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Abstract. In this article we construct a Durrmeyer modification of the operators introduced by
Chen et al. in [10] based on a non-negative real parameter. We establish local approximation,
global approximation, Voronovskaja type asymptotic theorem. The rate of convergence for dif-
ferentiable functions whose derivatives are of bounded variation is also obtained.
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1. INTRODUCTION

The approximation theory by linear positive operators investigates how the func-
tions can be best approximated by simpler functions. The most famous basic result
for convergence of linear positive operators is due to Weierstrass who introduced an
important theorem named Weierstrass’ approximation theorem. At lastin 1912 Bern-
stein introduced the most famous algebraic polynomials B, ( f;x) in approximation
theory in order to give a constructive proof of Weierstrass’ theorem, which are given
by

- k
Bn(f;x) = an,k(x)f (;) » X € [0,1],

k=0

where p, r(x) = xk(l —x)”_k and he proved that if f € C[0, 1] then B,(f;x)

n
k
converges uniformly to f(x) in [0, 1].

The Bernstein operators have been used in many branches of mathematics and
computer science. Due to their useful structure, Bernstein polynomials and their
modifications have been intensively studied. Among other papers, we refer the read-
ersto [3,7,9,13,23,25].
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For f € CJ0,1], Chen et al. in [10] introduced a generalization of the Bernstein
operators based on a non-negative parameter o (0 < o < 1) as follows:

rOn =Y rms (). xelo (L
k=0
where
P () =
n—2 n—2 n k—1 n—k—1
|:( i )(1 —a)x + (k—Z) 1-a)(1—x)+ (k)ax(l —x):| X (1 —x)
(1.2)

and n > 2. They proved the rate of convergence, Voronovskaja type asymptotic for-
mula and shape preserving properties for these operators. For the special case, @ = 1,
these operators reduce the well-known Bernstein operators.

The Durrmeyer type modification of the operators is a method to approximate
the Lebesgue integrable functions. For this aim, many researchers have studied in
this direction. Gupta and Rassias [18] introduced the Lupas-Durrmeyer type operat-
ors based on Polya distribution and established asymptotic approximation, local and
global results. Goyal et al. [14] considered a one parameter family of Baskakov-
Szasz type operators and studied quantitative convergence theorems for these op-
erators. Gupta et al. [16] introduced hybrid operators involving inverse Polya-
Eggenberger distribution and studied degree of approximation of these operators
which include global approximation and uniform convergence. Very recently, Acu
and Gupta [15] defined a summation-integral type operators depending on two para-
meters and discussed some approximation results e.g. local approximation, Voro-
novskaja type asymtotic theorem and weighted approximation of these operators.
In the literature survey, several authors have studied the approximation behavior of
mixed hybrid operators (cf. [1,2,4-6,8,17,19-21]).

Inspired by their work, for f € CJ[0, 1] we define the following Durrmeyer type
modification of the operators (1.1) as:

n 1
D@(fix) =+ p ) /0 Pk fOdt, xel1].  (13)
k=0

The purpose of this paper is to study the Voronovskaja type theorem, local approxim-
ation, pointwise estimates and global approximation results for these operators (1.3).
The rate of convergence for differentiable functions whose derivatives are of bounded
variation is also obtained.

2. BASIC RESULTS

In what follows let || - || denote the uniform norm on C [0, 1].
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Lete; =t',i € NU{0}. By simple computation, we get

nik +1)!

K'(n+i+1)! @D

1
[ (Ot di =
0

In order to prove the main results, we will show some lemmas in this section. We
need the following auxiliary results.

Lemma 1 ([10]). For the operators T,,(a)(f;x), we have
(@) T?(eo:x) = 1;
(i) T (e1;x) = x;
2(1—
(i) T4 ez ) = 22+ 202y

n
N 3(n+ 2(21 —a)) 221

(iv) T4 (e3:x) = x3 —x)
+wx(1 —x)(1—2x);
) T earx) = ot + VI20ZD 2y
+4("L(31_“))x2(1 —x)(1—2x)
(Bnn=2)+12n—6)(1—a))x(1—x)+ (n+ 14(1 —)))
+ pr x(1—x).
Lemma 2. For the operators D,(,a) (f;x), we have
(i) Dy (eo;x) = 1;
.. @, .\ 1—2x
(i) Dy “(e1;x) =x+ n+2)
2x2(@—3n—4) 2xQ2n—a+1) 2

(i) DI (e2:x) = x2 +

42 +3) | i+2)(n+3)  n+2)(n+3)’

3 - — J—
(iv) D,(l“)(e3;x):x3+6x (—n(5+2n—a)—2(1+a))

nm+2)(n+3)(n+4)
3x2(n(Bn —2a—1) + 10(a — 1)) 18x(n—a+1)
(n +62)(n+3)(n+4) n+2)(n+3)(n+4)

+(n+2)(n+3)(n+j);
@, .on_ 4, X (—4n+3)(16+n(3+5n)) + 12a(n —3)(n —2))
(V) Dn(eaix) = x4+ (1 +2)(n+3)(n+4)(n+5)
4x3(n—2)(n(4n —3a —1)+33(a—1))
(n+2)(n+3)(n+4)(n+>5)




322 ARUN KAJLA AND TUNCER ACAR

24x2 (n+3n%+ 14(a — 1) — 4na) 48x(2n —3a + 3)
n+2)(n —12—43)(n+4)(n+5) nm+2)n+3)(n+4d)(n+5)

+ .
n+2)n+3)(n+4)(n+5)
Proof. This lemma follows easily applying Lemma 1 and relation (2.1). Hence the

details are omitted. O

Lemma 3. From Lemma 2, we get
S op@ oy 122

D r— ) = x>

(i) Dp ' (t—x;x) 12

n
) D@ (1 _ )2 _ 2x(I=x)(n—a—2) 2 '
() Dy (= x)%x) = 0+ +3)  m+2)@+3)
o @, ndl oy 12X (x—=2)(n(n—20—19) 4+ 46 — 36)
WD) D =) x) = e 3 )+ D) (1 £ 5)
12x2 (n(n —2a —25) + 58 — 38) 24x(3n —6a + 1)
(n+2)(n—52)(n+4)(n+5) nm+2)n+3)n+4)(n+5)

+ n+2)(n+3)(n+4)(n+5)
Lemma 4. For f € C[0,1], we have [D®(f:)] < | fII.

Proof. From definition (1.3) and Lemma 2, we have
n 1
1D = 0D Y 290 [ pusolF )l
k=0

<1/ 1D (eo:x) = | f1I.

O
Lemma 5. Forn € N, we have
2y2(x)
D(oe) [ — 2; < n ,
(-0 = B

where y2(x) = ¢?(x) + (n-}-Z) and ¢?(x) = x(1 —x).
Proof. This result is obtained by straightforward computation, but the details are
omitted. O

Remark 1. Let O3 := D,(la)((t —x)™;x),m = 1,2,4 be the central moments of

D | we get
lim n @%!(x) = 1-2x,
n—>oo

. o2 _ _
nli)n;on 0,7 (x) =2x(1—-x),
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c 2 ad N 19,2 2
lim n* ®;"(x) = 12x~(1 —x)~.
n—oo

3. BASIC CONVERGENCE THEOREM

Theorem 1. Suppose that f € C[0,1] and « € [0,1]. Then lim D®(f:x) =
n—-oo
f(x), uniformly in [0, 1].
Proof. Applying Lemma 2, D,g“)(eo;x) =1, D,(,“) (e1;x) — x, D,(,“)(ez;x) — x?
as n — oo, uniformly in [0,1]. By the well-known Bohman-Korovkin theorem, it
follows that D,(,a)(f;x) — f(x) as n — oo, uniformly in [0, 1]. g

4. LoCAL APPROXIMATION
The K-functional is given by :

K>(f.8) = inf{|| f —gll +8llg"Il : g € W?} (8 > 0),

where W2 = {g:g” € C[0,1]} and ||.|| is the uniform norm on C[0, 1]. By [! 1] there
exists a positive constant M > 0 such that

K2(f.8) < Mwa(f,5). 4.1)

where the second order modulus of continuity for f € C[0, 1] is defined as

w2 (f,V/8) = sup sup | f(x+2h) =2f(x + 1)+ f(x)].

0<h<+/8 X,x+2h€[0,1]
We define the usual modulus of continuity for f € C[0, 1] as

w(f.8) = sup sup [ f(x+h)— f(x)l.

0<h<6 x,x+he[0,1]

Theorem 2. For the operators D,(,a) , there exists a constant M > 0 such that

| DS (f3) = f(x) | Mo (£, (1 +2) 7 zynm)““(f’ Inf; )

where f € C[0,1], @ €[0,1], y2(x) = ¢?(x) + (n—iz) and x € [0,1].
Proof. We define the auxiliary operators as follows:

DO (fix) = DO (fix) 4 f()— f (”x + 1).
n—+2

Then, we can easily check that
Eia)(l;x) =1 and Efla)(t;x) = X.

Let g € W2 and ¢ € [0, 1]. By Taylor’s expansion we have

t
g(0) = g(0) + (1 — )¢ (x) + / (t —u)g" (w)du.
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Applying the operator 55:1) on both sides of the above relation, we may write

t
D (g:x) = g(x) + D ( / (t —u)g”(u)du)

t
=gu)+D$>(/(p—mg%mdmx)

nx—+1
n+2) 1
—/ (nx—|— —u) g"(w)du.
X n+2

)

" (w)|du

Hence

t
D, (g:0) () | < D,‘,"‘)( / [t —ullg”()ldu
X

nx+1
/(n+2)
X

2
< §D,$°‘>(<z_x)2;x>+(”x“ x) }||g”||

nx+1

+ n+2

—Uu

n+2
2
_ (@) 2. 1-2x "
D@+ (55 ) Tl @2

From Lemma 5, we have

1-2x)? 2 1-2x)2
D(Cl) t_ 2; < 2
©w-xrio+ (155) =g+ (i
1
2
<
- (n+2)y"(x)+ (n+2)2
3 2
< . 4.3
< (n+2)yn(X) (4.3)
Thus, by (4.2) we have
() 2 "
D 3X)— < , 4.4
1D, (020 1= ool @4
where x € [0, 1]. Furthermore, by Lemma 4, we have
NG
1D, (f120) | <3111, 45)

forall f € C[0,1] and x € [0,1].
Now, for f € C[0,1] and g € W2, using (4.4) and (4.5) we obtain that

—(@) (nx+1)_f(x)

| DR (0= ) 12 Dy (f10) = f) + f (75
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|D (f gx)|+|D (gx) g+ g(x) — f(x)]
‘f(nx—kl) e )‘

ool +o (£ 2=2]).

1—2x
n+21)’

which completes the proof. O

3
<4llf ~gll+ oo

Taking the infimum on the right hand side over all g € W2, we get

| DI (fix) = f(x) | < 4K2 (ﬁ = iz) y,%(x)) +o (ﬁ —

n—+2
Now considering the relation (4.1), we obtain

|D’5a)(f;x)—f()€) |§Ma)2 (f?(n+2)_l/2yn(X))+w( '

Leta; > 0, a > 0 and let us now consider the Lipschitz-type space [24]:

Liph(p =17 econ: 1o - reo < m— =’ p;x,rem,l)},
(t—l—alxz—i-azx)i

where p € (0, 1].
Theorem 3. Let f € Lipy,(p). Then, for all x € (0,1], we have

a1x24+asx

Ha,2 g
ID@(fix)— f(x)| < M (O—(x)) ,

where ©%2(x) = DI ((t — x)2: x).

Proof. First, we show the result for the case p = 1. We may write

1
DI (f:1x) - f(X)|<(n+1)Zp(“)(x) fo |f() = f(x)|dt

@) |t — x|
<Mm+1) E P, (x)/ Pni(t) dt.
ok V(t+aix?2+asx)
. 1 1
Using the fact that < and the Cauchy-Schwarz

Vit +ax2+axx) /(a1x2+asx)
inequality, we have

ID,‘,"‘)(f;x)—f(x)l_\/%z (“)(x)/ POt —x|dt
1 2
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M O?
R (I
V(a1x%2+asx) a1x%+arx

hence the result is obtained for p = 1. Now, we prove the theorem for the case

0 < p < 1. By the Holder’s inequality with p = /lo andq = 1= p, we get

1
D (f:x)— f(X)|<(n+1)Zp(°‘)(x) /0 Page O£ ()= f(x)ldt

D=

1 P
) ((n +n [ pn,k(r>|f(r>—f(x)|dz) }

A
~

=0

< (n+1)Zp(“)(x)/ Pa k(1S (0) = f(x)lﬂdts
k=0

_ o
< M{(n—i— I)ZP(“)(X)/ P )\/(t+|cilx)26|+a2x)dt}

1 Iy
(n+1) Zp“”(x)/o pn,k<z>|r—x|dr}

08 )3

ar1x2+asx

< et
(a1x? +a2x)2

M

D@ (s — X)) <M
" (a1x2+azx) (Do =xl0) < (

Lo
2
Thus, the proof is completed. O

Next, we study the local direct estimate of the operators defined in (1.3) applying
the Lipschitz-type maximal function of order p given by Lenze [22] as

wo(fix) = sup M, x €10,1] and p € (0,1]. (4.6)

t#x, tefo,1] [T —x|P

Theorem 4. Let f € C[0,1] and 0 < p < 1. Then, for all x € [0, 1], we have

ID@(f1x)— f(0)] < Bplfix ){ yn<x>}2

(n+2)

Proof. In view of (4.6), we have

| ()= fO)] =@p(fix)]t —x|°

and

DD (fix) = f(x)] < DD f(0) = f(x)]:x) < Bp(f,x) D (|t —x[°;x).
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2 1 1
Now, applying the Holder’s inequality with p = — and — = 1 — —, we have
P q p

IDE(f13) = F(0)] < Bp(£,3) DIt = )% x)
2
n+2)

sapmx){ y,foc)} .

5. GLOBAL APPROXIMATION
Let f € C[0,1] and ¢(x) = {/x(1 —x),x € [0, 1]. The second order Ditzian-Totik
modulus of smoothness and corresponding K -functional are given by, respectively,
W§ (V8 = sup sup | fx+he(x) =21 (x) + f(x —ho(x)) |.
0<h<+/§ xtho(x)€[0.1]
K000 (f:8) = inf{|| f — gl +8ll¢*g"|| + 8|1g"l : g € W ()}, (8 > 0),

where W2(p) = {g € C[0,1]: g’ € AC},c[0,1],9%g"” € C[0,1]} and g’ € AC,[0,1]
means that g is differentiable and g’ is absolutely continuous on every closed interval
[a,b] C (0,1). It is known ([12], Theorem 1.3.1) that there exists a positive constant
M > 0, such that

Ka.p0)(f.8) < MoS (f,V/5). (5.1)

Also, the Ditzian-Totik modulus of first order is given by

C‘)—W)(f’ 8) = sup sup
0<h<é x:l:%llf(x)e[ml]

h h
7 (v o) =7 (x=5vw)).
where ¥ : [0, 1] — R is an admissible step-weight function.
Now we state our next main result.
Theorem 5. Let f € C[0,1] and 0 <« < 1. Then, for x € [0, 1],

1D f = fll < Mo§ (£ +2) D)+ oy (fn+2D ) +o (f:(0+2)7Y),

1—2x x€e[0,1/2]

where ¢*(x) = x (1 —x) and ¥ (x) = { 2x—1 xe€[l/2,1] °

Proof. We consider the auxiliary operators as follows:

DO(fix) = DO (fix) 4 f()— f (”x * 1).
n+2
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Let g € W2(gp) then by using Taylor’s expansion of g, on proceeding as in the proof
of Theorem 2, we obtain that

t
—(a)
“(g;x>—g<x)|sD,$“’( / |t —ullg” (u)|du
X
1
nx —ullg”(u)|du. (5.2)

nx—+1
(n+2)
+
x n+2

Setting u = Bx + (1— )z, B € [0, 1], and also applying the concavity of 2, we have
t—ul _ Bli—x| _ Bli=x| _|t-x]
va@)  yi(Bx+(1=B)t) T yp(x)B+yi()(1—B) T yz(x)

Thus, inequality (5.2), in view of (5.3) leads us to

t|t_“| ) 2
——dul,x ) ||ly;g"|l
y2(u)
w2 N
4 / g | n2e
x )/,%(u)

_ 2
e | D8 -0+ (55 ) | 59

| D

(5.3)

du

1D (gix)—g(0) | <D<°‘>(

2( )
Now, using inequality (4.3), we get

- (@)

| Dy "(g:x) —g(x) | = el

)
n+2)"n8

3 2 1 1 Vi
< o (1711 i)
Applying (4.5) and (5.4), we have for f € CJ0, 1]
| DS (f:ix)= f() | <I D (f —g.%) |+ 1 De (g55) — () | + 1 g(¥) = £() |
T f(’”“)—f(x)

n+2
2 1 1
§4||f—g||+(n+2)||<ﬂ g ||+(n+2)2||g I
nx+1
7 (B ) s

Taking the infimum on the right hand side over all g € W?2(gp), we get

D (fix)— f(x)|<4Kz,<p(f—) ‘f(nHl) ol s
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Also,
nx—+1 1—2x
S (B rw| = (v ) - e
(1-2x) (1-2x)
E‘f(x+ n+2 )_f(x_ n+2 )‘ (56)
(1—-2x)
#lr (=050 ) - s

<oy (fr+2) N +o(fi+2)7"). (5.7)

Hence, combining (5.1), (5.5) and (5.6), the desired relation is immediate. ]

6. POINTWISE CONVERGENCE OF D,E“)

Now we present a Voronovskaja type asymptotic formula for the operators D,(,a).

Theorem 6. Ler f € C[0,1] and a € [0,1]. If f', f" exists at a point x € [0,1]
then

Jim 0 (D ()= f(0) = (1=20) f'0) +x(=0) "), (©.1)
Further, if f" € C[0,1] then (6.1) holds uniformly in [0, 1].

Proof. By Taylor’s formula, we can write
1
f@)=f)+@—x)f"(x)+ Y —x)2 £ () + (1, x)(t = x)?, (6.2)

where (¢,x) — 0 as t — x and is a continuous function on [0, 1]. Operating D,g“) to
(6.2) and Remark 1, we get

D53~ f(3) = f/DEN( =x)5) + 5 /() D~ x)%:3)
+ D (€, x) (= x)%5 %),
Jim (DS = /(1)) = (1=20) /() +x(1=x) 7 (x)
+ Jim n DI (1,3) (1 = )% ).

Since ¢(z,x) — 0 ast — x, for a given € > 0, there exists a § > 0 such that | (7, x)| <
2

€ whenever |t —x| < §. For |t —x| > §, we have |{(¢,x)| <M (t;‘) , for some M >

0. Let y5(¢) denote the characteristic function of the interval (x — &, x + §). From

Lemma 3, we get
| DI (@.2)@ = x)%0] < D (.01 = x)? g5 (1): )
+ D50 =x)* (1= 25(1)): )
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M
<e DY ((t—x)%x) + S—ZD,(,“)((I —x)*x)

eoft)eol2)

which implies that li)m nD; a/ ")(C (t,x)(t —x)?:x) = 0, due to the arbitrariness of
n o0

€ > 0. This proves the first assertion of the theorem.

To prove the uniformity assertion, due to the uniform continuity of f in [0, 1], the
§ in the above proof can be chosen independent of x and all the other estimates hold
uniformly in x € [0, 1]. O

7. RATE OF CONVERGENCE

DBV]0,1] denotes the class of all absolutely continuous functions f defined on
[0,1], having on [0, 1] a derivative f equivalent to a function of bounded variation
on [0, 1]. We notice that the functions f € DBV[0, 1] possess a representation

Fx) = /0 ()i + 1(0)

where g € BV[0,1], i.e., g is a function of bounded variation on [0, 1].
The operators D,(,a)( f;x) also admit the integral representation

1
D@ (fix) = / N@ () f(t)de, x € [0.1], (7.1)
0
where the kernel N,f“)(x, t) is given by

N (x.0) = (+1) Y p () pu e 0.

k=0
Lemma 6. For a fixed x € (0, 1) and sufficiently large n, we have
(i) O (x )—[yN(“)(x 1)dt < G NI
mEDT ) T P S sy oy TR
Vi (¥)

1
(ii) 1—z9n(x,z):/ N (x.r)dr < x<z<l.

z (n+2) (z—x)*’
Proof. (i) Using Lemma 5 we get

y Y x—t\2
&,,(x,y)=/ N,§“>(x,z)d15/ (x—) N (x.0)dt
0 0 \X—Y

@ (s e e 2 =2 Va(X)
_Dn ((I X) ,X)(X y) S(n+2)(x—y)2

The proof of (ii) is similar hence the details are omitted. ]
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Theorem 7. Let f € DBV |0,1]. Then for every x € (0,1) and sufficiently large
n, we have

@¢ o (=20 | |f"(xe4) + f/(x-)]
R :
(o CH =)
(n+ )" 2
LR § § ,
(fx)+_ (fx)
e A

212 (x) [vVn]lx+((1—x)/k)
SISy Z \x/ (fx)
= x+(1 x)/f)
Vi x
where \/Z (f}) denotes the total variation of f on [a,b] and f) is defined by
fl@)— f(x ), 0<t<x
i) =

(S

t=x (7.2)
f(@)— f(x+) x<t<l.

Proof. Since D,(,a)(eo;x) = 1, by applying (7.1), for every x € (0, 1) we obtain
DI (fix) = f(x) = /0 NG00 fN
_ / N@ () / " s, (7.3)
Forany f € DBV[0,1], by (7.2) we mzy write )

P/ = £+ 5 (F @)+ 7 )+ 5 () = f (e sgn(u—)

1
+8x(u)[f/(u)—5(f’(X+)+f’(x—))], (7.4)
where
l,u=x
8xlu) = { 0, u#x.
Obviously,

1 t
fo ( f (f ’(u)—%( flx+) + f’(x—)))sx(u)du)N,§“>(x,z)dz =0.
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By (7.1) and simple calculations we have

1 t 1
/ (/ E(f'(x—i-)+f’(x—))du)N,£“)(x,t)dt
0 X

1 1
— S+ o) [N
0
1
= S (@) + £ (=) DI (1~ x):)

and

1 tl
/N,g‘x)(x,t)(/ E(f/(x+)—f’(x—))sgn(u—X)du)df
0 X

< 1 / / ! N(Ot) d
<3 17— 16| [ sV
<3 1110 = /G- | DE = xl)

1

1/2
<5 1w (D= 0% )

Considering Lemmas 3 and 5 and using (7.3), (7.4) we obtain the following estim-

ate
D@ (f:x)— f(x)] < l|f’<x+)+f’(x—)|' S
" ’ —2 (n+2)

L, , 2
Rl =S 0ol )
x oot @
/0 (/x fx(u)du)Nn (x,t)dt

1 t
/ (o)
+/x (/x fx(u)du)Nn (x,t)dt‘. (7.5)

+

Let
F@(f.x) = / ’ ( / t f)é(u)du) N (x.1)dt.
0 X

G (ff.x) = / 1 ( / t f;(u)du) N (x,1)dt.

To complete the proof, it is sufficient to estimate the terms F,fa)( fy,x) and
G,(la)(f,é,x). Since fab di¥,(x,t) <1 forall [a,b] C [0, 1], using integration by parts
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and applying Lemma 6 with y = x — (x//n), we have

X t

o= ([ ) doon
¥ x

5(/0 +/y )|fx(r)||ﬁn(x,z)|dr

22 (PN e 2 e
< [0 VD= + /y Vs

27/3()6) N ’ -2 X ’
< tnrZ — dt + — .
- (”+2)/0 \t/(fx)(x v Vi x—(ym(fx)

= '/X On(x,1) fo(0)dt
0

By the substitution of u = x/(x —t), we obtain

) [FTEIVD N g )
a0 V= /1 V(i

x—(x/u)
Vrl k1 x
2)/n()€) —1 /
d
=n+2) (n—|—2) Z/ x_})c//k)(fx) !
[Vn]l  x
2)/n(x) 1
< == (fo)-
(l’l—l—2) kzlx }x//k)
Thus,
EO(f )] < 2 l[fj] V() VD
F@(f! ) < a0 o . (1.6
(”+2) k=1 x—(x/k) v (x/ /)

Using integration by parts and applying Lemma 6 with z = x + ((1 —x)/+/n), we
have

1
6ot =| [ ([ ri) s o

) ( / t f,;(u)du) 4 (1= B (x.1))

1 t
+/z (/x fx(u)du)d;(l—ﬂn()c,f))

:‘[/ f)é(u)(l—z?n(x,t))du] —/ So@)(A =0y (x,1))dt
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1
_|_/Z (/xt f;(u)du)dt(l—l(}n(x’f))

t 1 1
+[/ f)é(u)du(l—z?n(x,t)):| —/ Fi@)(A =0 (x,1))dt

22(x) [\, . _ 2\
. / VAR f Vs

2ya(x) [ Y -
= (f)(t—x)""dt
(n+2) x+((1—x)/ﬁ)\)c/

(1—x) x+((1—x)/+/n)

&V

X

+ (f9)-

By the substitution of v = (1 —x)/(t — x), we get

/ 92 JaEt = )
|G,$“)(fx,x)|f—(,f’fgl Vo Ua-xd

(1 —x) T HAZO//D
_|_
vn x
VAl g1 x+H({(A—x)/v)
2y2(x) 3 / \/ ,
<2l (f)dv
(l—x)(n+2) bt k

X
(1 ) *HA=0/VD)
&V

B 2)/’%()6) [Vn]x+((1—x)/k) ,
(1= x)(n+2) k2=:1 \x/ ()
1— x+((1—x))//n
4! ﬁ") \ (D

X

(f5)

+ (f¥)

Combining the estimates (7.5)-(7.7), we get the required result.

/ FL)du(1— 0 (x.2)) f FUO = B (. 1))dr

Z 1
/ FUO =D (x0))di + / FLO(1 =B (ra1))d1

7.7

(7.8)

(7.9)

(7.10)
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