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Abstract. In this work we firstly study some important properties of fractional calculus for
interval-valued functions and introduce the concepts of upper and lower solutions for interval-
valued Caputo fractional differential equations. Then, we prove an existence result for interval-
valued Caputo fractional differential equations by use of the method of upper and lower solutions.
Finally several examples will be presented to illustrate our abstract results.
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1. INTRODUCTION

Let R(7) be the set of nonempty bounded, closed interval of R. The main purpose
of this paper is to introduce and investigate the following interval-valued differential
equation with fractional derivative operator of Caputo type (IVCFDE), for short):

CO%x(t) = f(t,x(t)), t €J:=[0,T],

(IVCFDE) x(0) = xo.

(1.1)
where 0 < a < 1, ©©% stands the Caputo fractional derivative for interval-valued
functions (see Definition 14 below), x : J — R(I) , f € C(J x R(I); R(I)) and
xo € R(I), which will be be specified in Section 4. Interval analysis was intro-
duced as an attempt to handle interval (nonstatistical, non-probabilistic) uncertainty
which appears in many mathematical or computer models of some deterministic real-
world phenomena. The development has experienced a long historical time. The
first celebrated monograph which mainly dealt with interval analysis was written by
Moore [34]. With this monograph, it began a new era of applications to error ana-
lysis for digital computers and engineering problems. For more details, please, see
[3,12,15,25,33,35-37] and the references therein.

Based on interval analysis, the concepts of integral and Hukuhara derivative (H-
derivative, for short) for set functions were introduced by Aumann [5] and Hukuhara
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[10], respectively. Recently, the interval valued differential equations and fuzzy dif-
ferential equations have began to be intensively studied (see, e.g., [0, 13, 16,2631,

]). Plotnikova in [38] has studied a class of linear differential equations with -
derivative and linear differential inclusion; Abbas and Lupulescu [1] have invest-
igated and obtained some results about set functional differential equations. Ac-
cording to the concept of H-derivative, some new notions of derivatives for interval-
valued functions have been introduced, such as G-derivative, gH-derivative and -
derivative. It is known that, if the set of switching points is finite, then the notions of
G-differentiability, gH-differentiability and m-differentiability will be coincided with
interval-valued functions (for more details, ones can refer to [6,42]). In accordance
with this statement, we just consider the concept of gH-differentiability in this paper.

On the other hand, fractional differential equations (FDEs, for short) have be-
come more and more popular and importance due to their numerous applications
in many fields of science and engineering. Which involved in physics, population
dynamics, chemical technology, biotechnology, aerodynamics, electrodynamics of
complex mediums, polymer rheology, control of dynamical systems, etc. (see, e.g.,
[2,8,9,14,18-24,47,48]).

Although fractional calculus and interval-valued differential equations both are
playing important roles in our real life. Up to now, fractional calculus for inter-
val valued functions have just been studied by Lupulescu in [28] and the interval-
valued Caputo fractional differential equations have not yet been addressed. Based
on this motivation, the purpose of this paper is to develop properties of interval-
valued Caputo fractional derivative operator and theory of existence of solutions for
interval-valued Caputo fractional differential equation (1.1). Also, we believe that the
presented results will be useful for development about the theory of interval-valued
fractional differential equations and the relevant applications, such as, digital com-
puters.

The rest of this paper is organized as follows. In Section 2, some preliminaries
are provided. In Section 3, we shall introduce the concepts of fractional calculus for
interval-valued functions and present some important properties of partial order rela-
tionship "<z yy’. Furthermore, in Section 4, we prove the existence and uniqueness
results for interval-valued fractional integro-differential equations (IVFIE, for short)
by employing the method of upper and lower solutions and then obtain the existence
of solutions for (1.1). Finally, several examples will be illustrated.

2. PRELIMINARIES

Let R(]) be the space of nonempty bounded, closed interval of R. For any element
A of R(I), we denote A = [aL,aV], here a® and aY stand for the lower and upper
bounds of A, respectively. Let A = [aL,aY], B = [bL,bY] € R(I) and A € R. The
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usual interval operations, i.e., well-known as Minkowski addition and scalar multi-
plication, are defined as follows

A+ B = [ar,aV1+ [pE. Y] = [aF + L. aY + 1Y),
and
[Aal 1aY] if A >0,
AA = Aat,aV] =1 {0} ifA=0,
[AaY Aal] if A <O,
respectively. Particularly, when A = —1, which has
—A:=(-1)-A=(=1)-[at,aY] = [-aY ,—a"].
So, the Minkowski difference can be written as
A—B=A+(-1)-B=[at-bY,aY —p1].

In fact, based on Minkowski addition and scalar multiplication, R(/) merely con-
structs a quasi-linear space (more detail ones can refer to Markov [33] and Schneider
[40]). For A = [a%,aV] € R(I), we define

4]l := max{]a®|, |V},
Then, it is easily to get that || - | is a norm of quasi-linear space R([/), and therefore
(R(I),+,-, ]| -] is a normed quasilinear space. At the same time, the Hausdorff-

Pompeiu distance # : R(1) x R(I) — R4 := [0, 00) will be defined by
H(A, B) = max{|a’ —bL|,|aY —bY|}, forany A = [a¥,aV], B = [bL.bY] € R(I).
By the concept of #, we readily obtain its properties as follows
H(AA,AB) = |A|H (A, B) forall A € R,
H(A+C,B+C)=JH(A,B),
H(A+ B,C+D)<H(A,C)+ H(B,D).

Indeed, it is obviously that the Hausdorff metric J is associated with the norm || - ||
by ||A|| = #H(A,{0}). Moreover, it follows from Li, Ogura and Kreinovich in [17],
which knows that (R(/),#) is a complete, locally compact and separable metric
space.

For any A € R(I), it can be seen A + (—A) # 0 in general, thus the opposite
of A is not the inverse of A with respect to the Minkowski addition unless A =
{a} is a singleton. To partially overcome this situation, the Hukuhara difference (or
H-difference see c.f. [10]) has been introduced as a set C, for whichis A& B =
C if and only if A = B 4+ C. The most important property of © is that A6 A =
{0}, VAe R(I)and (A+ B)© B = A, YA, B € R(I). Despite, the H-difference is
unique, but it does not always exist, for example A = [1,2], B = [0, 4], it is impossible
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C =[1,-2]. In order to solve this problem, the generalized Hukuhara difference is
proposed in recently.

Definition 1 ([33,41]). The generalized Hukuhara difference (or gH-difference)
of two intervals 4 = [aL,aV], B = [bL,bY] € R(I) is defined as follows

ASen B =[al,aY6,4 [bL,bY]
= [min{a® —b%,a¥ — bV}, max{a® —bL.aV —-bY}]. (2.1
Remark 1. For any A = [a%,aV] € R(I), the width of A can be denoted by

w(A) = a¥ —a’ and the midpoint of 4 by m(A4) = #. Then, (2.1) is equi-
valent to

[al —bL . aV —bY], if w(A) > w(B)
[aV —bY . al —bL], if w(4) < w(B).
Hence, for any A, B,C € R(I), it has

A© B =C, ifw(d)>w(B)
Bo A= (-C) if w(4) < w(B).

ASgu B =

AegHB=C<:>{

A=B+C, ifw(4)>w(B)
‘i’{ B=A+(—C) if w(4) <w(B).

and #(A,B) = ||ASg¢H B].
Now, we shall recall some properties of gH-difference.

Proposition 1 ([32,41]). Let A,B,C,D € R(I), a, B € R and denote

Wy = (w(A) — w(C)) (w(B) — w(D)), W, = (w(A) — w(B)) (w(C) — w(D)).
Then the following results hold
(i) (-A)©euB=(-B)OmA

. | (AeguC)+(BSgu D), ifW1 >0,

(iii) (A©guB)+ (CoeuD)
(ASgH (=C))Sgu (BOSgH (D)), if W1 20, W2 <0,
= (A OgH (=C))+((—=B) OgH D), ifWi <0, Wy <0,
(A+C)Sgn (B+ D), if W2 >0,
(IV) (A egH B) @gH (C egH D)
(AegH C)egH (B egH D), ifWZEO, W1 >0,
=1 (A6gu C)+(—(BSgu D)), ifW2>0, W1 <0,
(A+(=C))SgH (B+ (D)), ifW2<0,
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The function f : [a,b] — R(I), which defined on [a, b], is named to be an interval-
valued function, i.e., f(¢) is a closed interval in R for each ¢ € [a,b] and can also be
written as f(¢) = [fL (@), fY(¢)], where fL and fU are two real valued functions
defined on [a,b] which satisfied fL () < fY(¢) for every ¢ € [a,b]. In addition,
an interval-valued function f is called to be w-monotone, if real valued function
w(f ()= fY)— fL(¢) is monotone.

Definition 2 ([32]). Let f : [a,b] — R(I) be an interval-valued function. Then
lim 4, f(t) exists, if and only if lim;—, fZ(¢) and lim;—, fY (¢) exist as finite
numbers, i.e.,

lim f(t) = [ lim fL(@t), lim fY (z)}.
t—to t—to t—1o
Thus f is continuous if and only if £ and fU are both continuous.

Definition 3 ([41]). Let f,g :[a,b] — R(I) be two interval-valued functions, then
we define the interval-valued function f ©gpg g : [a,b] — R(I) by

(f ©gm g)(t):= f(t)Sgm g(1), forallt € [a,b).

Remark 2. By above definitions, we know that if there exist lim; 4, f(f) = A4,
lim; 4, g(t) = B, then lim; ., (f ©gm g)(1) exists, and

tll{?o(f ©gH §)(1) = ASgH B.

Besides, it is well-known that if f and g are two continuous interval-valued functions
then f + g, Af,VA € R and the single-valued function w( f(¢)) are continuous also
(more details we can refer to [32]).

Let C([a,b]; R(I)) be the set of continuous interval-valued functions from [a, b]
into R(I). Then C([a,b]; R(1)) is a complete metric space with respect to the metric

He(f.8) =/ Sgu gle = sup H(f(1).8(1)).
a<t<b

where f,g € C([a,b]; R(])).

Definition 4 ([32,41]). Let f : [a,b] — R(I) be an interval-valued function and
to € [a,b]. We define f’(t9) € R(I) (provided it exists) as
Sfto+h)Sen f(t0)

h .

The f'(to) is called the generalized Hukuhara derivative (gH-derivative, for short) of

f at tog € [a,b]. Also, we define the left gH-derivative f’(¢9) € R(I) (provided it
exists) as

f'(to) = lim
h—0

=t L0 +R et S o)
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and the right gH-derivative fJ (t9) € R(I) (provided it exists) as

S(to+1)Sgn f(to)
; .

Saying that f is generalized Hukuhara differentiable (gH-differentiable, for short)
on [a,b] if f'(t) € R(I) exists at each point ¢ € [a,b]. At the end points of [a,b]
only one sided gH-derivatives would be considered. The interval-valued function
f':la,b] — R(I) is then called the gH-derivative of f on [a,b].

"(tp) = lim
S+ (o) Jim

Next, let us recall some important properties about gH-differential of interval-
valued functions.

Theorem 1 ([32,41]). Let f :[a,b] — R(I) be such that f(t) = [fL (), fY ()], t e
[a,b). If the real valued functions ¥ and fUY are both differential at t € [a,b], then
f is gH-differential at t € [a,b] and

70 = min} 5710 Y0 ] St o, S0 of | v e la

Theorem 2 ([32,41]). Let f :[a,b] — R(I) be gH-differentiable on [a,b]. Then
for all C € R(I) and for all A € R, the interval-valued functions f +C, f ©¢u C
and Af are gH-differentiable on [a,b], where (f +C) = f', (f ©4u C) = [/,
Af) =Af".

Definition 5 ([28]). Let f : [a,b] — R(I) be an interval-valued function. f
is called a simple interval-valued function, if it is constant on each sets of I C

[a,b], k =1,2,---,m, which produce a finite system of pair wise disjoint, Lebesgue
measurable sets covering [a, b].

Definition 6 ([28]). Let f : [a,b] — R(I) be an interval-valued function. f is
said to be measurable if there exists a sequence f, : [a,b] — R(I) of simple interval-
valued functions which satisfies

nli)ngojf(fn(t),f(t)) =0, fora.e. t €[a,b].

Definition 7 ([28]). Let f : [a,b] — R(I) be an interval-valued function such
that f(¢) = [fL(@), fY(¢)]. Also, both fL and fU are measurable and Lebesgue

integrable on [a, b]. Then, we defined the Lebesgue integral of f by || : f(s)ds,i.e.

/ab f(s)ds := |:/ab fL(S)dS’/abe(S)dS],

Remark 3. limy 00 H (fn(t), £(t)) = 0if and only if limy oo | £,E(t) — fE (1) =
0 and limy, 00 | £,V (1) — £ Y (¢)] = 0. Then it can be easily get that an interval-valued
function f is measurable on [a, b] if and only if £~ and fU are measurable on [a,b].
Moreover, f is Lebesgue integrable on [a,b] if and only if f is measurable and real
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function || f(¢)] is Lebesgue integrable on [a, b] (those results have been obtained by

[5,28D.

Definition 8 ([28]). Let f : [a,b] = R(I) be an interval-valued function. f is said
to be absolutely continuous, if for each € > 0, there exists § > 0 such that for each
family {(s, %) C [a,b]; k =1,2,...,n} of disjoint open intervals with Y 7 _; (1% —
Si) < 8, we have

n
D H(fse). f1) <e.
k=1
Let AC([a,b]; R(I)) denote the set of all absolutely continuous interval-valued
functions from [a,b] into R(I). The following theorem gives us a necessary and
sufficient condition for absolutely continuous interval-valued functions.

Proposition 2 ([4,28,32,41]). An interval-valued function f :[a,b] — R(I) is
absolutely continuous if and only if f and U are both absolutely continuous.

It follows well-known result (see Corollary 7.23 of [43]) that if ¢ : [a,b] — R is
an absolutely continuous function, then %d)(t) exists a.e. t € [a,b]. Therefore, we
have the following theorem.

Theorem 3 ([5,28]). If f € AC([a,b]; R(I)), then [ is gH-difference a.e. t €
[a,b] and f' € L'([a,b]; R(I)).

3. FRACTIONAL CALCULUS FOR INTERVAL-VALUED FUNCTIONS AND PARTIAL
ORDER RELATIONSHIP

In this section, we will discuss the properties of fractional calculus for interval-
valued functions. J will be denoted as J =: [0, T].

Definition 9 ([14,39]). Let ¢ € L! (J;R). The Riemann-Liouville fractional in-
tegral of order o > 0 for ¢ is defined by (provided it exists)

1 t
I¥p(t) = —/ (t—5)*"1p(s)ds, tel,
' I'(a) Jo
where I is the well-known Gamma function.
In this paper, we denote /2¢(¢) = ¢(t) apparently.

Definition 10 ([14,39]). Let ¢ € L1(J,R). The Riemann-Liouville derivative of
order « € (0, 1] for ¢ is defined (provided exists)

d
Lpeer) = Eltl_“qﬁ(t), ae. teld,

thus is,
Lpepr) =

1 d (! o
F(l——a)Z/o (t—s5)"%@(s)ds, ae. t € J.
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Definition 11 ([14,39]). Let ¢ € L1(J,R) be such that L D%¢(t) exists for a.e.
t € J. The Caputo fractional derivative of order « € (0, 1] for ¢ is defined as (provided
exists)

CDp(1) =L D%p(t) —$(0)], ae. 1 € J,

thus is,

€ De(r) = —a)dt/ (1 =) [$(s) — $(O)]ds, ac. 1 € J.

Remark 4. In particular, when « = 1 and ¢ € AC(J; R), then it has
d
Lplo(r) = 00), aetel.

In the sequel, we denote L?(J; R(I)) the set of all interval-valued functions f :
J — R(I) such that the real function ¢ — || f(¢)| belongs to L¥ (J;R). In fact, we
readily get from [17] that L?(J; R(I)) is a complete metric space with respect to the
metric #,, defined by #,(f.g) := || f ©¢n gllp forany f,g € LP(J;R(I)), where

1
p
(foT ||f(l)||"dl) , if 1 = p <oo,
Ifllp =
esssup || f ()|, if p = o0.
teJ

Now, the definition of Riemann-Liouville fractional integral for the interval-valued
functions will be given.

Definition 12 ([28]). Let f € LY(J;R(I)) be an interval-valued function such
that £(t) = [fL(), fY(¢)] and @ > 0. The interval-valued Riemann-Liouville frac-
tional integral of order « for f is defined by (provided it exists)

t
3¢ f(t):= ﬁ/ﬁ (t—5)*"Lf(s)ds, t € J,
that is,
WSO =UEfEO0F PO 1 e,
Remark 5. In fact, operator J¥ has good properties, such as (more details ones can
refer to c.f. [28])if f,g e LP(J;R(I))and o, >0
@) w(ﬁ“f(t)) = I"‘w(f(t)) (see [28, Reamrk 5]);
i) 3¢(3} £(1)) = 37 f(1) (see [28, Reamrk 5));
(iii) 3¥cf(t)) = cj“f(t) for every ¢ € [0,00) (see [28, Reamrk 5]);
(iv) 3%(f +£)(D) = 3% £ (1) +I%g (1) (see [28, Reamrk 51);
(V) 33(f ©en 8)(1)) 237 (1) ©gn I7g(t) (see [28, Theorem 1]);

(i) J7(f Sem 8)(1) =T7 f (1) Ogn TFg(1), if w(f(l)) w(g (1)) has a con-
stant sign on J (see [28, Theorem 1]).
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Definition 13 ([28]). Let f € L(J;R(I)) be an interval-valued function such
that f(z) = [fL(t), fY(t)] and 0 < @ < 1. The interval-valued Riemann-Liouville
fractional derivative (or Riemann-Liouville gH-fractional derivative) of order « is
defined by (provided it exists)

Lov riy@) =@ (1)), ae.tel,
thus is,
L 1 ! ,
DY) = m(/o (t—s)_"‘f(s)ds) , ae. tel].
Remark 6. In this paper, we denote f1_q(¢) := J1™% f(¢)
fi—a(®) = ﬁfot(t —s) % f(s)ds, forallt € J.

Hence, it knows from [28] that if f € C(J; R(1)), then fj_ is absolutely continuous
and

(i) ifeither f is w-increasing on J or f is w-decreasing and fj—,, is w-increasing

on J then
Loe rt)y = [ED% fL(1).E DY Y (1)), forae. t € J; (3.1)
(i) if f1—g is w-decreasing on J then
Loe rt) = [ED% Y (1), E DY fL(1)], forae. t € J. (3.2)

Definition 14 ([28]). Let f € L(J;R(I)) be an interval-valued function such
that £(t) = [fL(¢), £Y (¢)] and the Riemann-Liouville gH-fractional derivative L’D‘;‘ f@),
o € (0,1], exists a.e. ¢t € J. The interval-valued Caputo fractional derivative (or Cap-
uto gH-fractional derivative) of order « € (0, 1] is defined by (provided it exists)

CoYf(t):=LDU f(t)Ogm f(0)], ae.teJ.

Next, the following partial ordering <7y will be introduced (see, Inuiguchi and
Kume in [ 1 1]; Wu in [44,45]).

Definition 15 ([11,44,45]). Let A = [aL,aY], B = [bL,bY] be two closed inter-
vals and f,g € C(J; R(I)) be two interval-valued functions.

(i) We say A <y B if and only if
at <bLanda¥ <Y,
Also It can be written as A <7y B if and only if
A=<py Band A # B,
thus is,

at <bL, al < bU;
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or ,aL < bL, av < bU;
or,aL <bL, a? §bU.
(i1) We say that f <py g if and only if
f() 2Lu g(t), Yt e J.

In the sequel, A <y y B also means B >y A. In fact, by the definition of <77,
the following lemmas can be obtain

Lemma 1. Let A,B,C,D € R(I) and t € R. Then, it has
(i) A= Bifandonlyif A<py Band B <ry A;
(i) if A<ry B, then A+ C <y B+C;
(i) if A=ry Band C <py D, then A+C <y B+ D;
(iv) if A=ry Bandt >0, thentA <py tB.

Lemma 2. Let f,g € C(J, R(1)) be two interval-valued functions with [ <py g,
e, f(t) <pru gt) foreacht € J. Then, for each « € (0, 1] we get

j‘txf(t) <LU J‘fg(t), foranyt e J. (3.3)
Proof. By the definition of J¢, it has
1 t 1 t t
B0 = 15 /0 (1= 9% f(s)ds = @[ /0 (t )21 £L(s5)ds, [0 (z—s)“—lfU(sms],
1 t 1 t t
W)= ey /0 (1 —5)* L g(s)ds = @[ fo (1 —5)* gL (5)ds. /0 (z—s)“—lgU<s)ds].

Because of fL(r) < gl(t), fY(t) <gV () forallt € J and (r —s)*~! > 0, which
can easily has (t — )* ' fL(t) < (t —$)* 1gl(@t) and (r —s5)* 1 fU (1) <
(t—5)%"1gU (1), hence

t t
/ (t =% fL(s)ds < [ (0 — )% gL (5)ds.
0 0

t t
/ (0 =) fU(s)ds < / (t —5)* g (s)ds.
0 0

thus is f(f (t—5)*"1 f(s)ds <Ly fé (t —s5)* " 1g(s)ds. Besides, it is immediate from
item (iv) of Lemma 1 that for each € (0, 1] it concludes 3% f(¢) <pv I¥g(t). Vt €
J. O

Lemma 3. Let f,g € C(J; R(1)) be two interval-valued functions with f <py g
and A € R(I). Then, for every a € (0, 1] the following results hold:

Ao (-1)-3% f(t) =Lv Ao (-1)-T¥g(t), YVt € J,
providing AS (—1)-3% f(t) and AS (—1)-3% g(t) are well-defined for each t € J.



EXISTENCE OF SOLUTIONS FOR FRACTIONAL INTERVAL-VALUED... 821

Proof. For each o € (0, 1], which has
WSO =17 0. 17 1 ).
e =178 0. 178 (0)).
By the assumptions and Lemma 2, which deduce
37 f() ZLu T7g(),
i.e., for every « € (0, 1],
1EfE@) < 18gh @y and 17 fU (1) < 188V (1), Ve e J. (3.4)
By the definition of Hukuhara difference, we obtain
Ao (=130 =la" +17 Y @).a" + 17 fE @),
Ao (=1)37g) =la" +17g" (1).a” + 17" (1)),
It follows from (3.4) that
al + It“fU(t) <al + It“gU(t) and
a’ + 1 fr0 =a? + 178" 0.

Which means that for each @ € (0, 1] ithas AS (—1)-3% f(¢t) <Lv A6 (—1)-T¢g(2),
Yield. ]

Lemmad. Let {f,} CC(J;R(I)) and g € C(J; R(I)). Assuming that { f,} sat-
isfies

fn ﬁLU g? Vn S N’
and f(t) converges to f(t) in R(I) for eacht € J, then which has f <ryu g.
Proof. For each n € N, because of f,, <y g then for all t € J we have

fu(®) 2L g(1),
thus is

S0 =gt@and 70 <g% ).
Dueto forallz € J, f,(t) = f(¢t)in R(I) as n — oo, this implies

Jim e (fa(0). f(0) = lim max{| £,/ () = fEOLILT O = 7O = 0.

Thereby, it can easily get for each t € J, fnL (t) > fE(t) and fnU (t)— fY@)inR
as n — 0o. Hence, for any ¢ € J we obtain

E0 = lim £ @) < gt ).
SO0 = lim f7(0) =g% ).

That means f <,y g. O
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Now the concept of monotone sequences will be introduced.

Definition 16. Let { f,} be an interval-valued functions sequence. The sequence
{fa} is said to be

(i) nondecreasing sequence iff,

Jn 2LU fm, forany m > n;
(i) nonincreasing sequence iff,

Sm 2LU fn, forany m > n;

(iii)) monotone sequence it is nondecreasing sequence or nonincreasing sequence.

Lemma 5. Let {f,} C C(J;R(I)) be a monotone sequence. If it has a sub-
sequence which convergent to f € C(J;R(1)), then {f,} converges to f in

C(J;R(1)) and
fn 2ru [ if{fn} is nondecreasing,
S 2Lu fu if {fu} is nonincreasing.

Proof. According to the hypothesises, assuming that there is a subsequence { f,, }
of { f,} convergent to f. Then, for any € > O there exists a kg € N such that

||fn—f||€=Su§«7€(fnk(f),f(f))<6, Vk = ko. (3.5
te

Because { f,} is monotone. Hence, real valued function sequences { fnL (1)} and
{ fnU (z)} have the same monotonicity in R. However, using the condition of (3.5),
we know that for each t € J

fE@) - fE@ iR,
ey - Y@ inR.

Which means that L (¢) and fY(¢) are supremum of { fnL (t)} and { fnU (1)}, re-
spectively, provided { f,} is nondecreasing; however if { f,} is nonincreasing then
fL(t) and fY(r) are both infremum of { fnL ()} and { fnU ()} (depending on the
nondecreasing or nonincreasing character of the sequence, see [43]). Besides, for
any n € N we can find k* € N such that ng« > n, fnl;(* () e {fn]; (z)} and fn(i* (t) e

{ fn[i (1)} satisfied
LE@ < fpE < P and 17 @) < £, < £Y(@0) if { f} is nondecreasing,
SE@ = fE = fr@and 7@ = £, = fY@0) if { £} is nonincreasing.
That implies for eachn € N

Jfn Zru f if { f»} is nondecreasing,
f =2Lu fuif { fu} is nonincreasing.
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On the other hand, for each m € N such that m > ny, (see (3.5)) we have
fnko <LU fm 2ru f if {fu} is nondecreasing,
f 2LU fm 2LU fuy, if {fn} is nonincreasing.

So, it follows from (3.5) that
| fm = flle = Sugﬂ’(fm(t), f@) = suge%(fnko (1), f(1)) <e.
te te

This concludes that { f;,} converges to f in C(J; R(1)). O

4. MAIN RESULTS

In this section, we shall investigate the existence of solutions for IVCFDE) (1.1).
To do so, the existence of solutions for interval-valued fractional integral equation
(IVFIE, for short) will be considered firstly

x(t)Sgmxo =737 f(t.x(1)), t€J, 4.1)
by method of upper and lower solutions.

Remark 7. Indeed, if x € C(J; R(1)) is such that w(x(¢)) > w(x(0)) forallz € J,
then (4.1) becomes the type I as

x(1) —xo—i—m/ (t—5)*"1 f(s.x(s))ds, t € J. 4.2)

However, when x € C(J; R(1)) satisfies w(x(¢)) < w(x(0)) forall ¢ € J, then (4.1)
can be written type Il by

x(t) =x00(~1)- m/( )% f(s,x(s))ds, t € J. 4.3)

In particularly, if x € C(J; R(I)) is w-increasing then (4.1) can be written as (4.2).
On the other hand, (4.1) also can be written as (4.3), when x € C(J;R(I)) is w-
decreasing.

Now the definition of upper and lower solutions for problem (4.1) will be given,
which plays an essential role in this paper.

Definition 17. Let (x;,x1) e C(J; R(1))xC(J;R(I)) and (x,,X2) € C(J; R(])) x
C(J; R(I)) be two pair given functions. It says that

(i) x; and X1 are upper and lower solutions of the type I for problem (4.1),
respectively, if

t
X1(t) =Lu xo+ %05)/0 (t—5)*"L f(s.X1(s))ds, t € J,
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and
1
I'(a)

(i1) x, and x5 are upper and lower solutions of the type II for problem (4.1),
respectively, if

/t(f—s)a_lf(s,&(s))ds, reld,
0

x,(t) ZLvu xo+

t
T2(0) 220 %06 (-1 —— [ (1 —9)* ! f(s. Ta(s))ds. 1 € J.

I'(a) Jo
and
1 t
X,(t) 2Lu xoe(—l)-m/o (t—5)*"1 f(s.x,(s))ds, t € J,

providing xo © (—1) - % fé (t—5)*"1 f(5,%2(s))ds and xo © (—1) - ﬁ
fé (t — )% f(s,x,(s5))ds are well-defined for each ¢ € J.

Definition 18. Let (x;,X1) and (x,,X2) be a pair of upper and lower solutions of
the type I and type II for problem (4.1), respectively. The admissible sets U; and U,
of solutions for problem (4.1) governed by (x,,X1) and (x,,X2) respectively, which
are defined as

Uy := {x €C(J;R(I)): x; 2pu x =Ly X1 and x is a type I solution 0f(4.1)%,

Uy = {x €C(J;R(1)): x, =pu x XLy X2 and x is a type II solution of(4.1)} .

Based on the partial ordering <77, we now consider the concepts of maximal and
minimal solutions in admissible sets U; and U,.

Definition 19. Let admissible sets U and U, be governed by (x;,X1) and (x,,X2),
respectively. It says that
(i) x : J — R(I) is a solution of (4.1) depended on (x,,X1) or (x,,X2), if
xe Ui UlUy;
(i1) xps € U; (resp. U,) is a maximal solution of problem (4.1) in U; (resp. U,),
if
X 2Ly xpm, foreach x € Uj (resp. Uj);

(iii) xz, € Up (resp. Us) is a minimal solution of problem (4.1) in U; (resp. U,),
if
xr, 2Ly x, foreach x € Uj (resp. U).

Then, we illustrate the existence of solutions for (4.1) delimited by a pair of upper
and lower solutions.
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Theorem 4. Let f € C(J x R(1); R(1)) be given. Assuming that one of the fol-
lowing conditions holds:

(A1) There exists a pair of upper and lower solutions (x;,X1) of type I for problem
(4.1) such that

X, 2LU X1,

and f(t,-) : [mingey ilL (1), maxsey f? ()] = R(1) is nondecreasing for all
ted,ie forany A,B € R(I) with A <py B then f(t,A) <rv f(t,B) for
allt € J.

(A2) There exists a pair of upper and lower solutions (x,,X2) of type II for prob-
lem (4.1) such that

X, LU X2,

which is also the sequences satisfied

Yo :£2’
{ Yn+1 =Xo@(—l)-ﬁfé(t—s)“‘lf(s,yn(s))ds, teJ, n=0,1,2,---,

and
{ Zo = X2,

in+1 :xOe(_1).%f(;(l‘_s)a_lf(svzil(s))ds’ re Jv n :0’1v2"“ s

They are well-defined, for all t € J, and f(t,-) : [minsey 1%([),maxtej fgj ®)] —
R([I) is nondecreasing for allt € J.

Then there exist maximal and minimal solutions xpr,xy, € Uy in the case (A1) (or
xp,xr € Uy in the case (Ap)) satisfied for (4.1).

Proof. For one thing, we assume that (A) satisfied, then construct the sequence
{Vn = as follows

yO =£1’

yn+1(t)—x0+m/ (t =)%Y f(s,yn(s))ds, YVt € J andn =0,1,2,-

For another, constructing another sequence {z, }5° , also as

20 = X1,

Zn+1(t) = xo—i-m/ (t =) f(s,2n(s))ds, YVt € J andn = 1,2,

Then, we have the next claims.
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Claim 1. The sequences {yn}n—q and {Zn}ne are both satisfied the following
relationship

X1=Y0 2LUu Y1 20U " 2LU Yn 20U " ZLU Zn 2LU - 2LU 21 2LU 20 = X1.
4.4)

To do so, we start with proving that {y, }>2 is nondecreasing sequence and satis-
fies

Yn 2LU 20, n=0,1,---

By (A1), ithas x; = yo <Lv zo = X1. However, for n = 0, since yo = x is a lower
solution of type I for problem (4.1) then

y1(2) —xo—i—m/ (t =)L f(s,v0(s))ds >=ru vo, YVt € J.

On the other hand, because f(¢,-) : [min;ey £1L (t),max;cy 71 (t)] — R(I) is non-
decreasing for each t € J, then we readily get

f(s,y0(5)) =ru f(s.20(s)), Vs €[0,2], t € J.

It is of course immediate from Lemma 2 and (ii) of Lemma 1 that

y1(?)
0+m / (0 — )% £(5. yo(s))ds
<Ly xo+ T) / (1 =) £(5.20(s))ds

<rvu zo(t), Yt € J.
That implies yo XrLv y1 <LuU Zo- Now, applying the inductive method
Yn—1 2LU Yn 2LU Zo- (4.5)
Hence, obtain that for eacht € J

t
Yn(t) = xﬁm / (6 =) £ (5. Y1 (5))ds.

=0+ s [ =9 s s,
Due to the nondecreasing property of f and y,—1 <ru Va, then we apply Lemma 1
and Lemma 2 again to obtain by (4.5)

Yn 2LU Yn+1 2LU Zo0-

By the same arguments, one implies that yo <p v Zn+1 LU Zn <LU Zo0, for each
n=0,1,2,---
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To finish the proof of this claim, we need to show y, <ru z, for all n € N.
The induction can also be used to prove this conclusion. When n = 0, it is obvious
X; = Yo 2LU Zo = X1 thanks to (41). So, assuming that

Yn ZLU Zn- 4.6)
Then, by the definitions of y, 4 and z,41, It has

yn+1<z>—xo+m f (0= )% £ (5, yn(5))ds,

Zn+1(f)—xo+m [ (0= )% £(5.20(s))ds.

Similarly, we obtain

Yn+1 LU Zn+1,

because f is nondecreasing with respect to the second variable and (4.6). Con-
sequently, the proof of claim finished.

Claim 2. {y,} and {z,} are relatively compact in C(J; R(I)).

By Claim 1 and the continuity of f, we know that {y,(¢)} and {z,(¢)} are both
bounded in R(I) for each ¢ € J. Then, it deduces that there exists a constant My > 0
such that foreachn e Nandt € J

H(f(t.yn(1)).{0}) = My, H(f(1.2a(1)).{0}) < My.

For each n € N and V¢ € J, we have the following estimate

9 (n+1(t). x0) = (xo+— / (1 =) £ (5. yn(s))ds. xo)

_ a1
( rs [ =9 6 nonas. o))

o / (0= )% H(f (5. yu(5)). 10})ds

a—1 MfTa
—F()/“ S = Ry

which means that {y,} is uniformly bounded. In addition, for any #;,#,; € J, without
loss of generality we assume #; < f,, then calculate

H(yn+1(11), yn+1(12))

31
iy (Xo + %a) /0 (11— )% (s, ya(s))ds.x0 47

1 2 a—1
s /O (tr—s) f(s,yn<s))ds)
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= (F( )/ (tl—S)a lf(s yn(S))dS F( )/ (tr — )a lf(s yn(S))dS)

- F(la) ( / (11 =5)*7" f (5. yn(5))ds. (tz—S)a_lf(S»yn(S))ds)
_L X ” _aa—1 L — " —s)* "l fL
F(a)ma { /0 (L2 =) [ (s, yn(s))ds /0 (1 =8)" f7(s. yn(5))ds ).

t
‘ (rz—s>“—1fU(s,yn<s>)ds— / (t1—5)* " Y (s, yn(s))ds
0 0

M 5] %]
< )( /0 (11— )% = (12— )% |ds + / (rz—s>°‘-1ds)

L( — 15 +2(tr—t )“) —0,as [ty —12] =0

INCES) 2 2—Ih , 1—12 .

This means that {y,} is equicontinuous in C(J; R(I)). Therefore, utilizing Arzela-
Ascoli Theorem (see [46]) it concludes that {y,, } is relatively compact in C(J; R(1)).
Similarly, we can also get that {z,} is relatively compact in C(J; R(1)).

By virtue of Claim | and Claim 2, it knows that {y, } and {z,} are monotone and
relatively compact. Thereby, applying Lemma 5 that {y,} and {z,} are two Cauchy
sequences, i.e., there exists continuous functions xz, and xps such that {y,} and {z,}
converge uniformly to x7 and xps in C(J; R(I)), respectively. Hence, we readily
obtain for each t € J

|

n(:)—xﬁm / (0 — )% f(s.x1.(5))ds.

XM(t)—XOer / (0 — )% £ (5,001 (5))ds.

Also, according to Lemma 4 and Lemma 5, ithas x; <rv XL <Lv XM ZLU X1,
i.e., xp,xpy € Uy. Furthermore, we get that x7 and x3s are minimal and maximal
solutions in Uy, respectively. Assuming that x € U; then, it has

X1 LU X 2LU X1.

Since f is nondecreasing, then using the similar methods, we obtain y; <py
X <Ly z1. So, that inducts

X1 2LU Yn 2LU X 2LU Zn LU X1, foreachn € N. (4.8)
Taking limits as n — oo into (4.8), one yields
X1 2Lu XL 2Lu X 2Lu XM LU X1.

That finishes the proof, when (A1) is satisfied.
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However, if (A2) holds. Then, it can also be written as yo = x,, Zo = X2 and then
construct sequences {y, } and {z,} as follows

Yna1() = X0 (=1)- m [ (6= )% £ (5. yn(s))ds.

Zn1(0) = X0 (=1)- T) [ (6= )% £(5.2n(s))ds.

By the same arguments of the previous part, we assert that
Xy =Y0 2LU Y1 2LU *** 2LU Yn 2LU *** 2LU Zn ZLU " 2LU 21 2LU 20 = X2.
Following the same trend above in addition to Lemma 3 to prove the theorem. g

Theorem 5. Let f : J x R(I) — R(I) be a continuous interval-valued function.
Then a w-monotone interval-valued function x € C(J; R(1)) is a solution of (IVFIE)
(4.1) then it also satisfies (IVCFDE) (1.1).

Proof. Let x € C(J; R(I)) be a w-monotone solution of (IVFIE) (4.1), then it can
be written as

x(t) ©gm xo =737 f(t,x(1)), YVt € J.

By the continuity of f, we easily get that fL(¢,x(t)) and fY(t,x(z)) are both
continuous. Then, t — I} f Lt,x(t)) and t — 17 f U(t,x(t)) are absolutely con-
tinuous on J, i.e., J¥ f(¢) is absolutely continuous by Proposition 2. Hence, it
has x(0) ©gg xo = 0, thus is x(0) = xo. Since x is w-monotone on J then it
follows from [7, Lemma 1] that x(7) ©¢p Xxo is w-increasing on J. Therefore
t = 3% f(t,x(t)) is also w-increasing and

% f(tx(0) =& fE@x@). 18 Y1 x (1)), Vi € J.
Hence,
CDUIYf(t.x(1)) = LDYIL f(t.x(1)) Ogr (3% f (. x(1))|1=0)]
= LDY[IY f(t.x(t)) Ogm {0}]
=Lo¥32 f(1.x(1))
=Loer® fLe,x@), 18 Y (1,x (1))
dt BUE SR x ) 17 Y x (0)]
= E[I:—“l;"fL(z,x(z»,I}—“l;"f”(z,x(n)]
d t t
- EUO fL(s,x(s))ds,/O fU(s,x(s))ds]

=[5 x@), fY @ x@)]
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= f(t,x(t)) forae. t € J. 4.9)

On the other hand, applying Theorem 2 it directly obtains that

CDY[x(1) Sgn xo]

=D [(x (1) S g x0) Ot (x(1) ©ghr Xol1=0)]

=LDY[(x(t) ©gh x0) O {0}]

= 1D [x(1) ©gn xo]

=LY [x(1) ©gn x(0)]

=CD% (1), forae. t € J. (4.10)
Combining (4.9) with (4.10) it concludes

C@‘t"x(t) = f(t,x(t)), forae. t € J,
x(0) = xo.

This means that x € C(J; R(1)) is a solution of IVCFDE) (1.1). O
Now, we denote U as the solution set of IVCFDE) (1.1).

Theorem 6. Assuming that the same hypothesises as in Theorem 4 hold. If, in
addition, t — 3% f(t,x(t)) is w-increasing, for each x| <py x <Ly X1 (or X, Xpu
X 21U X2). Then, it has Uy C U (or Uy C U), thus is (IVCFDE) (1.1) has at least
one w-monotone solution.

Proof. By the assumptions, if (A1) is satisfied, then we know that U; # @. For
any x € Uy, thus is

t
x(t)=x0+ %oz)/(; (t—5)*"1 f(s.x(s))ds, Yt € J.

Hence, it calculate

w(x (1)) = w(xo) + w(37 f(t,x(1))).

Therefore, x is w-increasing, because ¢ — J¢ f(¢,x(¢)) is w-increasing, for each

X1 =Lu x Zru X1. Consequently, applying Theorem 5 we conclude that x is also a
solution of IVCFDE) (1.1). This means U; C U.

Similarly, when (A3) holds, we also get that for each x € U,, x is w-decreasing.
So, applying Theorem 5 again, it implies U, C U. O

5. NUMERICAL EXAMPLES

In this section, we mainly use foregoing analysis to present some simple examples
to solve the interval-valued Caputo fractional differential equation.
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Example 1. Consider the following interval-valued Caputo fractional differential
equation

D} () =5
x(0) = [0, 1].

3 1
f/;’z —t2+xL(t),%;t2 —1—14+xY (@), 1 €[0, 3], (5.1)

Proof. Denote f(1,x(1)) = [35= t2 12 + xL(r), —t2 t—1+xY@0), t e

[0, 2]. In this probelm, we just dlscuss

1L 8 3 2 1 1
)= 32 1212+ xL@), —rz—t—1+xY @), r€[0,=]. (5.2
x(t) = xo+ t[3ﬁ +x ()ﬁ +x7(2)] [ 2] (5.2)
Letx; = [0,1], %1 = [t2+1¢3,1+¢+¢?] and
7
B = t t 0,-|.
! [t;fa%lsﬁl“ ?aésﬁl“} [4}

By the form of f, we readily get f is continuous and nondecreasing in B with
respect to the second variable. Also, x; <y X1, this means that all conditions of
(A7) in Theorem 4 are satisfied. So, it constructs the sequences {y,} and {z,} as
follows

yo:&l’
1 t 1
Vn+1 | E—=5)"2f(s,yn(s))ds,
F(f) 0
and
Z0 X1

1 ! _1
tnir =0+ o [ (=57 62 (5)ds.
F(E) 0
By Theorem 4, it knows that y, — xr in C([0,0.5];R(1)) and z, — xp in
C([0,0.5]; R(1)). In fact, may calculate that
xp(t) = xp(t) = x(t) = [t2,1+1], t €[0,0.5].

However, w(x(¢)) = 1 4+t —t? is w-increasing on [0,0.5] then by Theorem 5, we
conclude that x is a solution of (5.1). Moreover, by applying the numerical scheme
described in the previous processes, we obtain Fig. 1 and Table 1. O

Example 2. Consider the following interval-valued Caputo fractional differential
equation

C©2x(z)_[
x(0) =[0,1].

tz —t+xL(), —t2—t2—l+x (0],

(5.3)
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FIGURE 1. A plotof y; and z;, k =0,1,2,3,4, 10, for Example 1

TABLE 1. Error Analysis

Iterations
Absolute Error n=>5 n =10 n=15 n=20

SUp, fo.0.5] [VE () —xE (1) [2.60x107% 590x107¢ 538x107° 2.52x107 12
sup,epo.0.5 1Y () —xV (@) | 1.04x1072 3.84x107° 4.84x107% 2.90x 10!
SUp,cpo.0.51 125 () —xE(1)] | 3.91x107* 5.90x1077 4.04x10710 1.51x107!3
sup;ero.0.5 125 () —xY ()| | 736x107% 1.67x10™>  1.52x107%  7.14x 1072

3 1
Proof. Let f(t,x(1)):= [%tz —t+xL(t),%Etz —12—1+xY()]. tel0.3]. 1€
[0,0.5]. For problem (5.3), we just discuss

=D
r'(3)
Consider the upper and lower solutions of (5.4) as

X,(r) =[0.1],

Xo(t) =[t +12 141> +13).

X(t) = x0© fot(z —$)72 £(s,x(s))ds, € [0,0.5]. (5.4)

We may verify that all condition of (A2) in Theorem 4 also hold. Consequently, it
constructs the sequences {y,} and {z,} as follows

1
r ()

t 1
a1 (6) = X0 8 (~1)- /0 (t =53 £(s.ym(5))ds.
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1
rd
It directly calculate that y, — [t,t2 4+ 1] and 2, — [t.t%2 4+ 1]. So, x(¢) = [t.t%> + 1]
is a solution of (5.4). Besides, w(x(t)) = 1 + 1% —¢ is w-decreasing, then applying

Theorem 5 again to obtain that x is also a solution of (5.3). In addition, we also
obtain Fig. 2 and Table 2. g

¢ 1
Zn1() = X0 (=1)- /O (t =)™ f(5.2a(5))ds.

000"
00000900 99R99E

FIGURE 2. A plotof y; and zg, k =0,1,2,3,4,10, for Example 2

TABLE 2. Error Analysis

Iterations
Absolute Error n=>5 n=10 n=15 n=20

sup;cfo.0.5] [V () —xE(@)] [ 1.04x1072 3.84x107> 2.15x1078 2.90x 107!
sup,efo.0.5 vy () —xY (@) | 1.04x1072 236x107° 4.82x1078 1.01x 107!
SUp;efo.0.5] 125 (1) —xE(0)] | 3.13x1073 1.18x107° 3.23x107° 5.05x 10712
SUp;cfo.0.51 125 () —xY (@) | 2.60x1073 2.36x107° 538x10~° 6.06x107"
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