p,) = 1 for all n with the
conditions (2.1) and (2.2), then (DgR, p) and the condition (3.7) are reduced (D)
and the condition (2.3), respectively. In [9], we know that ”(R, p) C (DS R, p)ifand
only if (DZR, p) is proper”. On the other hand, we have ”(D R, p) C (R, p)” and
"(DZR,p)~ (R, p)ifand only if (D} R, p) is proper”.

Theorem 4. Let v and w be moduli of continuity such that % is nondecreasing
and f € ngw), p>1. Let

by =2j+1Dan+2j

where j is a positive integer. Moreover let (py) be a positive sequence and the condi-
tions

(bn — an) P, —a, -1 = O(PE=4n71) (3.8)
and
b,—1
> 1 Am(Poy—m)| = O(Pb,—a,—1 — Pol) (3.9)
m=a,-+1

are satisfied. Then
IDENA(f )= FO}

_0 (Po +1Pby—a,—1 —P0|)
Pb,—a,—1

1 1 T w(t)
dty . (3.10
e ag ey AT } e

Proof. Since

bp—an—1

— > Popem—an—1(Smta,+1(f:1)— fO)

m=0

Ji=DiNy(f3)—f() =
P

by—an
0
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we get that
1 bp—an,—2 m
J=———= > D Skant1 = SONPby—m—-ay—1 = Pby—m—a,—2]
P S m=0 k=0
1 bp—a;—1
T ;} [(Sktay+1(/:) = fOlpo = J1 + 12 3.11)

by Abel’s transformation. Let us consider J>. Since

by —an
gy = 200 =) (b (s, 11— £ 0.
pbr=a
we have
) Po 1 1 i w(t)
7211, = O(1) — i 1)2/ v(t)dt (3.12)

by considering (3.8) and Theorem 2-(i). Let us estimate J;. By elementary methods,
we know that

b,—1 m—a,—1
1 n n
1= ==t D Phyem = Phy=m=1) D Skra,+1(1) = f()
PO m=a,-+1 k=0
1 by—1
= =7 O Ampr—m)m—an) D] (Sa(f1)) = fO):
PO m=a,-+1

Taking into account of (3.8), (3.9) and Theorem 2-(i), we write
_ 1 1 4 t
171 II(”)<0(|pb" an—1 " po') + 2/ ’3”() dth . (3.13)
Pb,—a,—1 anp+1 (an+1) (an73rl) t3v(t)

Therefore, we get (3.10) by collecting of (3.11)-(3.13). ]

Corollary 2. Under conditions of Theorem 4, if f € ngw), p=>1and w((tt)) is
nonincreasing then

() | DENu(f1) = O IS= 0(1) s (P pmmenmizrol) pr w0 g

Pbp—an—1 @n¥+D t3v(t)
and furthermore
(i) | DIN(f2) = O lI§"= O() (oot (Lot pnzsmt =0l

Remark 1. If we take px = 1 in Theorem 3, Theorem 4, Corollary 1 and Corollary
2, then all of results coincide with Theorem 2.
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4. CONCLUSION

Several studies have been carried out on the degree of approach in the ngw)
spaces. The means used in these studies include the results obtained by approach-
ing to functions in this space using the classically known Cesaro, Woronoi-Norlund
and Riesz means. These results depend either directly related to the degree of polyno-
mials, or to the upper and lower limits of the method such as deferred Cesaro means.
In this study we have shown that how the speed of the approach is being affected,
based on the sequences that determines the Woronoi-Norlund and Riesz means by
considering the deferred type of the Woronoi-Norlund and Riesz mean introduced in

[9].
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It is evident that the results generalized previous work on these spaces.
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