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Abstract. The present study deals with some new properties for the Gottlieb polynomials in
one and several variables. The results obtained here include various families of multilinear and
multilateral generating functions, miscellaneous properties and also some special cases for these
polynomials.
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1. INTRODUCTION

A theoretical connection with the unification of generating functions has great
importance in the study of special functions. Steps forward in this directions has
been made by some researchers [1,2,7,8].

The (univariate) Gottlieb polynomials were introduced and investigated in 1938,
and then have been cited in several articles. These polynomials are defined by [10]

on (X3 1) =e_"’1kX=%)(Z) (i) (l—ek)k (1.1)

— e A 2 Fq (—n,—x;l;l—ex),

where , F; denotes Gauss’s hypergeometric series whose natural generalization of
an arbitrary number of p numerator and ¢ denominator parameters (p,q € Ng :=
INU {0}) is called and denoted by the generalized hypergeometric series , F,; defined
by

o1,...,0p; _ - Mg
qu[ B Be: Z} = 2 Bow B !
= qu (al,...,ap;/glw"’ﬂq;z)'
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Here (1), denotes the Pochhammer symbol defined (in terms of gamma function) by

rea

O = f (he€\Zp)
(1 if v =0; A € C\{0}
=V AG+1)..(A4n—1), ifv=neN;AeC

and Z,, denotes the set of nonpositive integers and I"(A) is the familiar Gamma
function. Furthermore, the hypergeometric function , F; has the following integral
representation [12]:

1
2Fi(a,bie;z) = %/tb_l(l—ﬂc—b_l(l—ztr“ dr, (1.2)
0

where Re (¢) > Re (b) > 0, and |arg(1—2)| < 7.

Gottlieb [ 10] presented following generating functions for his polynomials ¢, (x; 1)
(see also [12, p. 303]), which is denoted by I, (x) in [10],

Y on (i) 1" = (1—1)* (1—ze—ﬂ)_x_l (el < 1),
n=0

n!

(e A g
n=0

o0 tn

E On (X32) — =e' | F; [x—l—l;l;—(l—e_k)t].
n!

n=0

In addition to this, we can easily see the following relation for the Gottlieb poly-
nomials [14, p. 449, 20 (1)]:

oo

k —x— A_
Z ( :n)¢k+n (A" = (1—1)* 7k (1—16%) 1<Pk (x;ln<e1_tt>) :

n=0
(1.3)
Recently, Khan and Akhlaq [ 1] introduced and investigated Gottlieb polynomials
in two and three variables to give their generating functions. Choi [5], by modify-
ing Khan and Akhlaq’s method, showed how to generalize the Gottlieb polynomials
in several variables to present two generating functions of the generalized Gottlieb
polynomials. Furthermore, he derives g-extension of a generalization of Gottlieb
polynomials in three variables and gives some formulas deducible from a generaliz-
ation of these polynomials in several variables (see [4]). Choi introduced a several
variable analogue of the Gottlieb polynomials as follows.
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Definition 1. An extension of the Gottlieb polynomials ¢, (x;A) in m variables is
defined by [5]

n n—rin—ri—ra  A—r1—r2—..—Fm—1
O (X1 ooy X3 ALy ooy Am) = €Xp (=107 Z Z Z Z
r1=0r=0 r3=0 rm=0
m A rj
(=n)s,, T1 (—Xj)rj [1 (1—€ ’)
Jj=1 Jj=1
X - , (1.4)
j=1
where n,m € N and, for convenience,
m m
Om = Z)\j and IES er. (1.5)
i=1 j=1

It is noted that the special case m = 1 of (1.4) reduces immediately to the Gottlieb
polynomials in (1.1). Multivariable Gottlieb polynomials defined by (1.4) have the
following two generating functions [5]:

o0
D O (1 Xmi A A 1

n=0
— )l — m
= (1—te™m) <f§1xj) 1 [T (1-retmom)”, (1.6)
j=1
where m € N and oy, is given in (1.5).
o0 t”
> (W ey (F1 oo X3 AL e )~

n=0

= (1 —te_am)_u Fl()m) [, —x1,....,—xm; 1;

t (e)“1 - 1) e Im t (ekm - 1) e om

1—te—om 77 1—teOm

where F g") [.] denotes one of the Lauricella series in m variables [13, p.33, Eq.(4)]
defined by
(@)s,, (b1)y, - (bm)y,, X ﬁ

o0
(m)
F a,bi,...bmicix1, ..., xXxm| = E —.
D [ 1 m 1 m] (C)Sm 1! !

71,7250, =0
(max{|x1|,..., |xm|} < 1)
and oy, , 8, are given in (1.5).
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The main object of this paper is to study different properties of Gottlieb polyno-
mials in one and several variables. Various families of multilinear and multilateral
generating functions are derived for these polynomials. Other miscellaneous proper-
ties of these multivariable polynomials are also discussed. Some special cases of the
results presented in this study are also indicated.

2. GENERATING FUNCTIONS

In this section, firstly, we prove a theorem which gives bilateral generating func-
tions relations for the Gottlieb polynomials defined by (1.1).

Theorem 1. Let

[n/q]
m-+n
N,éf;,f,q(yl,...,ys;z):= E (n_qk)akgu-i-pk(yl’""yS)Zk' 2.1
k=0

If
o0
Amg [ y1. Y51 = D an@magn (X:2) Lut pn (V1. ys)L™,

n=0
then, for every nonnegative integer m, we have

o0
> Oman (A NSE (1 ysi2) 1" (2.2)
n=0

_ R et —1 r \?
=(1-0* m(l—te ’1) Am g [x;ln( T—; );yl,...,ys;z(:) :|

Proof. If we denote the left-hand side of (2.2) by 7" and use (2.1), then we obtain
[n/q]

00
m-+n
T = Z‘Pm—i—n (x:1) Z (n_qk)ak9u+pk(yl,---’)’S)Zk[n-
n=0 k=0

Replacing n by n + gk and then using relation (1.3) we may write

g m-+n+qk k,n+qk
T=3" 3 ¢mentae )| T Jak R pie (91,352

n=0k=0
> —x—1 )L_[
= Z (1—py¥—m=ak (1 —te_l) Om+qk (x;ln (el . )) ax
k=0 —
k
X Qu-ﬁ-pk()’l’ ---,J’s) (th)

_ 1 et —1¢ r \4

which completes the proof. O
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Now we give a theorem which is about several families of bilinear and bilateral
generating functions for the multivariable Gottlieb polynomials
O (X1, s Xms Ay Am).

Theorem 2. Corresponding to an identically non-vanishing function
2u(1..... ys) of s complex variables y1,...,ys (s € N) and of complex order ., let

o0
App(V1s,Ys32) 1= Z a2, +vk (1, ...,ys)zk,

k=0
where ay #0, u,v € C and
Onm p(X15ees X3 AL, oo Ay Y1500y V3 T) (2.3)
[n/p]
L= Z ak(P]T—pk (xl,...,Xm;/\l,...,Am)g,u—i—vk()ﬂ,~-',J’s)fk
k=0
(n, p € N). Then we have
- n
Z e » (xl,...,xm;kl,...,)tm;yl,...,ys; —) t" 2.4)
n, P
n=0
- % x-)—l m X
=(1—re7%) <f=' ’ l_[ (1 —Ze'lf_a’”) ’ Apy (Y1, ysin)
j=1

provided that each member of (2.4) exists.

Proof. 1If we denote the left-hand side of (2.4) by S and use (2.3), then we obtain

oo [1/p]

S = Z Z ak(p;”_pk (xl,...,xm;)n,...,Am).QMJrvk(yl,...,ys)nkt"_”k.
n=0 k=0

Replacing n by n + pk we may write from the generating function (1.6) that

o0 o0
S = Z Zak O (X1 eees X3 A1, ...,Am)SZMJrvk(yl,...,ys)nkt”

n=0k=0
o0 o0
= o (1 Xmi A A Y Ak Ry (V1 Y

1™z

xj)—l n X;
1 H(l—te*i“’m) Apy(1s.ysim),

Jj=1

=(1 —te_"m)_(f

which completes the proof. O
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It is possible to give many applications of our theorems with help of appropriate

choices of the multivariable functions £2,, +yk (V1,.... ¥s), k € No, s € N.

For example, set s = m and take 2,4,k (V1,.... ym) = hLB_ll_’\;'l;B’”)(yl,...,ym)

in Theorem 2. Recall that, by h,(f“ """ a’)(xl, ...,Xr), we denote the multivariable
Lagrange-Hermite polynomials (see, e.g., [2]) generated by

]L[ {(1 —x,-zf)—“-f} = ih,(f"“"“’)(xl,...,xr)t", (2.5)
j=1 n=0
where |t| < min{|x1|_1 , |x2|_1/2,..., |xr|_1/r}. We also know that
ko ykr
hglal,...,a’)(xl,,,_,xr) = Z (@1)k, ...(Oér)krkLl!... k’;! .

k1+2ko+...+rk,=n

Then, from Theorem 2, we obtain the following result which is a class of bilateral
generating functions for the multivariable Lagrange-Hermite polynomials and the
multivariable Gottlieb polynomials.

Corollary 1. If

oo
Apy (V15 Ym; 2) 1= Zakh/(,dﬂ_:_’];.];ﬂm)(ylv---,J/m)Zk, (ax #0, v € C),
k=0

and
Opm. p(X1seees X3 ALy ooy Ay Y15 vy Y3 T)
) (B1,-.-sBm)
L= Z ak(p;’/ln—pk (xl»---axm;kl,---,km)h’u_:_;']; " (yl,---aYm)Tk»
k=0
where n, p € N, then we have
- n
Z@,’f,‘,’l » (xl,...,xm;)tl,...,Am;yl,...,ym;—)t” (2.6)
] bl tp
n=0
- %xj)—l m X;
=(1—te™) (./=1 1_[ (1 —tekj—(’rn) ! ApwV1seees Ymsn)
Jj=1

provided that each member of (2.6) exists.

Remark 1. Using the generating relation (2.5) for the multivariable Lagrange-
Hermite polynomials and taking a =1, u =0, v = 1, we have

oo [n/p]

Z Z go,’f_pk (xl,...,xm;)tl,...,/\m)h,(cﬂ"""ﬂ”’)(yl,...,ym)nkt"_”k
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M3

- _<. xj)_l = Ai—an \ X/ iN—B;
=(1—1e7%m) V=1 l_[ (l—te J ”’) (I—yjn/)™",
j=1

m
where 0 = 3 A and [n] <min {[y1[ 7 1y2l 72 v T
Jj=1

Also, choosing s = m and 2,4k (V1. ym) = 90;’7+vk (V15-s Ymi ALy e Am)
U, v € Ng, in Theorem 2, we obtain the following class of bilinear generating func-
tions for the multivariable Gottlieb polynomials defined by (1.4).

Corollary 2. If

o0
Ay 1 ym32) = Y @k @ g (V1o Ymi A Am) 25, (g # 0, 1,0 € ©),
k=0

and

Or o p(X1s oo X3 ALy e A V1, s Y T)
[n/p]

= Z ak(p:;n_pk (xl,...,xm;kl,...,)&m)golrervk (y1, ...,ym;kl,...,km) ‘[k’
k=0

where n, p € N, then we have
.- U
Y e, (xl,...,xm;)tl,...,Am;yl,...,ym;t—p)t” @.7)
n=0

_<% xj)_l m A X
=(1—tem) V=t I1 (l—te -/‘”’”) Ay (V15 Ym3sm)
ji=1
provided that each member of (2.7) exists.
Remark 2. Using the generating relation (1.6) for the multivariable Gottlieb poly-
nomials and taking ap =1, u =0, v = 1, we have

oo [n/p]

Z Z (p;«;n_pk (-x17'-'7-xm;klv~"’km)(p;:l (y17~-»Ym;A1,~-a)tm)77k[n_pk
n=0 k=0

Jj=1

m
where 0, 1= ) A;.
Jj=1
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Furthermore, for every suitable choice of the coefficients a; (kK € Ng), if the mul-
tivariable function £2,, 1y« (¥1,..., ¥s) (s € N) is expressed as an appropriate product
of several simpler functions, the assertions of Theorems 1 and 2 can be applied in
order to derive various families of multilinear and multilateral generating functions
for the univariate and multivariate Gottlieb polynomials.

3. MISCELLANEOUS PROPERTIES

In this section, firstly, we obtain a recurrence relation for the multivariable Gottlieb
polynomials. Then, using the relation between Gottlieb and Jacobi polynomials, we
derive some properties for the Gottlieb polynomials.

Theorem 3. Multivariable Gottlieb polynomials have the following recurrence
relation:

m
(n+ 1) g +eri2mpem | =e=m | 14 n4neti 4 ij (1 —elf) o'
j=1
(i=1,...m ; n>2).
Proof. By differentiating each member of the generating function relation (1.6)

with respect to t and making some necessary adjustments and then identifying the
corresponding coefficients of t”, we arrive at the desired recurrence relation. O

It is known that
on (x;1) = PO>—M) (ze‘A - 1) : 3.1)

where the classical Jacobi polynomials P,f“’ﬂ ) (z) are defined by [12]

(a,B) _ “ n—+auo n+lB x+1)k(x_l)n—k
P (z)—];)( : )(n_k)( ' =

Equation (3.1) can be used to deduce numerous properties and characteristics of the
Gottlieb polynomials from those of the Jacobi polynomials.

In 1966, Izuru Fujiwara studied extended Jacobi polynomials F,f“’ﬁ ) (x;a,b,c)
which are defined by the Rodrigues formula [9]

(=o)"
]

n

dxn

Szego [15] showed that Fn(“’ﬁ ) (x;a,b,c) polynomials are a constant multiple of the
classical Jacobi polynomials P,§""ﬂ ) (x) in the form

FP) (x:a,b,c) = (x—a)“(b-x)"P

X

{(x —a)"te (b —x)”+ﬂ} (c>0).

2 —
E@P (x:a.b.c) = {c (a—b)}" P@P (—ix_ ba) + 1)
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or, equivalently,

1
PP (x) = {c(a—b)y " F@P) (5 {a+b+(a—b)x} ;a,b,c) : (3.2)
In addition to this, we know that the following equality [3]:
e B X+
g P (x,y) = (y—x)" peT A (—x—i)’ (3.3)

where g,(la’ﬂ ) (x, y) are known as the Lagrange polynomials generated by [0]

o0
(I=x)*A=yn)P =" g@P (x,y)1"

n=0

(111 < min {7 1y17'})

Theorem 4. For the Gottlieb polynomials ¢y, (x; 1), we have
() on(e:2) = te @=b)y " B ™ (3 latb+(a—b) (274 ~1)}aubc)
(i) ¢n (x;ln ?) =(b—a)"gs " (a.b).

Proof. (i) Using relations (3.1) and (3.2), we arrived the result.
(i) Using relations (3.1) and (3.3), we get the desired result. O

Theorem 5. Gottlieb polynomials have the following integral representation:
1

on (x4 = ST f - (1 (1= ) ar,

TehA
0

where —1 < x < 0.

Proof. If we use definition of Gottlieb polynomials given by (1.1) in (1.2) and
make some necessary calculation, we easily arrived this result. O

Finally, using the fact that (see [14])

PP (x) =

o0

1 /ta+}3+ne—tL(oe) (1—x)¢ dt

IF'a+p+n+1) " 2 '
0

where L S,a) (x) are the Laguerre polynomials given by the Rodrigues formula [12]
x"%e* d"
n!  dx"

and also considering (3.1), we immediately obtain the following result.

L@ (x) =

(e—xxn-i-a) ,
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Theorem 6. Gottlieb polynomials have the following integral representation:

on (1) = x%(x)]otxe_th ((1 _e—*)z) dr.
0
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