Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 18 (2017), No. 2, pp. 555-572 DOI: 10.18514/MMN.2017.2207

FABER POLYNOMIAL COEFFICIENT ESTIMATES FOR
BI-UNIVALENT FUNCTIONS OF COMPLEX ORDER BASED ON
SUBORDINATE CONDITIONS INVOLVING OF THE JACKSON
(p,q)-DERIVATIVE

SAHSENE ALTINKAYA AND SIBEL YALCIN
Received 12 January, 2017
Abstract. In the present paper, new subclasses of bi-univalent functions of complex order as-

sociated with the (p,q)-derivative are introduced. Furthermore, using the Faber polynomial
expansions, we get upper bounds for the coefficients of functions belonging to these classes.

2010 Mathematics Subject Classification: 30C45; 30C80; 33D15

Keywords: bi-univalent functions, Faber polynomials, (p, ¢)-derivative operator

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

Denote by E the unit disc of the complex plane, £ ={z:z€ Cand |z] <1}, 4
the class of functions analytic in E, satisfying the conditions

f(0)=0and f'(0)=1.

Then each function f in A has the Taylor expansion

f@=z+) anZ". (1.1)
n=2

We denote by S the subclass of A consisting of functions the form (1.1) which are
also univalent in E.

For f and F analytic in E, we say that f is subordinate to F, written f < F, if
there exists a Schwarz function

oo
1) =) caz"
n=1

with |t(z)| < 1 in E, such that f (z) = F (¢ (2)). For the Schwarz function ¢ (z) we
note that |[c,| < 1. (e.g. see Duren [11]).
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It is well known that every function f € S has an inverse f~!, satisfying

U f@)=z@eE)and f(f~'(w)) =w (Jwl <ro(f) . ro(f)> %), where
T w) =w —aw? + (243 —az)w? — (543 — Sazaz +ag) w*+--. (1.2

A function f € A is said to be bi-univalent in E if both f and f~! are univalent
in E. Let X' denote the class of bi-univalent functions in E given by (1.1). For a
brief history and interesting examples in the class X, see [24] (see also [7], [8], [19],
[20]). Furthermore, judging by the remarkable flood of papers on the subject (see,
for example, [9], [5], [17], [23], [24], [25D).

The Faber polynomials introduced by Faber [12] play an important role in various
areas of mathematical sciences, especially in Geometric Function Theory. Grunsky
[14] succeeded in establishing a set of conditions for a given function which are
necessary and in their totality sufficient for the univalency of this function, and in
these conditions the coefficients of the Faber polynomials play an important role.
Schiffer [22] gave a differential equations for univalent functions solving certain ex-
tremum problems with respect to coefficients of such functions; in this differential
equation appears again a polynomial which is just the derivative of a Faber polyno-
mial (Schaeffer-Spencer [21]).

Not much is known about the bounds on the general coefficient |a,|. In the liter-
ature, there are only a few works determining the general coefficient bounds |a,| for
the analytic bi-univalent functions ([6], [15], [16]). The coefficient estimate problem
for each of |a,| (n € N\{1,2}; N ={1,2,3,...}) is still an open problem.

1.1. The Jackson (p,q)-derivative

For the convenience, we provide some basic definitions and concept details of g-
calculus which are used in this paper. We suppose throughout the paper that 0 < g <
p < 1. We recall the definitions of fractional g-calculus operators of complex valued
function f. We shall follow the notation and terminology in [13].

Definition 1 (see [10]). The (p,q)-derivative of the function f is defined as
S(p2)—f(q2)
W for Z # 0

(Dp,g f)(2)= . (1.3)
f7(0) forz =0

From (1.3), we deduce that

(Dpg /)@ =1+ [nlpganz"",

n=2
where the symbol [n], , denotes the so-called (p,q) -bracket or twin-basic number

_pt=q"
[n]p,q - p_q .
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It happens clearly that Dp 42" = [n], , z"~1. Note also that for p = 1, the Jackson
(p, q)-derivative reduces to the Jackson g-derivative given by (see [18])

f(@)— f(gz)
(D)) = T80 7 4,
(I-9)z
The twin-basic number is a natural generalization of the g-number, that is

1}1—>Inl [n]p,q = [n]q = ﬁ? q 7é 1.

As with ordinary derivative, the action of the (p, ¢)-derivative of a function is a linear
operator. More precisely, for any constants a and b,

Dpq(af(z) +bh(2)) = aDpq f(2) +bDp,gh(2).
The (p, g)-derivative fulfils the following product rules
Dp.q(f(2)h(2)) = f(pz)Dp,gh(2) +1(q2) Dp.q f(2),
Dp,q(f(2)(z2)) = h(pz) Dp,q f(2) + f(q2) Dp,gh(2).
Further, the (p, g)-derivative fulfils the following product rules

D (f (z)) _ h(gz)Dp g f(z2)— f(qz)Dp,qh(2)
p.q

h(z) h(pz)h(qz) '
D (f (Z)) _ h(p2)Dp,q f(2) = f(p2) Dp,gh(2)
P4\ h(z) h(pz)h(qz) '

From (1.2) and (1.3), we also deduce that

(Dpqg)(w) = sew-glw)

=1-1[2], 2w +[3],, (245 —az) w?
—[4],.4 (505 —5a2a3 +as) w3 + -
where the function g is given by (1.2).

2. PRELIMINARY RESULTS

By using the Faber polynomial expansion of functions f € A of the form (1.1),
the coefficients of its inverse map g = f -1 may be expressed as follows (see [3]):

o0
1
_ r—1 _ _g—h n
gw)=frw)=w+ )~ K" (@z.a3..)w",
n=2
where

-n (_n)! an_1+ (_n)! an—3
LT (2n+ DIn—1)! 2 2(=n+ D' (n—3)! 2

as
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( n)' at~ 4a
(—2n+3) (-4
—n)!
[2(=n +(2’)1])! oo s lest(ntdas] @D
(_n)! n—6

+ [Cls + (—2]’1 + 5)a3a4]

a
(—2n+5)1(n—6)! 2
247
J=7
such that V; with 7 < j <n is ahomogeneous polynomial in the variables a»,as, ...,an
[4]. In particular, the first three terms of K", are given below:

1
K2 =—_ ,
2t TR

1

51<2—3‘ =243 —as, (2.2)

%K3_4 = —(Sag —5asas —I—a4).

In general, for any p € N and n > 2, an expansion of K,f_l is as, [3],

pp=1) _» p! 3 p! 1

K? = ———E; — = __E E" 1
n—t = Pnt T Bt g et e T S T e
(2.3)

where E5—1 = E,f_l (az,as,...) and by [1],

o0
m!(ax)™* ... (ay)Hn—1
E | (az,....an) = Z (@2) (@n) , form<n
n—2 /Jq!...;,bn_l!

while a; = 1, and the sum is taken over all nonnegative integers (i1, ..., b, satisfying
M1t M2+ o+ g1 =M,
w1 +2u24+ .. +(n—Dpup—1 =n—1.

Evidently, E;Z:ll (az,...,ay) = ag_l,(see [2]); while a; = 1, and the sum is taken
over all nonnegative integers i1, ..., i, satisfying

M1t (2 + Uy =m,
u1+2u2+ .. +nu, =n.

Itis clear that E}; (a1,4a2,...,an) = af . The first and the last polynomials are:

1 _ n__n
E, =ay, E, =aj.
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In the following, let ¢ be an analytic function with positive real part in £, with
¢ (0) = 1 and ¢’ (0) > 0. Also, let ¢ (E) be starlike with respect to 1 and symmetric
with respect to the real axis. Thus, ¢ has the Taylor series expansion

¢(z) =1+ B1z+ B2z*> + B3z> +--+ (B1 > 0). (2.4)

Suppose that # (z) and v (w) are analytic in the unit disk £ with u (0) = v (0) =
0, lu(z)| <1, |v(w)| <1, and suppose that

o0 o0
u@) =piz+ ) pa2", vw) =qrw+ ) gaw” (z[<1). (@25
n=2 n=2

It is well known that

Pl <1 Ipal <1=p1l g1l < 1, lg2] < 1—|q1]%. (2.6)
Next, the equations (2.4) and (2.5) lead to

¢ (u(z)) =1+ Bu(z) + Bo(u(z))?z% +--

=1+ Bipiz+ (Bip2+ Bap?)2® +-- (2.7)

o0 n
=1+ Z ZBkE;]f (p1, P2y Pn) 2",
n=1k=1

and
¢ (v (w)) = 14 Bro(w) + Ba(v(w))?z% +---

=1+ Biqiw + (B1g2 + B2gi) w? + - (2.8)

o0 n
=14 BiEy (@192, dn) ",
n=1k=1

Definition 2. A function f € X is said to be in the class R‘;’% (¢) if the following
subordination relationships hold true:

[1 1 (Ppa )~ 1)] <) (2.9)
and

[1 42 ((Dpag) )~ 1)] <¢w) (2.10)
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where b € C\{0}, 0 < g < p <1; z,w € E and the function g is given by (1.2).
We note from Definition 2 that
lim [14§ (Dp.g @)= 1)] < 4 2)
I}i_r)anlg’zj(qS): fez:y 1 =R, (9).
lim [1 +3 ((Dp,qg)(w) — 1)] < ¢ (w)

p—1

By suitably specializing the parameters » and p, we state the new subclasses of
bi-univalent functions of complex order ngzj (¢) as illustrated in the following Defin-
itions.

Definition 3. For b = 1, a function f € X' is said to be in the class Rg’q (¢) if it
satisfies the following conditions respectively:

(Dp.g f)(2) < (2)
and
(Dp.g8)(w) < ¢ (w)
where 0 < g < p < 1;z,w € E and the function g is given by (1.2).

Definition 4. For » = 1 and p — 1, a function f € X is said to be in the class
RqE (¢) if it satisfies the following conditions respectively:

(Dg f)(z) <9 (2)
and

(Dgg)(w) < ¢ (w)
where z,w € E and the function g is given by (1.2).

In this paper, we study the class ng?b (¢) of analytic bi-univalent functions defined
above by using the (p,q)-derivative operator. Moreover, we use the Faber polyno-
mial expansions to obtain bounds for the general coefficients |a,| of bi-univalent
functions in Rfv’,qb (¢) as well as we provide estimates for the initial coefficients of
these functions. Several new consequences of the results are also pointed out.

3. MAIN RESULTS

Our first main result is given by Theorem 1 below.

Theorem 1. For b € C\{0}, let f € ng; (@). Ifam =0;2<m <n—1, then
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Proof. Let f be given by (1.1). We have

o0

(Dpg )@ —1= " [nl, ganz""",

n=2

and, for its inverse map g = f 1, it is seen that

o0 o0
(Dpa@)@)—1= 3 Ky (az.a3,..) w™ = 3], 4 b
n=2

n=2

From (2.9) and (2.10) yields

I+ % ((Dpg f)2)—1) = o(u(2))
and

142 ((Dpag) ()~ 1) = plo(w))
Comparing the corresponding coefficients of (3.3) and (3.4) yields

1
7 [n]p,q an = Ban—l,

b
and
1
E [n]p,q bn = BIQn—l-
Note that for a,, = 0; 2 <m < n —1 we have b, = —a, and so

1
E [n]p,q an = Ban—l,

1

=3 [n]p,qan = Bign-1.

561

3.1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

Now taking the absolute values of either of the above two equations and from (2.6),

we obtain
Bi|pn—1l1b] _ Bilgn-1l1b] _ Bilb|

[1p.q lpy " Inlpy

lan| =

g

Theorem 2. For b € C\{0}, let f € RqE’b (D). Ifam =0,2<m <n-—1, then

Bi|b|(1—
Ianlf#; n>3.
—q

Theorem 3. Let f € R%q (@). Ifam =0;,2<m <n-—1, then

B ;o on>3.

lan| <

[1p.q
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Theorem 4. Let f € RqE (). Ifam =0;2<m <n-—1, then

4. COEFFICIENT ESTIMATES

In this section we obtain coefficient estimates for functions belonging to the classes
RE5(#). R, (), RE (¢) and RY; ().

Theorem 5. Let [ € R;’i (@) (b € C\{0}). Then

|b| B1 v/ By
VI(B3b = Bo)(p2 +42) + (BIb—2B5) pg| + Br (p? +2pq +42)

laz| <min | K(p,q),

and
laz| <min{L(p.q). M(p.q)}
where
B1|b .
Virtsai 1Bl =B
K(p.q) = :
B>||b
Vitaia: |Bal> B
Bi|b .
Tipgiqr B2l = B
L(p.q) = ol ,
Tragi |B2l> B
and
et _p+2patg’
PPHpa+e?’ Bi = Gt pa+adl
M(p,q) = |b|B1 [|(B}b—B2) (p>+4%)+(B?b—2B2) pq|+ B3 |b|(p*+pg+4>)]

[[(B$b—B2)(p2+42)+(B?b—2B2) pq|+B1 (p2+2pq+92)|(p2+pa+q?)’

B p>+2pg+q?
(p%2+pg+q?)|bl”

Proof. Replacing n by 2 and 3 in (3.5) and (3.6), respectively, we find that

1
5 2], 442 = Bip1, 4.1
1 2
5[3]p,qa3 = BIP2+BZP1» 4.2)
1
—5[2]p’qa2 :qul, (43)
1
—[3],.4 (243 —a3) = Biq2 + Bag3. (4.4)

b
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From (4.1) and (4.3), we obtain
P1=—41.
By adding (4.4) to (4.2), further computations using (4.5) lead to

2
E [3]p,q a% = B1(p2+q2) + ZBZP%

Making use of (4.1) in the above equality (4.6), we get

(2687 Bl ~2B2120} |43 = B (2 +q2)

Combining (4.7) and (2.6), we obtain

2[bBE 31, — B2 1} 4|02 <167 B (1p2] + a2

<21b” B} (1=1p1?)

=2b|> B{ —21b|* B |p1|*.

It follows from (4.1) that
|b| B1+/B1

\/‘Blzb 31,4 — B2 [2]12),q + B1 [2]12),4

laz| <

Moreover, by (2.6) and (4.6)

2
= [3],.4 la2*> < By (Ip2| + lg2) + 2| B2| | p1|?

1b]

2 2
<28 (1=|p1?) +2(B2l|pi|
=2B1+2|p11*(|1B2|— B1)

, B1;|Bz| < By
m [3]p,q |a2| =

|Bz|;|Bz| > Bl

563

(4.5)

(4.6)

4.7)

(4.8)

4.9)
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Clearly, we can see that

B 15 -
Blp.g’ |B2| - Bl
laz| <

|B2||b].
[?’]ZT’ |B2| > By

Next, in order to find the bound on |as|, by subtracting (4.4) from (4.2), we obtain
2

2
= Blpqa3 =7 Blyg a3+ B1(p2—q2). (4.10)

Clearly, from (4.6), we have that

as = b[B1(p2+q2)+2B2p?|  bB1(p2—q2)

_ bB1p> +szp%
(315,

and consequently

0] < 121 B lpal + 16 B2l |p1|”
B Blo.g

b1 By (1=1p11%) + 161 Ba | p1 2
=
Bl

_ |bIB1 +b[1p1]* (| B2| = B1)
Blrg

Hence, we write

Bi|b|.
B, |B2l=Bi

sl = | B2[1b]
[3]2?§ |B2| > Bj.
On the other hand, by using (2.6) and (4.10), we have
2 2
] 3], las| < Bl 31,4 la2|* + B1 (| p2| + lg21)

2

= 1Bl a2l +281 (1=1pF).
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Then, with the help of (4.1), we have
By 1Bl Bl g las] < [ B1 161131 — 22,4 la2? + B2 o .
Now, from (4.9), we obtain

2
Bl [, B [B116131,. — 212, ]

31,4 ‘be 3,4 — B[22, ( + B[22,

las| <

Theorem 6. Let f € qu,b () (b € C\{0}). Then

|b| B1+/ By

|az| < min | K(q),
VI(BZb— Ba)(1+42) + (BFb—2B2)g| + Bi(1 +24 +42)

and
las| <min{L(q), M(q)}
where
Bi|b| .
VL 1B < By
K(g) = ,
Bo|lb| .
Vil 1B > By
Bilb| .
TR 1B, < By
Har= |B>1b] ’
1+;+q2; |BZ|>B1
and
Bilb| . 1+2g+4¢2
T+q+q2° B = (1+q+4¢2)|b|
M(q) = i 5 i
b1 B, [|(B?b—B2)(1+4%)+(B}b—2B2)q|+ B |b|(1+9+4?)] | B > _1+2q+q>
[|(B?b—B2)(1+42)+(B?b—2B5)q|+B1(1+2q+42)|(1+q+42)’ L7 U+g+a2)ol

Theorem 7. Let f € RE7 (¢). Then

B1+/ B,
B2 = B2)(p? +42) + (B2 —2B2) pg | + Bi(p? +2pq +4?)

|az| <min{ K(p.q),

and
laz| <min{L(p.q),M(p,q)}
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where
B] <
V p2+pq+q27 |BZ|_Bl
K(p’ q) = ’
| B2 |
Vorparaz |B2l> B
B, . <
p2+pq+q2’ |B2|—Bl
L(p.q) = B :
——22L__- |By|> B
p2+pq+q2’ | 2| 1
and
B . p2+2pq—+q>
p>+pq+q*° B = p>+pg+q?
M(p.q) =
B1[|(B—B2) (0> +42)+ (B} —2B2) pa| + B (0> + pa-+4?) | P+2pg+g?

1> 73 2
([B3=B2)(02+42)+ (B3 —282) pa[+ B 02+ 2pa+42) [ (02 +pa+a?) ptratq

Theorem 8. Let f € R% (¢). Then

Bi1vB1

|az| <minJ K(g),
VI(BZ = B2)(1+2) + (B2 —2B2)g| + Bi(1 +24 +¢2)

and
las| <min{L(g), M(q)}
where
B .
\/ W, |B2| < By
K(g) = Bl ,
2
2L gy)> B
1+qg+¢q
B
1+q—1i-q2’ |B2|§Bl
L(g)= " ,
W; |B2| > By
and
: 1429 +4¢>
1+q+4>’ B = 55
M(q) = 2 2 2 2 2
B [|(Bf—B2)(1+¢%)+(Bi—2B3)q|+Bi (1+q+4?)] B, > 142g+4>

[[(B?—B2)(1+¢2)+(B?—2B2)q|+B1 (1+2¢+¢2)|(1+q+4?)’ 1+g+42
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5. COROLLARIES AND CONCLUDING REMARKS

Corollary 1. If we take

1 o
¢(z) = (#) =14+20z+20%2%>+... O<a<]l),
—Z
in Theorem I and Theorem 2, respectively, we have
20 |b|
(7], 4
and )
2 1—
1—g"
o
D,q 1+
Remark 1. Let f € R%? ((1£2)"). Then
200
lan| < 7 n>3.
[1p.q
o
Remark 2. Let f ERQE ((%) ) Then
20 (1 —
lan| < u; n=>3.
1—qg"

Corollary 2. If we take

1+(1-28)z
0@ =T g r20-p2 4 0p<).
in Theorem | and Theorem 2, respectively, we have
2(1-8) b
jan] < 202PPL s
[n]p.q
and )
2(1— 1—
o< 20=PBlO—g)
1—qg"
Remark 3. Let f ER%’q (%) Then
2(1—
lan| < ( ﬁ); >3
(7], 4
g (1+(1—2
Remark 4. Let f € Ry (14262 ). Then
2(1— 1-—

1—g" -

567
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o
Taking ¢ (z) = (%) in Theorem 5 and Theorem 6, then we have the following
results.

Corollary 3. Let f € RIE”’% (¢) (b € C\{0}). Then

2z < min 20 |b| 2c|b|
B V P>+ Pa+4*" Ja|@b—1)(p?>+4%) +2(b—Dpql+ p>+2p4 +4°

and 20 |b
. o
las| < mln{ﬁvH(P’Q)
p-+pqg+gq
where
2alb| p2+2pg+q>
p2+pq+q?° O<as 2(p2+pq+q?)|b|
H(p.q)=
202 |6|[|2b—1)(p?+¢g?)+2(b—1) pq|+21b|(p>+pg+4?)] . p2+2pq+q>

5 <a<l1
[¢]2b—1)(p2+42)+2(b—1) pq|+p2+2pq+42](P2+pg+49>)"  2(p>+pg+q?)Ib]| -

Corollary 4. Let f € R%:,b (¢) (b € C\{0}). Then

, 20 |b| 20 |b|
|az| < min 1 >
ta+q \/a\(zb—l)(l +4%) +2(b—g|+ 1429 + ¢
and b
o
az| <miny —— H
sl = min | B o)
where
2alb| . 1+2g+4>
H(q) =
202[b|[|2b—1)(14+¢2)+2(b—1)g|+2bl(1+q+aD)] . 1424+4>

a <1

[ (2b—1)(1+¢2)+2(b—1)q|+(14+2g+¢>)]|(1+q+4¢2)° 2(1+g+4g?)|b] =

1-z

o
Corollary 5. Let f € R%’q ((ﬂ) ) Then

20
laz| <
Vie+1)(p?+42) +2pq
and
asz| <miny ——, H(p,
jasl < {p2+pq+q2 (r.9)
where
a . p’>+2pq+q°
p*+pq+q*’ O<a= 2(p%2+pqg+q?)
H(p.q) =
202[3(p%+4q?)+2pq| . _P>+2pq+q?

<a<l
[(@+D(p2+9D)+2pq](p2+pg+4q?)° 2(p>+pa+q?) =
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o
Corollary 6. Let f € R%, ((lﬂ) ) Then

-z
20
laz| <
Vie+D(1+42)+2g
and
sl = min | 2% (o)
a min{ ——,
3= T+q+q> 1
where
200 . 1+2g+4¢2
1+q+q>° O<a= 2(14+g+4?)
H(q) =
202[3(1+4¢%)+24] o I42g+q?
[@+D(A+¢2)+2¢](1+g+¢2)" 2(1+4+4%) =
By choosing ¢ (z) = % in Theorem 5 and Theorem 6, then we have the

following results.

Corollary 7. Let f € Rg’j’b (¢) (b € C\{0}). Then

) 2(1—-B) b 2(1—-B) b
|az| < min e
V4 pq T4
V2=l - |+ 22,
and
C( 20=PB)|b
las] < mm{ 2—’3)"2,R<p,q)}
pe+pq+gq
where
2(1=B)Ib] . 2(p*+pg+q?)|bl=(p>+2pg+4?) _ B <1
p>+pg+q>’ 2(p2+pq+q?)|b| -
2(1-B)16I[|201-B)b(p* +pa+4*)—(P*+2pq+4?) | +2(1-B)|b|(»* + pg+4?)
R(p.q) = B)IbI[|2(0—B)b(p?+ pg+q>)—(p%+2pg+q?)| B)Ibl(p%+pg+4q3)] .

[[2(1=B)b(p2+pg+92)—(pP2+2pq+42) |+ (P2 +2pg+4?)|(p2+pg+q?)

2(p>+pq+43)|b|—(p>+2pq+43)
0<fB < .
=B 2(p2+pq+q3)|b|

Corollary 8. Let f € R‘Jz’b (¢) (b € C\{0}). Then

2(1—p)|b| 2(1—-pB)|b]
\/ 1+q+4¢2" /RA=B)b(1+q+¢2)—(1+2¢+¢D)|+1+q+4¢2

2(1-p) ||
14+q+q%°

|az| < min

and

las] fmin{ R(q)
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where
2(1=B)|b]. 2(1+g+4?)|b|-(1+29+4¢?)
1+q+q2 2(1+q+¢2)1?| =p<l
R(q) = 2(1-B)1bI[|2(1-B)b(1+g+4>)—(1+2q+¢?) | +2(1—B) b|(1+q+4?)] .
q) = [[20-B)b(1+g+42)—(1+2q+9?) |+1+2q+¢2|(1+q+42) ’
2(14+g+¢*)|bl—(1+2g+4>)
0=p< 2(1+q+42)1b| :

Corollary 9. Let f € R%’q (%) Then

|az| < min 2(=p) 20-5)
h V P2+ pa+a* J[(1-2B)(p> +42) —2Bpq| + p> +2pq + 2

and (1—B)
. 2(1—
las] < mm{ ﬁ,w,q)}
P +prq+gq
where
21-8) . p>+q>
p>+pg+q?’ 2(p2+pq+q3?) =p<l

R(p.q) =
(3—4B8)(p2+¢*>+2(1—2B)pq .
(p?+pq+q?)? ’

2 2
o< < L
=p 2(p2+pq+q?)

Corollary 10. Let f € RqE (%) Then

) <min] | 20=P) 2(1-B)
p— 27
PHa+4a™  J|(1-28)(1+42) —2Bg)| + 1+ +¢2
" (1-p)
21—
ol < )
where
2(1-p) . > g |
1+q+4>’ 2(1+q+4?) —
R(q) =

(3—4B)(1+¢*)+2(1-28)q . 1+¢>
(I+a+4)> =P <sargr
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