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ON THE HYPER-SUMS OF POWERS OF INTEGERS
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Abstract. The main object of this paper is to study an old problem concerning the hyper-sums
of powers of integers. First, we establish some important properties of this problem (generating
function, explicit formula, congruence). Finally, an explicit formula for the hyper-sums of powers
of integers involving the generalized Bernoulli polynomials are also given.
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1. INTRODUCTION

Following the usual notations (see [4]), the falling factorial x2 (x € C) is defined
by x8 =1, x» = x(x—1)---(x —n + 1) for n > 0 and, the rising factorial denoted
by x”, is defined by x” = x (x + 1)+ (x +n — 1) with x® = 1. The (signed) Stirling
numbers of the first kind s (n, k) are the coefficients in the expansion

n
xt = Zs(n,k)xk.
k=0

The Stirling numbers of the second kind, denoted {Z} are the coefficients in the ex-
pansion

x" = ; n} xk.
i

The Stirling numbers of the second kind {Z} count the number of ways to partition a
set of n elements into exactly k nonempty subsets.
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The hyper-sums (sums of sums) of powers of integers S,E’) (n) (p = 0) (or the
r-fold summation of pth powers) are defined recursively as

+r
S(") — n , >O,
0 (n) Fl r=

n n
SOy =37 sV ) =Y 8V nrp=1.
i=1 j=1
As mentioned by Knuth [8], the hyper-sums of powers of integers was introduced
for the first time by Faulhaber as a generalization of sums of powers of integers

S (n) =17 422+ +n?.

The sums S ISO) (n) have been of interest for a long time and different methods have
been proposed to obtain them, see [1-3,5,6,9, 10].

In 2005, Inaba [7] extended the well-known formulas for S ISO) (n) which is based
on Stirling numbers of the second kind to obtain the explicit formulas of the hyper-
sums of powers of integers

p
+r+1
SOmy =3 k"
p () Z (r+k+1)

k=1

p
k

}, n,p>1. (1.1)

Note that when p > 0, we can write S ,S’) (n) as

z +r+1 +
S (n) = Zgi} (k!(z+:+ 1) _ (" ’ r)so,k), (1.2)
k=0

where §; ; denotes the Kronecker symbol.
The purpose of the present paper is to give some results concerning the hyper-sums

of powers of integers Sp(r) (n).

2. MAIN RESULTS

We begin by the exponential generating function of the hyper-sums of powers of
integers.

Theorem 1. The exponential generating function of the hyper-sums of powers of
integers S,S’) (n) is

P 1 — +r
) Z _ n+r+ F 1,—n q_e?)_ n
2.5 (”)p! ( r+1 )2 r2 00 TC .

p=0
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where 5 F1 ( a(,:b ;Z) denotes the Gaussian hypergeometric function defined by
) @" (b)" 2"
= ()" n!
Proof. First, we invert the formula (1.2) to obtain

p
r) — n+r—+1 __11+r
25 (pk) S () p.(pﬂ+1 |0

k=0
Further, we have

n+r+1 n+r zP
AO(Z):IZ;(p!(pHH)_( r )50”’)?
n+r+1 n+r
;(p+r+1) ()
_(n4r+1 Z(l)ﬁ( n)j(—z,)p_ n+r
r+1 (r+2? p! ro )

Finally, the result follows from [1 |, Theorem 3]

> s (n) = Ag (e —1).

p=0

This completes the proof. g
We will now derive a few further consequences of Theorem 1.

Corollary 1. The exponential generating function of the hyper-sums of powers of
integers S I(,r) (n) is given by

L (n) Z(" +:_i)e"? 2.1)

p>0 ! i=1

Proof. 1t follows from the theory of hypergeometric functions that the Gaussian
1,—n z . . .
hypergeometric function , F; rn ;1 —e? | has an integral representation given

by

1
1,—n
2F1( Fi2 ,l—ez) :(r+1)/(1—x)’(1—x+xez)"dx.
0
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Hence, we obtain

n 1
") o & _ AT DU (1) iz [k nk g (T
>SS (n)p!— — > e (1—=x)" TR x*ax )
0

p=0 k=0

DI e CHRN =R (nr
B nlr! Z(k)e m+r+1)! ( r )

k=0

_ i(k-‘rr)e(n_k)z_ <n+r)
r r
k=0

n—1
_ Z (k + r)e(n—k)Z’
r
k=0

as claimed.

An explicit formula for S ISr) (n) is given in the following corollary.

)

Corollary 2. The hyper-sums of powers of integers S Z(f) (n) (p = 0) is given by

SO (n) = Z(" +: _i)il’.

i=1

Proof. Since

. p n + oz ( )p
ZSIS)(H)%:Z<H rr z)zlz'

p=0 =1 p>0 p:

&)

22 we get the result.

Equating the coefficient of T
In the next theorem we will present some congruence relations for S ,S’) (n).

Theorem 2. Let n be a prime number and for p > 0, r > 0, we have
(1) Ifn | r+1, then S (n) = 0 (modn),
Q) Ifntr+1landn—1]| p, then S,S’) (n) = —1 (modn).

Proof. If n | r + 1 then by Lucas’ congruence we get

n—1 .
SIS’) (n) = Z(r;l)ip(modn)

i=1
= (0 (modn).
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Since n — 1| p, the Fermat’s little theorem and Lucas’ congruence gives

“nar—i
S;’)(n)zz< . )(modn)

i=1

=—1+ (’: i :) (modn)

= —1(modn).
This completes the proof. g

Theorem 3. The ordinary generating function of the hyper-sums of powers of
integers S ,S’) (n) is given by

> S myz = e 2(1 —z) P, (2.2)
r>0 i=1
Proof. Since
n+r—i i
Z( )Zr:(l_Z)l n 1’
r
r>0
which implies (2.2). O

Further, from (2.1) and (2.2), we deduce the double generating function of the
hyper-sums of powers of integers S, (r) (n)

ZZS‘”(n) Z _ZZ<”+r )ri

r>0p>0 i=1r=>0

)n+12 1_Z)

i=1
e(n—H)z (1 _ ) —eZ

T (=" (eE(I—n)—1)

Now, according to the well-known formula, for n € N and m € N*

_1\ym—2 k
() (B () o)

we can rewrite the exponential generating function of the hyper-sums of powers of
integers S p(r) (n) as

r zP (_l)r e’* - n+k -z n+1)z
ZSIS )(H)E = (l_ez)r+1 (Z( k )(l_e )k_e( D )
k=0
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— (" + r). (2.3)
.

The next result gives an explicit formula for S,S’) (n) involving the generalized
Bernoulli polynomials. Recall that the generalized Bernoulli polynomials [B,(f) (x) of

degree n in x are defined by the exponential generating function [12, 13]
(@)
(ez _1) = B (x) (2.4)
n>0

for arbitrary parameter .

In particular, IB,(,D (x) := By, (x) denotes the classical Bernoulli polynomials with
Bi (0) =—3

Theorem 4. Foralln, p,r > 0, we have

r) p! (r+1)
Sp (n) ( —|—l"+1)' P+r+1 (l’l+l" 1)

B 'Z n+k [Bl(,j.:_/l.?.l(]) n—+r 5
u (p+j+D! \ r )7

Proof. By (2.3) and (2.4) we have

r (r—k)z (r+n+1)z
) _ n+k e e _[n+r
ZS (l’l) 1 z( k ) (ez_l)r—k+1 + (eZ—l)r+1 ( r

p=0
1
(e
p=0
[ P
+Y Bt (41 +1) —( )
p! r
p=0
After some rearrangement, we find
(r+1)
o2 2 Byt +1)
25 0= L\ P G
p=0 ©op=07 '

k
_Xr: BY <R (r =) n+k _(r+r\s
(p+r—k+1)! r 0.7

Equating the coefficient of %7, we get the result. O

p"
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When r = 0, Theorem 4 reduces to the known result

1
SO m)y=——(B 1)—Byi1(0)) =80 p.
b (1) p+1(p+1(”l+ )—Bp+1(0)) — 8o, p
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