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COEFFICIENT ESTIMATES FOR A CLASS OF ANALYTIC
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Abstract. In this paper we introduce and investigate an interesting subclass SCJ.E‘}SP (4) of ana-
lytic and bi-univalent functions in the open unit disk U. For functions belonging to the class

8 }gp (4), we obtain estimates on the first two Taylor-Maclaurin coefficients a, and a3. The
results presented in this paper would generalize and improve some recent work of Joshi et al. [5].
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1. INTRODUCTION

Let + denote the class of all functions of the form

f@=z+) ar* (1.1)

k=2

which are analytic in the open unit disk U={z:z€C and |z|]<1}. We also
denote by § the class of all functions in the normalized analytic function class -
which are univalent in U.

Since univalent functions are one-to-one, they are invertible and the inverse func-
tions need not be defined on the entire unit disk U. In fact, the Koebe one-quarter
theorem [4] ensures that the image of U under every univalent function f € & con-
tains a disk of radius 1/4. Thus every function f € » has an inverse f !, which is
defined by

flf@)=z  (zeU)

and
FU ) =w ('“" <ro(f); ”’(f)zi)'
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In fact, the inverse function f~! is given by
7 w) =w—aw?+ (2a3 —az)w? — (5a3 — 5azaz +as) w* +--.  (1.2)

A function f € s is said to be bi-univalent in U if both f and f ! are univalent in
U, in the sense that £ ~! has a univalent analytic continuation to U. Let X' denote the
class of bi-univalent functions in U given by (1.1). For a brief history and interesting
examples of functions in the class X, see [0] (see also [2]). In fact, the aforecited
work of Srivastava et al. [6] essentially revived the investigation of various subclasses
of the bi-univalent function class X in recent years; it was followed by such works
as those by Xu et al. [7, 8].

Recently, Babalola [1] defined the class £ (8) of A-pseudo-starlike functions of
order f as follows:

Suppose 0 < 8 < 1 and A > 1 is real. A function f € #4 given by (1.1) belongs to
the class £, () of A-pseudo-starlike functions of order § in the unit disk U if and
only if

2(f' @)
R ———— | > el).
R ( @ ) B (zel)

Babalola [ 1] proved that all pseudo-starlike functions are Bazilevi¢ of type 1—1/A,
order 1/* and univalent in U.

Motivated by this definition, Joshi et al. [5] introduced the following two sub-
classes of the bi-univalent function class X' and obtained non-sharp estimates on the
first two Taylor-Maclaurin coefficients a, and as of functions in each of these sub-
classes.

Definition 1 ([5]). A function f (z) given by (1.1) is said to be in the class
IJB)Z“; (o) if the following conditions are satisfied:

roWA
fex and rg(%)‘<? (z € U) (1.3)
and s
‘arg (w(z:(%)))) < % (w e U), (1.4)

where 0 < o < 1, A > 1 and the function g = f~! is given by (1.2).

We call ii)’f\; () the class of strongly A-bi-pseudo-starlike functions of order «.
Also for A = 1, we get 1’5812 (o) = 85 [o] the class of strongly bi-starlike functions
of order «, introduced and studied by Brannan and Taha [2].

Theorem 1 ([5]). Let f (z) given by (1.1) be in the class éCi)’iv’; () O<a <
1,A>1). Then
a2 < > (15)
a .
SN —1ta)
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and
402 n 200
2r—-1)*  3A-1

Definition 2 ([5]). A function f (z) given by (1.1) is said to be in the class
E£8B 5 (A, B) if the following conditions are satisfied:

las| <

(1.6)

’ A
feX and N (Z(]}%) > B (zel) (1.7)
and N
m(ﬂgg?L)>ﬂ (w € U), (1.8)

where 0 < 8 < 1, A > 1 and the function g = f ! is defined by (1.2).

We call £8Bx (A, B) the class of A-bi-pseudo-starlike functions of order . Also
for A =1, we get £8 5 (1, ) = 87, (B) the class of bi-starlike functions of order ,
introduced and studied by Brannan and Taha [2].

Theorem 2 ([5]). Let f (z) given by (1.1) be in the class LB x (A, B) (0 < <
1,A>1). Then

2(1-p)
laz| < m (1.9)

and

_40=p?  20-P)
T @r-1%  3A-1~
Here, in our present paper, inspiring by some of the aforecited works (especially

[5]), we introduce the following subclass of the analytic function class #, analog-
ously to the definition given by Xu et al. [7].

|as| (1.10)

Definition 3. Let the functions %, p : U — C be so constrained that
min{NR (2(z)), R(p(z))} >0 (ze€U) and h(0)=p0)=1.

Also let the function f defined by (1.1) be in the analytic function class 4. We say
that f € (fi)’}gp (A) (A = 1) if the following conditions are satisfied:

!/ A
fex  and %eh(u) (z € U) (1.11)
and ,
%Ep(&]) (w € U), (1.12)

where the function g = f ! is defined by (1.2).
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Setting A = 1 in Definition 3, we get the class 0‘658};1’ ()= ﬂg’p introduced and
studied by Bulut [3].

Remark 1. There are many choices of the functions # and p which would provide
interesting subclasses of the analytic function class #. For example, if we let

h(z)=(1i)a and p(z)=(l;z)a O<a<l,zel)

1—z 1+z
or
h(z)z% and p(z)=% (0<pB<l,zel),

it is easy to verify that the functions /(z) and p(z) satisfy the hypotheses of Defini-
tion 3. If f € £B™P (1), then

/ A
feX and ‘arg(%) <? O<a<l,A=1,z€l)
and
/ A
arg(w(g(#))))‘<a7n O<a<l,A>1,wel)
or

2(f (@)

feXx and %( @)

>>,8 O<B<1,A>1,z€l)

and

/ A
g (LE@DT) s 0<p<lazlweU).
g(w)

where the function g = f ! is defined by (1.2). This means that
fetBh(@ (O<a<l,Ax1)

or

fefBx(A.p)  (O=p<lAzl.

Motivated and stimulated especially by the work of Joshi et al. [5], we propose to

investigate the bi-univalent function class £ 8 }Sp (A) introduced in Definition 3 here
and derive coefficient estimates on the first two Taylor-Maclaurin coefficients a, and

as for a function f € é&fB%p (1) given by (1.1). Our results for the bi-univalent

function class éﬁii%p (A) would generalize and improve the related work of Joshi et
al. [5].
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2. A SET OF GENERAL COEFFICIENT ESTIMATES

In this section we state and prove our general results involving the bi-univalent
function class ii)’}gp (A) given by Definition 3.

Theorem 3. Let the function f (z) given by the Taylor-Maclaurin series expansion
(1.1) be in the bi-univalent function class éﬁiilgp (A). Then

5] < min [ O +[p' O  [h" ()] +]p" (0)] o1
- 22 -1)% 4A021—1) '
and
las] <min{y , 4}, (2.2)
where ) )
_IOF+1p' O 1" O)]+]p" 0
221 —1)? 4(30—1)
and
(222 422 = 1) [h" (0)| = (2A2 =44+ 1) [p"(O)] . 1<A<I1+32
s L @22 H O] +(202 4 +1)|p" ©)] . A= 1+92

AC2r—1)(BA—1)

Proof. First of all, we write the argument inequalities in (1.11) and (1.12) in their
equivalent forms as follows:

’ A
%ﬂ(z) (e,

and A
HES _pw) weu).

respectively, where /1 (z) and p (w) satisfy the conditions of Definition 3. Further-
more, the functions / (z) and p (w) have the following Taylor-Maclaurin series ex-
pensions:
h(z) = 1+hiz+haz?+-
and
p(w) =1+ prw+ pow*+---,

’ A
respectively. Now, upon equating the coefficients of ZU}% with those of /(z) and

’ A
wlg'w)” ((ww))) with those of p (w), we get
QA —1)az = hy, 2.3)

(222 =41 +1) a3+ (BA—1)az = ha, 24)

the coefficients of



154 SERAP BULUT

—Q2A-Daz=p (2.5)
and
(2A2+21—1)a3—(3A—1)az = pa. (2.6)
From (2.3) and (2.5), we obtain
hi=-p1 (2.7)
and
2021 —1)2d2 = 1% + p?. (2.8)
Also, from (2.4) and (2.6), we find that
202 —1)a2 = hy + po. (2.9)

Therefore, we find from the equations (2.8) and (2.9) that

o < WOE+1p' ©F

2021 —1)2
" W )1+ 12" O)
jas|® < ,
4121 —1)
respectively. So we get the desired estimate on the coefficient |as| as asserted in
2.1).

Next, in order to find the bound on the coefficient |a3|, we subtract (2.6) from
(2.4). We thus get

2031 —1)az—2(3A—1)a3 = hy— p,. (2.10)
Upon substituting the value of a% from (2.8) into (2.10), it follows that
s — h3+ p3 ha — pa ‘
221—1)2 236A-1)

We thus find that
as < HOLLIPOF | 11O+ 1p" O
T 2024-1)2 4B31—1)

On the other hand, upon substituting the value of a% from (2.9) into (2.10), it follows
that

(2A2 422 —1)ha + (=242 +41—1) p>
2022 —-1)(31—1) ’

a3z =
We thus obtain
(222 422 = 1) |0" (0)| = (2A2—4A+ 1) [p"(0)] 1<A<1+2

(222 422 = 1) |0" (0)| + (2A2—4A+ 1) [p" (0)] A >1+2
DA —1)GA=T1)

las| <
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This evidently completes the proof of Theorem 3. g

3. COROLLARIES AND CONSEQUENCES
Setting A = 1 in Theorem 3, we get following consequence.

Corollary 1 ([3]). Let the function f (z) given by the Taylor-Maclaurin series
expansion (1.1) be in the bi-univalent function class [8;’1) . Then

la2] < min \/ [ OF +1p' O \/ 7O+ 17" (O)]

2 4
and
la3| < min |h’(0)|2+lp’(0)|2+Ih”(0)|+|P”(0)| 317 (0)| + [ p" (0)]
3| = 2 s , . .
If we set
1 « 1—7\%
h(z)=(%§) and p(Z)=(ri) O<a<lzel)

in Theorem 3, we can readily deduce Corollary 2.

Corollary 2. Let the function f (z) given by the Taylor-Maclaurin series expan-
sion (1.1) be in the bi-univalent function class 33!8'} () O<a<1,A>1). Then

202
laz| < 12i—1)
and
s - lsa<1+4
las| <
2 Az

Remark 2. Corollary 2 is an improvement of Theorem 1.

If we set
h(z)=% and p(z)=% 0<B<l1,zel)

in Theorem 3, we can readily deduce Corollary 3.

Corollary 3. Let the function f (z) given by the Taylor-Maclaurin series expan-
sion (1.1) be in the bi-univalent function class €8x (A,B) (0<B <1,A > 1). Then

1-B 2A+1
Viern 0=sP=%g

2(1-8) 2,211 <B<l1

laz| <




156 SERAP BULUT

and

(1]
(2]
(3]
(4]
(5]
(6]

(7]

(8]

L [40-p)% | 1-B _1-B v
| | mm{(z)t—l)2 + 3A—1" A(ZA—l)} , 1<A<1+ 5=
asz| =

i Az 142

Remark 3. Corollary 3 is an improvement of Theorem 2.
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