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Abstract. 1In this paper using the (p, k)-parametrization of theta functions and Eisenstein Series,
developed by Alaca, Alaca and Williams, we obtain some new theta function identities and then
use them to derive explicit formulae for the number of representations of a positive integer n by

certain quadratic forms
6

2 2
Z ak(xzk_l + Xok—1X2k + xzk)
k=1
in twelve variables where aj. € {1,2,4}.
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1. INTRODUCTION

Let N, Ng, Z, Q and C denote the set of natural numbers, non-negative integers,
integers, rational numbers and complex numbers respectively so that No = N U {0}.
For ay,...,ag € Nand n € No we let R(ay,...,aq;n) denote the representation num-
bers of n by the form al(x% +x1x2 + x%) —I—az(xg + x3x4 + xi) + a3(x§ + Xx5x6 +
xg) + a4(x% + x7x8 + x%) + as(xg + X9x10 + x%o) + as(xfl +x11x12 + x%z), that
is

R(ay,...,ag;n) :=
6 (1.1)
=card{ (x1,...x12)€Z?:n= Zak(xgk_l + Xop_1X2k +x§k) .
k=1
If/ of ay,...,a¢ are equal, say
ai =ajy1=--=4a;yj-1 =4 (1.2)

for convenience we indicate this in R(a1,...,ae; 1) by writing al fora;, Aid1yeesAjp]—1-
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For k € N and n € Q the sum of divisor function is defined by

de, ifneN,

or(n) = dd€|£\l (1.3)

0, ifn e Q,n ¢ N.
The Dedekind eta function 7(z) is the holomorphic function defined on the upper
half plane H = {z € C : Im(z) > 0} by the product formula

o0
n(z) — eniZ/IZ l_[(l _627”'1’!1)' (14)
n=1
Through the remainder of the paper we take g = ¢(z) := ¢2*'Z with z € H and so
by (1.4) we have

o
n@) =q"*[[1-¢". (1.5)
n=1
Let N be a positive integer. An eta quotient is defined to be a finite product of the
form
f@= [T 6. (1.6)
0<8\N
When all of the exponents rg are nonnegative, f(z) is said to be an eta product. We
now define the following eta products.

Bi(q) = ilbl (mq" =1n"?(22), (1.7)
Ba(q) = ilbz (m)q" = 1°(@)n° 22)n(B2)n(62), (1.8)
Bs(q) := §b3 (m)g" =n°@)n°(32), (1.9)
By(q) = ibzx (mq" = n’(22)n° (42)n(62)n(122), (1.10)
Bs(q) := ibs (n)g" = n(2)n> B2)n’ (42)1(122), (1.11)
Bs(q) = ii% () ¢q" = n(z)nz2)n° (32)n° (62), (1.12)

n=1
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o0
B1(q) = _b7(n)q" =n'?(62). (1.13)

n=1
Determination of representation number formulae for quadratic forms which are
sums of binary quadratic form x% +x1x2+ x% was considered before by many math-
ematicians. See for example [5, 9, 12]. Among the studies some contains formulae
for the forms in twelve variables. In a recent publication Yao and Xia [14] obtained

formula for R(1%;n). The authors proved that

252 6804 216
R(1%:n) = Fas(n)—?os(n/3)+Ea(n), (1.14)

where - o
Y amq" =q []-¢g"°01-g"". (1.15)

=1 n=1

From (1.15) and (1.9) it is clear that a (n) = b3 (n).
A similar formulae for R(1°;n) was given before by Lomadze [9]. Recently,
Kokliice [7] has derived formulae for the convolution sums Wll,’63(n), W21’33(n),

W31”23 (n) and W61”13 (n). As an application he used these evaluations to derive for-
mulae for the representation numbers R(15,21;n), R(14,22;n) and R(13,23;n). In
another work he and his coauthor Eser [8] have found formulae for the convolutions
sums W117’132(n), W;f (n), W41”33 (n) and W11i?1 (n) and then used them for deriving
representation number formulae for some quadratic forms in twelve variables which
are sums of squares. Kokliice has used another method developed by Lomadze to
obtain explicit formulae for quadratic forms in twelve and sixteen variables which
are direct sums of binary quadratic forms with discriminant —23 in [6].

In the present paper, we obtain formulae for 21 quadratic forms in twelve variables
by using theta function identities. These formulae are given in terms of o5(n) and the
integers b; (n), (i =1,2,3,4,5,6,7 and n € N) given by the equation (1.7)-(1.13).
We compare our formula for R(1®;1) with results of Yao and Xia [14] and formulae
for R(15,21;n), R(14,22;n) and R(13,23;n) with previous work of Kokliice [7]
and see that they are consistent. Similar methods have been used before for deriving
representation numbers formulae for sextenary and octonary quadratic forms. See for
example [4] and [13], respectively.

The rest of this paper is organized as follows. In Sec. 2, we state our main theorem.
In Sec. 3, we give parametrization of theta functions and Eisenstein series in terms of
p and k. In Sec. 4, we give a lemma which contains required theta function identities
for the proof of the main theorem. In Sec. 5, we prove the main theorem. Finally, in
Sec. 6, we give a concluding remark.
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2. STATEMENT OF THE THEOREM

Theorem 1. Let n € N then,

252 6804 216
- 6.\ _ =2~ _ g
@) RO%n) = 2 o5(m) ~ S50/ + 2 s, e
66 192 1782
(i) R(1°,2%n) = 705(’1)—705(”/2)"‘ o5(n/3)
5184 144 1296
— TGS(H/@ + sz(”) + Tbé(n)’ (2.2)
60 192 1620
4 A2. _ v 174 _
(i) R(1%,2%:n) = 1305(n)+ 3 o5(n/2) 3 o5(n/3)
5184 288 540 2592
— ?05(”/6) - sz(”) + Fbs(”) + ?[%(’1)’ (2.3)
. 18 144 486
(iv) R(13,23;n) = 705(’1)—705(”/2) + TUS(’?/3)
3888 108 972
— TGS(”/Q + sz(”) + Tb6(n)’ (2.4)
12 240 324 6480
) R(12,24;n) = EUS(”) + FUS(”/z)—FUS(”B)—1—30'5(”/6)
126 270 1134
-2 -2 2.
P ba(n) + E b3(n) + B be(n), (2.5)
. 6 132 162
(vi) R(11,2%;n) = 505(”)—70'5(”/2)4‘ TUS(”/3)
3564 36 324
— 0“5(1’1/6) + 7b2(n) + Tbé(l’l), (26)
66 198 1782 384
(vii) R(1°,4%;n) = EUS(H)_FUS(n/z)_TUS(H/” + FGS(HM)
5346 10368 774 1260 810
6)— 12)4+ —b ——b —b
+ E o5(n/6) 3 os5(n/12) + 3 1(n) 3 2(n) + 3 3(n)
16128 24192 6804 33534
— b b ——b b 2.7
T a(n) + 73 5(n) 3 6(n) + 73 7(n), 2.7
1 4 40 192
(Vi) R(1%,4%im) = Zos(n) + 120501/2) ~ S os(n/3) + > 05(1/4)
1215 5184 387 846 756
T s (1/6) = o 5 (1)12) + ot by (1) — b 2
22 05(1/6) 1305112 2 by )~ S s () + T )
8064 12096 1458 16767
—b b ——5b b 2.8
T 4(n) + 3 5(n) 13 6(n) + 3 7(n), (2.8)
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9 81 243 288
(ix) R(%.4%n) = Z05(n) = S05(1/2) = 5 =05(1/3) + -05(1/4)

2187 7776 459 3591 3591
+705(”/6)—?05(”/12)+Ebl(”)— Toa bz(”)‘i‘m]%(”)
3672 5508 729 12393
—T?MMH-BZMM—EfdM+ 26 by(n), (2.9)
3 45 81 240
R(1%2,4%n) = — — 2)— — — 4
(x) R(1%,4%:n) 5205(H)+-5205(n/ ) 52O's(n/3)+ 3 os(n/4)
1215 6480 531 801 891
- — 12) + —— - il
> 05(n/6) 13 o5(n/12) + = by(n) = ba(n) + = bz(n)
1656 2484 243 8019
(2.10)

3 ba(n) + Tbs(”) - §b6(’1) + 3197(”),

3 99 81 264
(x1) R(11,45§”) = m%(") - MUS(”/Z) - ﬁUS(n/?,) + 305(”!/4)

2673 7128 99 1035 1485
+W05(”/6) - 705(11/12) + %bl (n)— sz(n) + mbﬂ”)
558 837 729 2187
0 S psn) — =2 2.11
B ba(n) + 3 bs(n) 208b6(n)_k ) b7(n) (2.11)
15 51 40 192
(xii) R(14,2!,41;n) = 705(11) + 705(11/2) + Tas(n/?’) — Tas(n/4)
1377 5184 333 36 16
+TUS(’1/6) - Tﬁs(n/u) + Tbl(n) + 7192('1) - Tb3 (n)
3456 3564 8991
2.12)

+Tb5(”l) - Tb6(n) + Tb7(n)’

1

8 150 48 384
(xiii) R(13,2%,41:n) = EUS(”) - FUS(”/2) - FUS(”/3) + 305(”/4)

4050 10368 306 909 729
+T05(”/6)— o5(n/12) + Fbl(”)—2—6b2(”)+ gbs(”)

4896 7344 2835 8262
—?IM(”)‘*‘ 13 bs(n) — 26 b6(”)+?b7(n), (2.13)

9 69 24
(xiv) R(13,21,4%:n) = ﬁﬁs(’?) - ﬁ05(ﬂ/2) + WOS(”/?’) - 705(’1/4)

1863 2592 333 108
T2 o5(n/6)— 5 05(n/12)+Hbl(n)—l-%z(n)—Tbg,(n)

1728 1377 8991
+Tb5 (n)— Tb6 (n) + Tb7 (n), (2.14)
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192

(xv) R(1%2,23,4%:n) = %05(11) +905(n/2) + %05(11/3)— Tos(n/4)

5184 81 27 27
+24305(n/6) — Tds(n/IZ) + Tbl(n) + 7bz(n) - 7193(")
(2.15)

432 243 2187
+Tbs(n)—7b6(”)+ 7 b7(n),

3 57 8 192
i) R(12,22,4%;n) = — 4+ 2)— 2= 4
(xvi) R(14,2%,4%;n) 1305(11) 13crs(n/ ) 13c75(n/3)+ B o5(n/4)

1539 5184 153 999 999
05(n/12) + —=b1(n) = ——ba(n) + —b3(n)

6) —
3 05(n/6) 13
2025 4131
(2.16)

2448 3672
3 ba(n) + Tbs(”) — ?bé(”) + T%("),

3 69 81 144
(xvii) R(12,21,43;n) = ﬁgs(’?) + ﬁos(n/Z) + ﬁUS(n/?’) — 705(’7/4)

1863 3888 243 171 81

+t—g 05 (n/6)— TUS(”/IZ) + Ebl(”) + sz(n) — ﬁb3 (n)
324 81 6561

+Tb5(n) + —=be(n) + o3 b7(n), (2.17)

28
6 138
(xviii) R(11,2% 4%;n) = EUS(’Z) - FUS(’?/Z) - Fﬁs(nﬁ) + FUS(”/‘I')

3726 10368 72 243

— 12) + = ==

S os(1/6) = == 0s(n/12) + b1 (m) = 2
40 1944

— (2.18)

1152 1728 5
K b4(")+?b5(’1)— 26 b6(”)+Tb7(”),

243
ba(n)+ 2—6193(”)

+

3 9
(xix) R(11,23,42;n) = ﬁUS(n) - 505(”/2) + ﬁUS(n/?’)_ 705(”/4)

243 2592 81 27 27
—705(71/6) — TUS(W/H) + ﬁbl (n) + ﬁbz(”) — ﬁbg,(n)

216 243 2187
b7(n),

+Tb5(n) - ﬁbG(n) + 1 (2.19)

3 75 81 2
(xx) R(11,22,43;n) = %05(11)—%05(11/2)—%05(11/3) + FOS(HH)

2025 7776 54 63 999
_ 12) + —— _ 22 27z
+t0 05(n/6) a3 o5(n/12) + 131?1(”) g ba(n) + 1041?3(")
864 1296 405 1458
bs(n) — —be(n) + b7(n), (2.20)

_22% il 0
1324+ 3 104 13
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3 51 81 120
) R(A1.21 44.n) = — - 22 _
(xxi) R(1%,2%,4%n) 5605(11) 56(75(11/2)—i-5605(11/3) > os5(n/4)
1377 3240 153 9 27
— — 12) + — Z -
3 05(n/6) o5(n/12) + 3 bl(”)+4bz(n)+28b3(”)
108 1053 4131
——b —b —b . 2.21
) s(n) + >3 6(n) + s 7(n) (2.21)

3. THE (p,k)-PARAMETRIZATION OF THETA FUNCTIONS AND EISENSTEIN
SERIES

In his second notebook [ 1] Ramanujan gives the definitions of Eisenstein series
L(q). M(q) and N(q) by

o f’lqn
L(g):=1-24)" = (3.1)
n=1
o n3qn
M(q):=1+240) =g (3.2)
n=1
and
00 5 n
n’q
N(g):=1-504>" — (3.3)
n=1
It can be easily seen that
o0
L(g):=1-24) o(n)q". (3.4)
n=1
o
M(q):=1+240) o3(n)q" (3.5)
n=1
and
o
N(q) :=1-504> 05(n)q". (3.6)
n=1

For g € C, |¢| < 1 the Jacobi one-dimensional theta function ¢(g) is defined by

o@)i= > q". (3.7)

The Borweins’ two-dimensional theta function a(q) is defined by
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alg) = Y g, (3.8)
(m,n)ezZ?
so that for ay,...,ae € N we have
(o,]
ZN(al,...,aé;n)q” =a(g®)...a(g?). (3.9
n=0

Alaca, Alaca and Williams [2] defined p and k respectively by

92(q)—¢*(q?)

p=rQ):= 207(0) (3.10)
and
3(,3
k:k@y:igf- 3.11)

Alaca, Alaca and Williams [2] derived formulae for a(q),a(g?) and a(g*) in terms
of p and k. They have proved that

a(q) = (1+4p+ p?)k, (3.12)
a(g®)=(1+p+p>k (3.13)

and .
a(gh =( +p—§p2)k. (3.14)

Formulae for the series N(q), N(g?), N(g3),N(g*),N(¢®) and N(g'?) in terms
of p and k are determined by the same authors [1]. Equations (3.22)-(3.27) are
respectively as follows

N(q) = (1—246p —5532p> —38614p> —135369p* — 276084 p> — 348024 p®
—276084p7 —135369p® —38614p° —5532p10 —246p"1 + p'?)k®, (3.15)

4059
Nﬂf)=(1+6p—1Mp2—62m3——3—p4—4ﬂnp5—5ﬁ%p6—4ﬂnp7
4059
_—P8—625p9—114p10+61711+P12)k6, (316)

N(g®) =(1+6p+12p% —58p3 —297p* —396p° —264p® —396p” —297p8
—58p° +12p0% + 6p1 + p'2)k, (3.17)
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1167 171 2151
N(q4)=(1+6p+12p2+5p3—45p4—144p5—Tp6+Tp7+3—2 8
739 o 345 4 129 1

11 12176
_ 2 i —p12)6 3.18
6l "3 P TP tgl) (3.18)

27 27
N(q6) =(14+6p+ 12p2—|—5p3—?p4—18p5—12p6—18p7—?p8 —i—5p9

+12p" +6p' + p'HkS, (3.19)
and
27 33 45 135
N(@'?) =(1+6p+12p>+5p3——p*—18p° — —p® 4+ —p7 + —pB
2 8 8 32
17 4 3 3 1216

k. 3.20
+16p+16p +3p +6p) (3.20)

The Ramanujan discriminant function A(g) [10] is defined by

Ag)=q]]a-g"*
n=1

Alaca, Alaca and Williams [1] expressed A(qi) (i =1,2,3,4,6 and 12) in terms
o0
of p and k. They solved these equations for 1_[ (1 —qi”), (i =1,2,3,4,6 and 12)

n=1
and obtained the following equations in [3].

o0
[T—¢" =g¢25275p2(1— p)3 (L + p)s(1+2p)5 2+ p)¥k2.  (3.21)

n=1

H(l ¢*") = ¢ 223 pT(1-p) i (14 p) 2 (14+2p)F 2+ p)ik3,  (3.22)

[ee]
[T =) =¢ 5278 p3 (1= p)s(1 4+ p)2(1+2p)21 2+ )29k, (3.23)

o0

[Ta-4*) =¢75273 ps (1= p)F(1 + p)23 (1 +2p)$ 2+ p)

n=1

=

k2, (3.24)

=

[T -4 = q~42-3 ph = (1 4+ b4 2) 224 py ok

n=1

(3.25)
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and

o0

[Ta-g"=q"5273p5 (1= p)23 (14 p)s (1 +2p) 5 2+ p)ok>.
n=1
Using (3.21)-(3.26) we obtained the following identities.

1'722) = 2op(= (4 P +2p)°C 4 )R,
> (2)n° 22)n(32)n(62) = ép(l -1+ p)?(1+2p)* 2+ p)’k®,
@102 = ;p( =P+ P (L4 2D) 2+ RS,
n’(22)n° (42)n(62)n(122) = épz(l —p?(1+p)(1+2p)* 2+ p)*k°,
n(2)n’ (3z)n’ (42)n(122) = épz(l -+ p)>(1+2p)2+ p)°k°,
n(2)n(22)n’(32)n°(62) = épz(l —p)?(L+p)*(1+2p) 2+ p)k°,

1
n'2(6z) = 1—61)3(1 —p)(1+p)*(1+2p)(2+ p)k®.

4. THETA FUNCTION IDENTITIES

Theorem 2.

| 27 216
(i) a®(q) = e N@+ %N(Cﬁ) + 13 Ba(@),

—11 8
i) a® H)=——N —N(q?
(i) a>(¢q)a(q®) =33 (q9)+ 47 (g°)
99 72 144 1296
— 2 N@>)+-—=N@g®+—B " Be¢(q).
196 (q)+49 (g”)+ - 2(q) + - 6(q)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(4.1)

(4.2)
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5 8 45
4 20,2 2 3
=——_N(@)——N —N
(iii) a*(q)a”(q~) 16 (q) 7 (%) + ™ (q”)
72 288 540 2592

6
+§N(q )—EBz(q)JrFBs(q)JrTBe(q), 4.3)

() @ (@)a(q?) = 2N @) + 25N G?)

196
27 54 108 972
——_N@>+=N(@¢%+—B " Be(q), 4.4
1o V@) + g N@”) + —=B2(q) + —=Bs(q) (4.4)

1 10 9
2(q)a*(g?) = ——=N(9) — —=N(g>) + —=N(q*
(v) a*(q)a*(q*) 16 (q) T () + ™ (q>)
90 126 270 1134

6
+§N(q )—FBz(qHFBs(qHTBs(q), 4.5)

() a()a*(q?) =~ g Nig) + 55, N(g?)
N + N+ B+ 2 Beta), 46)
(vi) @3(@alq®) =~ V(@) + 52N gD + 5 NG~ 5N (g
2N+ o NG+ T B~ o Balg) + o B(g)
O Bata) + 2 Bsla)— 2 Bela) + o Ba(@), @)

5 5 45 8
4 2,4 - ——N 2 - 3y __ 4
(viil) a*(q)a“(q~) 2184N(q) 73 (=) + 728N(q ) 273N(q )
135 72 387 846 756
——N@®+-—=N@'"*+—B(q)——B B
+728 (q )+91 (g )+ 3 1(q) 3 2(q) + 3 3(q)

8064 12096 1458 16767
= Baq) + — o Bs(q)— —>-Bo(@) + —5B1(q). 438)

13 13 13

1 9 27 4
ix) a3(q)a’(q*) = ———N ——N@)H+—=N(@>)——
(ix) a°(q)a(q") 1456 (q)+1456 (q)+1456 (q) o1

N(g*)

243 108 459 3591 3591
———N@@®+—N@"®) +==Bi(q)— B —B
1456 (g”)+ o1 (g )+ T3 1(q) Tod 2(q) + T0a 3(q)
3672 5508 729 12393

E B4(q)+1—Bs(q)—1—Bs(q)+ % B7(q). 4.9)

3 04
20 N4 2 3 4
=———N(@)—=—=N o015 V(@) =5 N
(x) a*(q)a*(q*) 3736 (@) 912 (¢ )*‘2912 (@) 73 (q%)

135 90 531 801 891

——N(@®+ —=N(@*)+=Bi1(q)——B —B
t5012 (61)+91 (g )+ = 1(q) = 2(q) + ) 3(q)
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1656 2484 243 8019

— B " Bs(q)——B ——B+(q), 4.10
3 4(q) + 3 5(q) =) 6(q) + = 7(q) (4.10)
(xi) a(@)a5(@*) = ——— N@) + N + = N(g®) — = N(g*)
X1) d a e —— RS - o
)4 17472 D T 5gpq M) T S M) T 573
297 99 99 1035 1485
———_N@®+=N@@'*»+=Bi(q) - B ——B
S804 (q )*'91 (q )+_26 1(q) 708 2(q) + 508 3(q)
5583 ( )+837B @ 729B ( )+2187B @ .
13 Ba(@) + 5 Bs(q) — 50 Bsg 5 Bi@. :
5 17 45
. 4 2 4 =——" N —— N 2 —_—N 3
(xii) a*(q)a(q)a(q”) 176 (q) 176 (q°) T (q°)
8 153 72 36 216
—N@H—==N@¢% +-=N@g®>+B “—By(qg)——B
+17 (q”) 393 (q)+49 (g )+ 1(61)+7 2(q) 7 3(q)
3456 3564 8991
+ 7 Bs(q)——7 Bs(q) + 7 B7(q). (4.12)
1 25 27 16
3 2,2 4 _ _ N N(g2 N(g3) — N(g?
(xiii) a>(q)a“(g*)a(gq®) 364 (61)+—1092 (q )+364 (q”) 73 q7)
225 144 306 909 729
~"N@®+ —N(@'®)+—B{(q)— —B =B
364 (q°)+ o1 (g )+ 3 1(q) % 2(q) + % 3(q)
4896 7344 2835 8262
_°7pB Bs(q)— —""B B+(q), 4.13
3 4(q) + E 5(q) % 6(q) + T 7(q) (4.13)
1 23 27 4
: 3 2V,2 (04 — N N 2y N 3 N 4
(xiv) a°(q)a(g“)a“(q") 7ea (q)+—2352 (g°) 784 (g )+—1 17 q)
207 36 333 108
—N@®+=N@G@?»+=—"B 9B,(q) — — B
+784 (q )+49 (g )+ T 1(q) +9B2(q) - 3(q)
1728 1377 8991
+——Bs5(q) — ——Bs(q) + —— B7(q), (4.14)
7 7 14
() 2@ @)alqh) = ——— N(g)— = N(g?) - —=N(g®) + —=N(g*)
1176 56 392 147
27 72 27 27
—-Z—N@@®%+-=N@g'®>+B —By(q)——=—B
3 (61)+49 (g %)+ Bi(q)+ - 2(q) - 3(q)
432 243 2187
+TBS(Q)_TB6(Q)+TB7(Q)’ (4.15)
(xvi) a2(@)a2(g2)a2(q*) = N(g)— ~— N(g?) + = N(g®)— — N(g*)
2184 2184 728 273
171 72 153 999 999
N(a®) + 2 N2 Bi(a)— 2B B
Y (q)+91 (g )+ T 1(q) = 2(q) + ) 3(q)
2448 3672 2025 4131
———=B4(q) + —Bs5(q) — —Be(q) + ——B7(q). (4.16)

13 13 52 13
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1 23 9 2
:: 2 2\ 3 (44 — N _ N 2y N 3 =N 4
(xvii) a“(q)a(g©)a>(q") 7704 (q) 704 (g) 1568 (q )-+-49 (q”)
207 54 243 171 81
———N@®+=N@g'*»+=—B —B>(q)——B
1568 (q )+-49 (g )+ 2% 1(q) + 5% 2(q) >3 3(q)
324 81 6561
B —B B , 4.17
+ - 5(q) + 3 6(q) + >3 7(q) (4.17)
1 23 9 16
4, 2 4 _ _ N N(a? N(a3) — N(g*
(xviil) a(q)a”(q)a(g”) 1093 (q)+1092 (q)+3&l(q) 73 (7))
207 144 72 243 243
~Z N@%+ —N@'*+-—=B1(g)——B B
364(q)+ o1 (g )+13 1(q) T zmy+26 3(q)
11523 ()_%1728B @ 4osB ()_%19443 @ “.18)
13 4D T T sl T R Peld) T T Brd), ‘
(xix) a(@)a®(@2)a2(q*) = — o N(@) + —— N2 — NG + —= N(g*)
2352 112 784 147
27 36 81 27 27
——_N(@%+=N(@*+—B ~By(q)-=—B
T (q )+-49 (q )+—14 1(q)+-14 2(q) T 3(q)
216 243 2187
B by - B , 4.19
+ 7 5(q) T 6(q) + 1 7(q) (4.19)
(%) a(@a2(qD)a>(@*) = —— N(g) + - N(g?) + ——N(g*) — —N(g*)
4368 4368 1456 91
225 108 54 63 999
= N(@® + —N(@2)+ =B1(q)— —B -y
1456 (q°) + o1 (g )4-13 1(q) < z(q)%-104 3(q)
864 1296 405 1458
B Bs(q)— —B B+(q), 4.20
3 4(q) + T s5(q) Toa 6(q) + B 7(q) (4.20)
(xxi) a(@)a(@)at (@) = ——— N(@) + - N(g2) - — N(g®) + —=N(g*)
9408 9408 3136 147
153 45 153 9 27
—~ N(@® +-—=N(@'*+—B B B
+3136 (q)+49 (g H-% Mm+4zWH583@)
1081;( )%_105313( )%_41313 @ 42
7 54 23 6\q 56 7). .

Proof. We just prove part (ii). The rest can be proved similarly. From (3.12),
(3.13), (3.15), (3.16), (3.17), (3.19), (1.8) and (1.12) we see that

~11 8 9 T2
@N(Q)+EN(‘]2)—1—96N(CI )—|—4—9N(q )

144 1296
+——7—n5(Z)n5(2z)n(3Z)n(6Z)4—-—;—-n(z)n(Zz)n5(3z)n5(6Z)

= (1+21p +186p% 4 905p> +2655p* + 4914 p° + 5964 p°® + 4914 p”
+2655p% +905p° + 186p'0 +21p!! + p'2)k©



902 BULENT KOKLUCE AND IBRAHIM KARATAY

=(1+4p+p>)°(1+ p+ p>k®
=a’(q)a(q?).

5. PROOF OF THEOREM 1
‘We just prove part (ii) as the remaining parts can be proved similarly
ooProof From (3.9), (3.12), (3.13) and Theorem 2 we have
> R(1.25m)g" = a*(g)a(g®) = (1+4p+ p?)° (14 p + pHk°

n=0
11 8 99 72

15488 147 129
+—n (Z)’?S(ZZ)’](3Z)77(6Z)+—U(Z)U(zz)ﬂ (3z)n°(62)

1-504 Z o5 (n)g*"

11 (1—504205(11)(1 ) i7(
n=1

~ 588
99 2 >

1—504 )4 = 1-504 6n
196( E o5 (n)q )+49( HEZIOs(n)q )

|1 sz(n)q + 122 Zb6 (n)g"

66 192  /n 1782  (n\ 5184 /n
—1+Z( 05(”)——05(2)-{-705(5)— 5 05(8)

144 1296
+Tb2 (n) + Tbé (n))q".
For n € N, equating the coefficients of ¢g” on both sides in the above equations

n

we obtain (2.2).
Denoting the right hand side of (2.2) by S(1°,2!;n) we give the first ten values of

R(1°,2';n) and S(1°,2%;n) in Table 1 to illustrate the equation
6. CONCLUDING REMARK

We note that there is no non-trivial linear relationships between the series N(g")(

i =1,2,3,4,6and 12) and B;(q).( j = 1,2,...7). However, it is clear from (1.7),
(1.8), (1.10) and (1.13) that B7(¢) = B1(q>) and B4(q) = B2(¢?). Thus

(6.1)

br(n) = b1(5).ba() = ba(3)

and hence the number of cusp forms used in formulae given in Theorem 1 could

be reduced to 5.
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TABLE 1. The first ten values of R(1°,21;n) and S(1°,2!;n).

L n [R(O®.2%n) [ os(n) [os(B) [o5(3) [05(§) [ ba(n) [ be(n) [ S(1°.2T:n) |
1 30 1 0 0 0 1 0 30
2 366 33 1 0 0 | =5 | 1 366
3 2370 244 0 1 0 0 | -1 2370
4 9390 1057 | 33 0 0 34 | =2 9390
51 28116 3126 | 0 0 0 | -30| —4 28116
6 | 76146 8052 | 244 | 33 1 | -81| 5 76146
7 | 16209 | 16808 | 0 0 0 68 | 12 162096
8 | 291246 | 33825 | 1057 | © 0 | 100 | —4 | 291246
9| 622830 | 59293 | 0 | 244 | 0 81 0 622830
10| 881460 | 103158 | 3126 | 0 0 |-174] —10 | 881460
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