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1. INTRODUCTION AND PRELIMINARIES

Recently, D. Wardowski ([7]) provided a new class of contractive mappings as
below.

Definition 1. Let ¥ be the collection of all functions F : Ry — R which satisfy
the following conditions:
(F1) F is strictly increasing.
(F2) For each sequence {ay },eN of positive numbers o, — 0 <& F(o,) — —00.
(F3) There exists k € (0,1) such that lim,,_, o+ ok F(a) = 0.
For a given metric space (X,d ), amapping T : X — X is said to be an F - contraction
if there exists 7 > 0 such that

d(Tx,Ty)>0= 1+ F(d(Tx,Ty)) < F(d(x,y)), Vx,yeX.

It is remarkable to note that every F- contraction self-mapping is continuous. The
following result is an extension of Banach contraction principe.

Theorem 1 ([7]). Let (X,d) be a complete metric space and let T : X — X be
an F-contraction. Then T has a unique fixed point x* € X and for every xo € X the
sequence {T"xo}neN Is convergent to x*.

Another generalization of Banach contraction principe was established in [4] as
follows.

Theorem 2. Let A and B be two nonempty closed subsets of a complete metric
space (X,d). Suppose that T : AUB — AU B is a cyclic mapping, that is T(A) C
B and T(B) C A, such that d(Tx,Ty) <ad(x,y) for some o € (0, 1)and for all
x €A,y € B. Then T has a unique fixed point in AN B.

An interesting feature about the above observation is that the mapping 7" in The-
orem 2 may not be continuous.

It might be interesting to ask if in Theorem 1.1 A N B = &, then what happens. It
is clear that the fixed point equation 7'x = x has no fixed point. In this case, we have
the following notion.
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Definition 2. Let A, B be two nonempty subsets of a metric space (X,d) and
T :AUB — AU B be acyclic mapping. A point p € AU B is called a best proximity
point of T if d(p, Tp) = dist(A4, B), where dist(A4, B) :=inf{d(x,y):x € A,y € B}.

Indeed best proximity point theorems have been studied to find necessary condi-
tions such that the minimization problem

min d(x,Tx),
x€AUB

has at least one solution, where T is a cyclic mapping defined on AU B.
Let A and B be two nonempty subsets of a metric space (X,d). We will use the
following notations in our coming discussion.

d*(x,y) =d(x,y)—dist(4,B), V(x,y)€ AxB,
d(x,A) =dist({x},A), VxelX,
Pa(z)={xe A:d(x,z) =d(z,4)}, VzelX,
Ag:={xe A:d(x,y) =dist(4,B) forsome y e B},
By :={ye B:d(x,y)=dist(4,B) forsome x € A}.
Note that if (A, B) is a nonempty, weakly compact and convex pair of subsets of

a Banach space X, then Ag and By are also nonempty, closed and convex subsets of
X.

Definition 3. Let A and B be nonempty subsets of a metric space (X,d). We say
that A is Chebyshev set w.r.t. B provided that $4(x) is singleton for any x € B.

For instance, if A and B are two nonempty, weakly compact and convex sets in
a strictly convex Banach space X, then A is Chebyshev set w.r.t. B and B is also
Chebyshev set w.r.t. A.

In [6] Suzuki et al. introduced a notion of property UC on metric spaces as follows.

Definition 4. ([0]) Let A and B be nonempty subsets of a metric space (X,d).
Then (A, B) is said to satisfy the property UC provided if {x,} and {z,} are se-
quences in A and {y,} is a sequence in B such that lim, d(x,, y,) = dist(4, B) and
lim, d (25, yn) = dist(4, B), then lim,, d (x5, 2,) = 0.

Example 1.1.([2]) Let A and B be nonempty subsets of a uniformly convex Banach
space X. Assume that A is convex. Then (A, B) satisfies the property UC.

After that a weaker notion of property UC was introduced in [3] as follows.

Definition 5. Let A and B be nonempty subsets of a metric space (X,d). The
pair (A, B) is said to satisfies the property WUC if for any sequence {x,} in A such
that for every ¢ > 0O there exists y € B satisfying that d(x,, y) < dist(4, B) + ¢ for
n > N, then it is the case that {x,} is convergent.
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It was proved in [3] that if A and B are two nonempty subsets of a complete point-
wise uniformly convex geodesic metric space (X,d) with monotone modulus of con-
vexity such that A is convex, then (A4, B) satisfies the property WUC (see Proposition
3.15 of [3]).

Here, we recall some notions in partially ordered metric spaces from [5]

Definition 6. Let (X, <) be a partially ordered set. A self mapping T : X — X is
said to be monotone nondecreasing iff 7(x) < T'(y) whenever x,y € X,x < y.

Definition 7. Let (X, <) be a partially ordered set and d be a metric on X. A
subset A of X is said to be a regular set provided that for any nondecreasing sequence
{xn} in A so that x, — x € A, then x;,, < x forany n € N.

The following best proximity point theorem is the main result of [1].

Theorem 3. (Theorem 3.5 of [1]) Let (X, <) be a partially ordered set and d be
a metricon X. Let A, B be two nonempty subsets of X such that (A, B) satisfies the
property UC. Suppose A is complete and is a regular set and let T : AUB — AU B
be a cyclic mapping such that T and T? are nondecreasing on A. Moreover,

d(Tx,T?x) < ad(%,Tx) + (1 —a)dist(4, B),

and

d(Ty,T?y) <ad(¥,Ty) + (1 —a)dist(4, B),
for some a € [0,1] and for all (x,x) € AXx A,(y,y) € Bx B with x <X,y < y.
If there exists xo € A such that xg < T2x¢ and Xn+1 = T Xy, then T has a best
proximity point p € A and X3, — p.

In the current paper, we prove some existence and convergence results of best
proximity points for a new class of mappings, called F- cyclic contractions in the
setting on ordered metric spaces. Our conclusions extend and improve some recent
results in the literature. We also provide some examples to illustrate our main results.

2. MAIN RESULTS
2.1. Fixed point results

In this section, we provide some new fixed point results in partially ordered metric
spaces for cyclic mappings which satisfy the Wardowski type contraction.
We begin our main results with the following auxiliary lemma.

Lemma 1. Let (A, B) be nonempty pair of subsets of a metric space (X,d) and
”<" be a partially ordered relation on A such that A is complete. Let T : AU B —
AU B be a cyclic mapping such that T? is nondecreasing on A and there exists T > 0
such that

d*(Tx,T?x)>0= 1+ F(d*(T%,T?*x) < F(d*(x',Tx)),
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forall x,x € Awith x < x. Ifthere exists xo € A with xo < T?xo and if xn1+1 = T xp,
then d(xp,Xn+1) — dist(4, B).
Proof. Since T? is nondecreasing on A and x¢ < T2y,
xo X T?xg X+ X T?"xg <o
Put 1, = d*(Xn+1.Xn). By the fact that xo < T2xo,
F(d*(x3,x2)) = F(d*(T(T?x0),T?x0))
< F(d*(T?x9,Txo))—1 = F(d*(x1.x2)) — 1.

Also,
F(d*(xs5,x4)) = F(d*(T(T*x0), T*(T*x0)))
< F(d*(T*x0.T?x0)) =1 = F(d*(T(T"*x0). T*(T*x0))) — T
<{F(d*(T?x0.T’x0)) —t} —7 = F(d*(x3,x2)) — 21
< F(d*(x2,x1))—37.
Continuing this process and by induction, we obtain
F(d* (xan+1,X20)) < F(d*(x2,x1)) —(2n—1)r, VneN,
which deduces that limy, o0 F(d*(x25+1,X2,)) = —oo. From the condition (F2),
d*(x2n+1.X2n) = 00r d(X2p41,X2,) — dist(A4, B). Similarly, we can see that
F(d*(x2n+2,X2n+1)) < F(d*(x2,x1)) —2nt, VneN,
which implies that d (x25,41, X2,+2) — dist(A4, B). Hence, d(x,, xn+1) — dist(A4, B)

and the result follows.
O

The following fixed point result is motivated by Theorem 2.

Theorem 4. Let (A, B) be nonempty pair of subsets of a metric space (X,d) and
” <" be a partially ordered relationon A. Let T : AU B — AU B be a cyclic mapping
such T4 is continuous and that T? is nondecreasing on A and there exists T > 0 such
that

d(Tx,T?x)>0= v+ F(d(T%,T?*x) < F(d(x', Tx)),

forall x,x € Awith x < x. Ifthere exists xo € A with xo < T?x¢ and if xn11 =T Xn,
then AN B is nonempty and T has a fixed point in AN B. Moreover, {x2,} converges
to the fixed point of T

Proof. We consider the following two cases:
Case 1. T?xq = xo. Now if d(xo, T xo) > 0, then

F(d(x0,Tx0)) = F(d(T?*x0,T(T?*x0))) = F(d(T(T?x0),T*x0))
< F(d(T?x0,Tx0)) —7 = F(d(x9,Tx0)) — 7 < F(d(xp,TX0)).
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which is impossible. That is, xo = T x¢ and we are finished.

Case 2. T?xq # xo. Put r, = d(xp+1,%,). It now follows from a similar argu-

ment of Lemma 1 that

F(ran) < F(ro) —2nt, F(rap—1) < F(r1)—2(n—1Dr.
Hence, max{rz,—1,72,} — 0. From (F3) there exist k1,k, € (0, 1) so that

nll)ngo réc,;F(rz,,) =0, nli)n;o rg_lF(rzn_l) =0.

We have

P51 F(ran) = 1§\ F(ro) < 5L (F(ro = 2n7)) = 151 F(ro)

—r212nf <0, VmneN.

Thus lirn,,_wonré‘n =0. Equlvalently, we can see that limn_>oonr§n 1 = 0. Let

N € N be such that max{nrzn,ann 1y <1foralln > N. Now forallm>n=>N

we have
m+1

d(Xam,X2n) < Z [d(x2j,x2j+1) +d(x2j+1,%2j+2)]
j=n

m o0
=Y (r2j+r2j41) < Y _(r2j +r2j41)
j=n Jj=n
o0 o0
1 1 1 1
S Do S
j=n JRjR =1 g jRe
Therefore, the sequence {x55,} is a Cauchy sequence and hence is convergent to a
point p € A. In view of the fact that T is continuous on A, x3,+1 = Tx2, — Tp
and so
d(p,Tp) = lim d(xan,X2n41) = lim rap =0,
that is, p is a fixed point of T'in AN B.
g

Remark 1. The condition of continuity of the mapping 7" on A in Theorem 4 can
be replaced with the condition of regularity of the set A4.

Proof. As in the proof of Theorem 4, the nondecreasing sequence {x», } converges
to a point p € A. Since A is regular, x5, < p for all n € N. We now have

F(d(Tp,x2n)) = F(d(Tp,T*x21—2)) < F(d(p,X2n-1)) — T

S F(d(pa x2n)’d(x2n7x2n—1)) —T—>—0 (}’l - OO),
and this concludes that lim, o0 d(Tp, x2,) = 0 by (F2) and so, p = Tp.
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Next corollaries are the straightforward consequences of Theorem 4.

Corollary 1 (Theorems 2.2, 2.3 of [1]). Let (A, B) be a nonempty pair of subsets
of a metric space (X,d), such that A is complete, and let <" be a partially ordered
relation on A. Let T : AU B — AU B be a cyclic mapping and T? be nondecreasing
on Aand d(Tx,T?x) < ad(x,Tx) for some a € [0, 1] and for all (x,X) € Ax A with
x <X X. Assume that T |4 is continuous or A is a regular set. If there exists xo € A
with xo < T?xq, then AN B # @, hence T has a fixed point p € AN B. Moreover,
if xp+1 := T xp, then x2, — p.

Corollary 2 ([5]). Let (X, <) be a partially ordered set and let there exists a metric
d in X which makes (X,d) into a complete metric space. Suppose T : X — X isa
nondecreasing mapping on X such that either T is continuous or X is a regular set.
Assume there exists « € [0, 1] such that d(Tx,Ty) < ad(x,y) for each y < x. If
there exists xo € X with xg < T (xg), then T has a fixed point.

The following example illustrates Theorem 4.

Example 1. Let (X, <) be a partially ordered, where X = [0, 3] is complete metric
space with metric d : X x X — [0,00) defined as d(x,y) = |x—y|, x,y € X, and
x<y<s x<yforeachx,ye X.Let A=1[0,1]U[2,3]C X,and B = (1,3] C X.
Of course < is a partially ordered relation on A. Let 7 : AU B — AU B be defined
as follows
(o) = 2 'ifxe[O,l]

2 ifxe(1,3].

Of course T |4 is continuous, and iteration 72 is nondecreasing on A.

Let F : Ry — R be given by the formula F(¢) = In(¢% +1t), where ¢ > 0. It is easy
to see, that the map F satisfies the conditions (F1)-(F3).

2.2)

We show that T satisfies the condition (2.1). Let T = In(2) > 0. Let x, x € A with
x < X (i.e. x < x). We consider the following three cases:

Case 1. If x,x € [0, 1], then, by (2.2), we obtain T'(x) = T(x) = %, T?(x) =
T2(x) = 2. Hence d(T(x),T?(x)) = d(%,2) = % > 0. Moreover, since X < 1, by
simply calculations, we have % —X= %

[d(T (). T2 ()P +d(T(£). T*(x)) = % + % _ %
149 56 1 1
2l %] §[<§5 —3)+ (;5 — O] = S(ETE)P +d(£. ()

< ([d(*, T(x))]* +d(x,T(x)))e ™",
In consequence,

[d(T (%), T* ()] +d(T (%), T*(x)) < ([d(%, T ()] +d (£, T(x)))e”"?.
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Hence,
eln([d(T(i),Tz(x))]2+d(T()€),T2(x))) < eln([d(i,T(X))]2+d(i,T(X)))e—ln(2)

and next
eF(d(T(i),Tz(X))) < eFd(x.T(X) ,~In(2) _ ,F(d(x.T(x))=In(2)

Finally, we obtain
F(d(T (%), T*(x))) < F(d(%,T(x))) ~In(2)

thus
T+ F(d(T (%), T?(x))) < F(d(x,T(x)))

Case 2. If x €[0,1] and £ € [2,3], then, by (2.2), we obtain T'(x) = 2, T(X) =
T2(x) = T?(xX) =2. Hence d(T(X),T?(x)) =d(2,2) = 0.

Case 3. If x,X € [2,3], then, by (2.2), we obtain T(x) = T(x) = T?*(x) =
T2(x) =2. Hence d(T(x),T?(x)) =d(2,2) =0.

In consequence of considerations of each cases, we obtain that 7" satisfies the
condition (2.1).

Of course, there exists xog € A (for example xo = 1) such that xo < T?(xg). All
assumption of Theorem 2.2 are satisfied. There exists a fixed point w = 2 of the map
T in A. Moreover if we define the sequence (x, : n € N) as x,4+1 = T(x,), n € N,
then limy, oo X2, = W.

2.2. Best proximity point results

Motivated by Theorem 3, we establish an existence result of best proximity points
for F- cyclic contractions under weaker assumptions.
We begin our main conclusions of this section with the following theorem.

Theorem 5. Let (A, B) be nonempty pair of subsets of a metric space (X,d) and
”=<" be a partially ordered relation on A such that A is complete. Let T : AUB —
AU B be a cyclic mapping such that T? is nondecreasing on A and there exists T > 0
such that

d*(Tx,T?x)>0= 1+ F(d*(TX,T?*x) < F(d*(x', Tx)),

for all x,X € A with x < X. Suppose there exists xo € A with xo < T?xo and define
Xn+1 = Txp. If A is a regular set and boundedly compact, then T has a best prox-
imity point.

Proof. Since T? is nondecreasing, the sequence {x»,} is increasing and by the fact
that A is boundedly compact, there exists a subsequence {x2,, } of {x2,} converging
to some p € A. Thus

dist(4, B) < d(p,x2n,—1) < d(p,X2n;) + d(X2n,, X2n,—1)-
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Now if k — oo, then by Lemma 1 we have d(p,x2,,—1) — dist(4, B). In view of
the fact that A is a regular set, x2,, < p for all k € N. We have

F(d*(x2n,, Tp)) = F(d*(Tp, T?x2n,-2))

< F(d*(p,Txan,—2)) —t = F(d*(p,X2n,—1)) =7 — —00  (k — 00).
Therefore, d* (x25,,Tp) — 0 and so d(p, Tp) = dist(4, B). O

Remark 2. Tt is worth noticing that if in Theorem 5 $£4(y) is singleton for any
y € By, then T?p = p, that is, p is a fixed point of T2.

Proof. Since d(p,Tp) = dist(4, B), we have P4(Tp) = {p}. If d*(Tp,T?p) >
0, then
F(d*(Tp,T?p)) < F(d*(p.Tp)) -,
which is impossible by the fact that F € ¥ and so the domain of F is (0,00).
Thereby, d(Tp,T? p) = dist(A, B) and so T2 p € £4(Tp) and this turns that 72 p =
p.
O

Definition 8. Let A and B be nonempty subsets of a partially metric space (X, d).
The pair (A, B) is said to have monotone proximally property if for any increasing
sequence {x,} in A such that for every ¢ > 0 there exist y € B and N € N satisfying
that d(x,,y) <dist(A4, B) +¢ forn > N, then it is the case that {x, } has a convergent
subsequence.

Next example shows that the monotone proximally property does not imply prop-
erty WUC in general.

Example 2.2. Consider X = R with the usual metric and with the natural partially
ordered relation <. Suppose A = (—00,0]U {2} and B = {1}. Then dist(4,B) =1
and Ag = {0,2}, Bo = {1}. Let ¢ > 0 be given. We have the following two cases:

Case 1. Consider the nondecreasing sequence {x,} defined with x, = —%. Then
for y = 1 we have limy—ood(x,,y) = 1 and so, there exists N € N such that

d(xn,y) <dist(A4, B) + ¢ for all n > N. We note that x;,, — 0.

Case 2. Let {x,} be a sequence in A for which x,, = 2 for all n € N except perhaps
finite numbers. In this case we have x;, — 2 and that lim,— oo d (x5, y) = 1.
Therefore, (A, B) has the monotone proximally property.

We now claim that (A4, B) does not satisfy the property WUC. To this end, define the
sequence {Zp} in A4 as

—L ifn is odd,

Zn = . .
2 ifniseven.
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The we have limy, o0 d (25, y) = dist(A4, B) but the sequence {z,} is not convergent.

Example 2.3. Suppose X = R? and define the metric d on X by
d((x1,y1), (x2,y2)) = [x1 =22+ [y1 =32l ¥ (x1,01), (x2,2) € R?,

Consider the partially ordered relation on X with (x1, y1) < (x2,2) & x1 <Xx2, y1 <
2. We define

A:{(O,l—%):neIN}U{(O,n):nEIN}, B={2,y):0<y<1}.

By simply calculations, we obtain dist(A, B) = 2. By definition of A, we see that
there exists only one increasing sequence {x,} in A such that for every & > 0 there
exist y € Band N € N satisfying that d(x,, y) <dist(A, B) +¢& forn > N. The above
assumption satisfies the sequence {x, = (0,1 — ﬁ) :n € N} for y = (2,1). Then, of
course {x,} has a convergent subsequence (for example {x; = (0,1 — ﬁ) 1k € N}).

The following theorem is the main result of this section.

Theorem 6. Let (A, B) be nonempty pair of subsets of a metric space (X,d) and
”<" be a partially ordered relation on A such that A is complete. Let T : AU B —
AU B be a cyclic mapping such that T? is nondecreasing on A and there exists T > 0
such that

d*(T%,T?x) >0= v+ F(d*(T%,T?*x) < F(d*(x', Tx)),

for all x,x € A with x < X. Suppose there exists xo € A with xo < T?xo and define
Xn4+1 = Txn. If A is bounded and a regular set and (A, B) has the monotone prox-
imally property, then T has a best proximity point.

Proof. From Lemma 1| d(x,,xn+1) — dist(A4, B). Since A is bounded, the se-
quence {x2,} and so the sequence {x2,—1} are also bounded. Consider n € N. Then
for all k € N by the fact that the sequences {x2,—1} and {x»,} are nondecreasing and
bounded, we have

F(d™* (X2n+2kX2n+1))
= F(d*(T*"%x0,T*" " x0)) = F(d*(T (x2n42k—1). T*(x2n-1)))
< F(d*(X2n+2k—1,%20)) =T  (since X2n—1 < X2p42k—1)
= F(d*(TXonq2k—2.T*X2n—2)) — T
< F(d*(X2n42k—2,%2n—1)) — 2T (since Xap—2 =< X2p42k—2)
<..<F(d*(xp,x1))—2nt < F(M)—2nr,
where M := sup{d*(xox,x1) : kK € N}. Thus for all &€ > 0 there exists no € N such
that d* (X2,y+2k>X2no+1) < € which implies that

Xono+2k € ii‘(xz,,0+1,£+dist(A,B)), Vk € N.
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By the fact that (A4, B) has the monotone proximally property, we conclude that the
sequence {x25} has a convergent subsequence to a point p € A. It now follows from
an equivalent argument of Theorem 5 that p is a best proximity point of 7" and the
result follows.

O

Let us illustrate Theorem 6 with the following example.

Example 2.4. Suppose X = R? and define the metric d on X by
d((x1,y1), (x2,y2)) = [x1 =22+ [y1 =32, ¥ (x1,01), (x2,2) € R?,

We know that X is not strictly convex. Consider the partially ordered relation on X
with

(x1,y1) 2 (x2,¥2) < X1 = X2, y1 < y2.
Let

A:{(O,l—%):neIN}U{(O,n):neIN}, B={Q2.y):0<y<1}

Then dist(A, B) =2 and Ay = {(0,1—%) :neNYU{(,n):ne{l,2,3}},Bo = B.
Also, it is easy to see that (A4, B) has the monotone proximally property. Define the
cyclic mapping 7 : AU B — AU B by formula

T(x)=

(2.1) forx e W:={(x1.y1) €X :x; =0Ay; €{1,2}U{l -5 :n e N}}
(2,0) forxeV :={(x1,y1)€eX:x1=0Ay1€{neN:n>2}}
(0,1) forx = (x1,y1) = (2,k), k €[0,1]

where x € AU B. Then, we calculate

0,1) forxeWuV

@.1) forx = (x1.y1) = 2.k). kefo,1] ¥ <AVE:

T2(x) =

It is easy to observe that the map T is continuous on A, and 72 is nondecreasing on
A.
Next, we show that, for F(¢) = In(z), t > 0, there exists T > 0 such that

d*(Tx,T?x)>0= 1+ F(d*(T%,T?x) < F(d*(x',Tx)),

for all x,x € A with x < x.

Indeed, let x, X € A with x < X and t = In(2) > 0. Since x < X, we may consider
three cases:

Case 1. If x, X € W, then we have the following: 7'(x) = (2,1), T?(x) = (0,1),
T(x) = (2,1), T?>(xX) = (0, 1), thus d(T(X), T?(x)) = d((2,1),(0,1)) = 2, and
d*(T(X),T?(x)) = d(T(X),T?(x))—dist(A, B) = 0. In consequence the contrac-
tion conditions is trivial satisfies.
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Case 2. If x, X € V, then we have the following: 7' (x) = (2,0), T?(x) = (0, 1),
T(X) = (2,0), T?(x) = (0, 1), thus d(T(X), T?(x)) = d((2,0),(0,1)) = 3,
and d*(T(xX),T?(x))
=d(T(x),T?(x))—dist(A, B) =1>0. Moreover, d(x,T(x)) =d((0,m),(2,0)) =
m+2,and d*(x,T(x)) =d(x,T(x))—dist(A, B) = m, for some m > 2, such that
X = (0,m) € V. On the other hand, we have m > 3, so % < % < % In consequence,
since % = ¢~ @) = ¢~ we obtain

d*(T(%),T*(x))=1<me " =d*(%,T(x))e".

Therefore
e"d*(T(x),T?(x)) <d*(£.T(x)),
and next
eTM(@* (TE).T2(0)) < pin(d* T (),
Finally, we obtain
T+ F(d*(T(X).T?(x))) < F(d*(£.T(x))).
Hence, the contraction conditions is satisfies in this case.

Case 3. If x € W and X € V, then we have the following: 7'(x) = (2,1), T?(x) =
0,1), T(x) = (2,0), T2(x) = (0,1), thus d(T()E),TZ(x)) =d((2,0),(0,1)) = 3,
and d*(T'(X),T?(x)) = d(T(x),T?*(x))—dist(A, B) = 1 > 0. Moreover,
d(x,T(x))=d(0,m),(2,1))=m+1,andd*(x,T(x)) =d(x,T(x))—dist(A, B)
= m — 1, for some m > 2, such that X = (0,m) € V. On the other hand, we have
m>3,som—1>2andnext 1 < %(m —1). In consequence, since % =e 7, we
obtain

d*(T(%),T*’(x))=1<(@m—1)e " =d*(x,T(x))e °.
Therefore
et d* (T (%), T?(x)) < d*(x,T(x)),
and next
TeN@ (TE).T2()) < ln(d* (£.TC))),
Finally, we obtain
T+ F(d*(T(£).T?(x))) < F(d*(£.T(x))).

Hence, the contraction conditions is satisfies in this case.
In consequence, for the map 7 there exists t > 0 such that

d*(Tx,T?x)>0= 1+ F(d*(T%,T?x) < F(d*(x', Tx)),

for all x,x € A with x < X. We observe that exists xo € A with xo < T2x (for
example x¢ = (0, %) and then T2x¢ = (0,1)). Ofcourse, the set 4 is bounded and
a regular set and (A, B) has the monotone proximally property (see Example 3.2).
Finally, the point (0, 1) is the best proximity point of 7" (we recall 7(0,1) = (2, 1),
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s0d((0,1),T(0,1)) = 2 = dist(4, B)).
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