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SOME ORTHOGONALITY EQUATION WITH TWO FUNCTIONS
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Abstract. The aim of this paper is to describe the solution ( f, g) of the equation

(fOIFO)) = (g)y). x.y € X,
where f: X — Y, g: X — X, X,Y are inner product spaces over the same field K € {R, C}.
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1. INTRODUCTION

Throughout this paper X, Y are Hilbert spaces over the same field K € {R, C}, (-|-)
denotes the inner product and ||-|| the norm associated with it. We shall not distinguish
between the symbols used for X and Y, D(T) denotes the domain of the operator T'.

It is known that 4: X — Y is a solution of the orthogonality equation:

(A () = (x[y). x,y € X (1.1)

if and only if 4 is a linear isometry (see, e.g. [6, Lemma 2.1.1 and the following
Remark]).
J. Chmielifiski [3] studied the generalized orthogonality equation

(f()[g(y)) = {x|y), x.y € X,

with two unknown functions f,g: X — Y. The form of solutions of the above equa-
tion was presented by R. Lukasik and P. Wéjcik [5], R. Lukasik [4].
Also in the paper of M. M. Sadr [8] we can find the Banach-orthogonality equation

(f()|g(e)) = (x|a). x € E, @ € E,

where f:E — F, g:E* — F*, E, F are Banach spaces, F is reflexive.

In this paper we take a different approach. Instead take two different functions on
the left side of (1.1), we change only the right side of (1.1).

Now we recall some facts from the theory of adjoint operators.
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Definition 1. Let D(f) be a linear subspace of X, f:D(f) — Y be a linear
operator. Let further

D(f={yey: \/ /\ (f®Ily)=(xlz)}.
z€X xeD(f)
A function f*:D(f*) — X is called an adjoint operator (to f) if and only if

(f)y) = {x][/*(»). x € D(f). y € D(f™).

Remark 1 (see [1,§39]). Let D(f) be a dense linear subspace of X, f:D(f)—Y
be a linear operator. Then the adjoint operator exists and it is unique. Moreover
D(f*) is alinear subspace of Y, f* is a linear operator and

ker f* = (im f)*, clim f = (ker f*) .
Definition 2. Let D( f) be a linear subspace of X. A linear operator f:D(f) —
Y is called bounded if and only if there exists M > 0 such that
If I = Mix]l. x € D(f).

Remark 2 (see [1,§19]). Let D(f) be a dense linear subspace of X, f:D(f)—Y
be a linear and bounded operator. Then f can be uniquely extended to a linear and
bounded operator on X .

Definition 3. Let D(g) be a dense linear subspace of X. A function g: D(g) — X
is called a symmetric operator if and only if

(g()]y) = (xlg()), x,y € D(g).
Definition 4. Let D(g) be a dense linear subspace of X. A function g: D(g) > X
is called a self-adjoint operator if and only if D(g*) = D(g) and g* = g.

Remark 3. For bounded operators definitions of the symmetric operator and the
self-adjoint operator are equivalent.

Definition 5. Let D(g) be a dense linear subspace of X. A linear operator g: D(g) —
X is called positive if and only if

(g(x)|x) =0, x € D(g).

Theorem 1 (see [7, §104] and [2]). Let g: X — X be a self-adjoint and positive
operator. Then there exists a unique self-adjoint and positive operator T: X — X
suchthatg =ToT.

Because every symmetric and positive operator can be extended to a self-adjoint
operator we have the following result.

Theorem 2. Let D(g) be a dense linear subspace of X, g: D(g) — X be a sym-
metric and positive operator. Then there exists a symmetric and positive operator
h: D(h) — X such that D(g) C D(h) and g = hoh.
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Definition 6. Let D(7T) be a dense linear subspace of X. A linear operator
T:D(T) — Y is called a linear isometry if and only if

ITCHN = [lx]l. x € D(T).
Remark 4 (see Remark 2). Let D(T) be a dense linear subspace of X. Let

T:D(T) — Y be a linear isometry. Then T can be uniquely extended to a linear
isometry from X to Y.

Remark 5. Let D(T) be a dense linear subspace of X. Let T: D(T) — Y be a
linear isometry. Then

(TIT(y)) = (x]y). x.y € D(T).
We would like to divide our consideration into two cases: f, g are bounded or
unbounded. In view of Lemma 1 we do not have other cases.

2. MAIN RESULT FOR BOUNDED OPERATORS

Because the domain of a bounded operator can be extended to the whole space,
we assume in this section that operators are defined on the whole X.
First we describe properties of solutions of equation (2.1).

Theorem 3. Let f: X — Y, g: X — X satisfy the equation
(fOLfD) =(gx)y), x.y € X. 2.1

Then f is linear and bounded, g is a self-adjoint and positive operator, kKer f =Kkerg.
Proof. We observe that

(g)ly) = (SIS D) = (SIS )) = (g(W)x) = (x[g(¥)). x.y € X.

We have also

(g()]x) = (f()|f(x)) =0, x € X.
Hence g is a self-adjoint and positive operator. In particular g is continuous. Since

(f@If(ax+y)—af(x)— f(») = (g@)|ax +y) —a{g@)|x) — (g(z)]y)
=0, x,y,z€X, xek,

then f(ax+y)—af(x)— f(y)eim f+, x,y € X, a € K, so f is linear. We notice
that
1A QI? = (f()) = (g)lx) < llg@ll-Ix]l < llgl- )%, x € X,

which means that f is bounded.
Finally, for x € X we have

xekerg = N\ (gW)y)=0<= N\ (fWIf(») =0 xcker f.
yex yeX
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Theorem 4. Let f: X — Y be linear and bounded. Then there exists a unique
function g: X — X such that f and g satisfy equation (2.1). Moreover g = f*o f.

Proof. Let g = f*o f. Hence
(fOIfD) =(*(fx)]y)=(g(X)]y). x.y € X.
Assume that there exists #: X — X such that
(fOLSD) = (h(x)]y), x,y € X.
Hence
(g(xX)=h(X)|y) ={fOS D)= (SO[f() =0, x,y € X,
soh=g. O

Theorem 5. Let g: X — X be a self-adjoint and positive operator, im g be iso-
metric with some subspace of Y. Then there exists a function f:X — Y such that [
and g satisfy equation (2.1).

Proof. Let Xg =climg, T:Xo — Y be a linear isometry (as an extension of a
linear isometry from im g to Y). In view of Theorem 1 there exists a self-adjoint
operator h1: X — X such that g = h2. Itis easy to see that kerh = kerg = Xd- and
hence clim/ = clim g = Xy. We define function f: X — Y by the formula

f(x)=T(h(x)), x € X.
Then
(fOOSO) =T R)IT (h(y))) = (h(x)|h(y))
= (R2(0)]y) = (g)]y), x,y € X.
O

In the above theorem the assumption that im g is isometric with some subspace of
Y is necessary. If the space Y is too small, then this theorem does not hold, which
shows the below example.

Example 1. Let K =R =Y, X = R?, g = Idy. Suppose that there exists f: X —
Y such that (2.1) holds. Then

f(x1,x2)- f(y1,¥2) = x1y1 + X2y2, X1,%2, 1,2 € R.
Hence
f1.0* =1,
f0.1)* =1,
f(1,0)- £(0,1) =0,

which is impossible.
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3. MAIN RESULT FOR UNBOUNDED OPERATORS

Theorem 6. Let D be a dense linear subspace of X, f:D — Y, g: D — X satisfy
the equation

(fOIf() = (g(x)]y). x.y € D. (3.1)

Then f is linear, im f C D(f™), g is a symmetric and positive operator, ker f =
kerg.

Proof. Since

(f@|flax+y)—af(x)— f(y)) = (g@)|ax+y) —a(g(@)|x) —(g(z)|y)
=0, x,y,z€D, x ek,

then f(ax +y)—af(x)— f(y) €im f1, x,y € D, a € K, so f is linear. Hence

(glax+y)—ag(x)—g(y)|z) = (flax +y)| f(2)) —a (f()|f(2) = {(f(D)]f(2))
=0, x,y,z€D, x ek,

so g is also linear.
We observe that

(g))y) = (SIS D) = (fWIf (X)) = (g(W)x) = (x[g(y)), x.y € D.

We have also

{g()]x) = (f()|f(x)) =0, x € X.

Hence g is a symmetric and positive operator.
Let z €im f. Then z = f(y) for some y € D. We have

(f()z) = (SIS () = (g(x)y) = (x|g(y)). x € D,
soz € D(f™).
Finally, for x € D we have

xekerg <= [\ (g0)|y) =0<= N (SIS () =0 x ckerf.
yeX yex

Lemma 1. Let f:D — Y, g: D — X satisfy the equation

(fOIf) =(gx)ly), x.y € D.
Then f, g are linear and f is bounded if and only if g is bounded.

Proof. In view of the previous theorem f is linear, g is symmetric, so it is also
linear.
(=) Let f be bounded. We have

e [ = [{SLSONT = IS -ILF DI
<A1 Ixl- Iyl x.y € D.
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Fix x € D. Let (y4)nen C D be a sequence convergent to g(x). Hence
le@)[1? = [{g(0)]g(x)) | = Jim [(g(o)[ya) | = lim A1 - 1y
= I£1P-Ixl- g1l

which means that g is bounded.
(«) Let g be bounded. We have

1A GI? = (fS()) = (g@)]x) < gl [1x]
<lgl-lx|*, x € D,
so f is bounded. O

Theorem 7. Let D be a dense linear subspace of X, f:D — Y be linear and
im f C D(f*). Then there exists a unique function g: D — X such that f and g
satisfy equation (3.1). Moreover g = f*o f.

Proof. Because im f C D(f™*), then g = f*o f is well-defined. Hence
(SOOI = (f*(f )|y} = (g)y). x,y € D.
Assume that there exists #: D — X such that
(fIf ) = (h(X)[y). x.y € D.
Hence
(g(x) =h()]y) = (fIISf D) = (f()Nf(») =0.x.y €D,
soh=g. O

Theorem 8. Let D be a dense linear subspace of X, g: D — X be a symmetric
and positive operator, im g be isometric with some subspace of Y. Then there exists
afunction f:D — Y such that f and g satisfy equation (3.1).

Proof. Let Xg =climg, T:Xo — Y be a linear isometry (as an extension of a
linear isometry from img to Y). In view of Theorem 2 there exists a symmet-
ric operator h: D(h) — X such that D C D(h) and g = h?. It is easy to see that
cl Xd- =cl kerg C cl kerh and hence clim i = (kerh)® C (kerg)’ = clim g = Xo.
We define a function f: D — Y by the formula

f(x)=T(0(x)), x e D.
Then
(fOS D) =T RC)IT (h(y))) = (h(x)|h(y))
= (h?(x)]y) = (g()ly). x.y € D.
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The following example shows that we do not have uniqueness of f in Theorems 5
and 8.

Example 2. Let f,g,h:KK3> — K3 be maps given by formulas

f(x1,x2,x3) = (x2,X1,X3), x1,X2,Xx3 € K,
h(x1,x2,x3) = (x1,x3,X2), xX1,x2,x3 €K,
g = IdIKS

It is easy to see that /2 = h? = Idys and f* = f, h* = h. Hence
(fESD) = (E)IR(K)) = (x]y) = (g()]y), x,y € IC.

But we can also say something about the family of functions f which satisfies
equation (3.1) with the same g.

Theorem 9. Let D be a dense linear subspace of X, f:D — Y, g: D — X satisfy
equation (3.1). Then h: D — Y satisfies the equation

(h(0)|h(y)) = (g(x)y). x,y € D, (3.2)
if and only if there exists a linear isometry I:im f — Y suchthath =1o f.

Proof. (=) Let h: D — Y satisfy equation (3.2). We know that £,/ are linear.
We define /:im f — Y by the formula

I(f(x))=h(x), x e D.
We observe that
fx)=f(y)<x—yekerf < x—y €ckerg
< x—yekerh <= h(x)=h(y), x,y € D,
so I is well-defined. We have also
I(af(x)+ f(») =1(f(ex+y)) =h(ax+y) = ah(x)+h(y)
= aI(f(x))+I(f(»)). x.y € D, a €K

and

I CDI? = 1R = (g()]x) = [ /(D). x € D.

Hence [ is a linear isometry and 7 = [ o f.
(<) Let I:im f — Y be a linear isometry, h = I o f. Then

() (y)) = TSCNIf (D) = (fOLf D)) = (€(X)]y), x,y € D.
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