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Abstract. Let G be a group with identity e and R be an associative ring with a nonzero unity
1. Assume that R is first strongly G-graded and H = supp(R,G). For g € H, define ag (x) =

ng)xtgzl where x € Cr(Re) = {r € R:rx =xr forall x € R.}, ré(,l) € Rg and lg(fz] €
=1

Rg—1 foralli =1,.....,ng for some positive integer ng. In this article, we study oy (x) and it’s

properties.
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1. INTRODUCTION

Throughout this article, R is an associative ring with nonzero unity 1. For a ring
R and a subset T of R, CR(T) ={re R:rt =trforallt € T}. For a group G,
Z(G)={geG:gx =xgforall x € G}. Let G be a group with identity e. Then
R is said to be G-graded if there exist additive subgroups Rg of R such that R =
@Rg where Rg Ry, C Rgp, forall g,h € G. Forx € R, x = Z Xg where xg is
geG geG
the component of x in Rg. Also, supp(R,G) = {g €G: Ry # O}. Moreover, R,
is a subring of R and 1 € R,. For more details, see [4]. Throughout this article,
H =supp(R,G).

First strongly graded rings have been introduced by Refai in [5]. A G-graded ring
R is said to be first strongly graded if 1 € Rg R,—1 forall g € H. R is first strongly
G-graded if and only if H is a subgroup of G and RgRy, =Ry, forall g,h € H. For
more details, see [5].

Definition 1 ([4]). Let R be aring. Suppose thate : G — Aut(R)and B: G xG —
U(R) where Aut(R) is the group of automorphisms of R and U(R) is the group of
units of R. In [4], (R, G, «, B) is said to be crossed system if the following conditions
hold for all g,h,s € G and a € R.

(1) ag(ap(a)p(g.h) = B(g.hagn(a).
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(2) B(g.h)B(gh.s) = ag(B(h.s))B(g.hs).
(3) B(g.e) =ple.g) =1.

In [2], a G-graded ring R is said to be crossed product over the support if
Re(U(R) # ¢ for all g € H. In [1], it was shown that if R is crossed product
over the support, then R is first strongly graded and then by [5], H is a subgroup of
G with RgRy, =Ry forall g.h € H.

Suppose that R is crossed product over the support. We may choose the family
{uglger in R such that ug € Ry ((U(R) for all g € H and assume that u, = 1.
So, Rg = Reug = ugR, and {ug}gcp is a basis for the left (right) R.-module R.
Define the map o : H — Aut(R,) by a(g) = ag where ag(a) = ugaugfl for all
g€ H and a € R,. Also, define §: Hx H — U(R,) by B(g,h) = uguhu;}ll for
all g,h € H. Then o and f satisfy the conditions (1), (2) and (3) above (see [1]).
Hence, (R, H,«, B) is a crossed system.

@)

ng
Assume that R is first strongly G-graded. For g € H, define ag (x) = Z ré(,’.)xtg_1

i=1
integer ng. In this article, we study o, (x) and it’s properties.

2. RESULTS

In this section, we introduce our results.
Let R be a G-graded ring and X be a non-empty subset of G. Then Ry = @ Rg.
gexXx
If X is a subgroup of G, then Ry is a subring of R. For more details, see [3]. We
begin our results by the following.

Theorem 1. Consider the above crossed system (Re, H,o, B). Suppose that X
is a subgroup of H such that X € Z(H)(\Ker(a) and B(x,y) = B(y,x) for all
(x,y) € X x X. If R, is commutative, then Ry is commutative.

Proof. Consider the family {ug}scp above. Let g,h € X and ag,by, € R,. Then
(agug)(bpup) = agag(bp)B(g. Mugn = aghpB(g,hugy =
bpap(ag)B(h,g)ung = (bpup)(agug).

Hence, Ry is commutative. O

Let R be a first strongly G-graded ring (not necessary to be crossed product over
the support). Then RgR,—1 = R, forall g € H. So, for every g € H, there exists

ng
ng L%, ré’) € Rg and t:,)l € R,—1 such that I = ng)t;’,)l since 1 € R,.
i=1
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ng
Define ag (x) = Zré(,i)xt;l_)l for all x € Cr(Re).
i=1

Theorem 2. Let R be a first strongly graded ring. Then ag is independent of the

@, @@ >

choice of rg "’s and t g1 S

Proof. Let ng,n’g e Z%t and rg),sg) € Rg,t (l_)l, (l) | € Rg 1 such that

ng
1= 300, Zs(j) N

i=1

Let x € Cr(R.). Then since w(j_)lr&(f) € R,,

ng ng
@) (l) () (J) _ @) (l) () 5y () _
ng’ xt, Zs J xw .2y =1. (Z ! xt, )— ngj xw 2 ) 0=
i=1 i=1 j=1

ng ng ne ng

Sy 5Pl () (z)xt(l) ZZS(])XW(J) (z)t(l) —o0.

Jj=1li=1 j=1li=1

The next lemma is fundamental for our next results.

Lemma 1. Let R be a first strongly graded ring. If r € R such that rRy, = {0} for
some h € H, thenr = 0.

Proof. Suppose that r € R and h € H such that rRy = {0}. Thenr =r.1 e rR, =
rRyRy—1 = (rRp) Rp—1 = {0}, e, r =0. O

Theorem 3. Let R be a first strongly graded ring and g € H. Then ag(x) is the
only element of R satisfies ag(x)ag = agx for all ag € Rg. Moreover, og(x) €
Cr(Re) and if x € Z(R.), then ag(x) € Z(R,).

Proof. Letag € Rg. Then t( )lag € R;—1Rg = R, and t(l)lag commutes with
x € CR(R) foralli =1,..... ng So,

ag(x)ag = Zr(’)xt(l_)la Zr(’) 1D agx = ag (Zré(,’) é(,l_)])
i=1 i=1 i=1
=ag.l.x =agx.

Let x € Cr(R.) and y € R such that ré(,’)x = yré(,l) foralli =1,.....,ng. Then
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ng ng
ag(x) = Zré(,’)xtg(,l) Zyrg(,’) :_)1 =Y (ng(’l)t;l—)l) =yl=y,

i=1 i=1 i=1

i.e., ag(x) is the only element satisfies g (x)ag = agx for all ag € Rg. Since R is
first strongly graded, if x € R,, then og(x) € R.. In particular, if x € Z(R,), then
ag(x) € Z(R,). So, for x € Z(R,) and s € Re,

ng Mg
sog(x) = lsag(x) = ZZr/(J)tl(Rsr(’)xt(l)
i=1j=1

Since té(Z?sréi) € Re,

ng Mg "

sag(0) =D 3 rfDxtDsri D = | 3 ri x| s (ng> gzl) =

i=1j=1 j=1 i=1
ag(x).s.1 =oag(x)s.

Ifag € Rg and w € R, then wag € R, Rg = Ry and then

(ag()w)ag = ag(x)(wag) = (wag)x = w(agx) = w(og(x)ag)

= (wag(x))ag
Which implies that (g (x)w —wag (x))Rg = {0}. By Lemma 1, g (x)w = wag (x)
and hence g (x) € Cr(Re). O
Theorem 4. Let R be a first strongly graded ring. Then the following hold:
(1) agoay =agy forall g,h € H.
(2) ag' =g forallg e H.
() ag(xb) =oag(x)ag(b) forall g € H and x,b € Cr(Re).

Proof. Since 1 € Re, x = 1.x = ate(x).1 = ae(x) for all x € CR(R,). Let g,h €
H,ag € Rg and ay, € Ry. Then agay € Rg Ry, = Rgp, and then

agp(x)(agap) = (agap)x = ag(apx) = ag(ap(x)ap) = (agop(x))ap

= (ag (x)(an(x))ag)ap = ag(x)(ap(x))(agan)

for all x € Cr(R.) which implies that ag (a5 (x)) = agp(x) by Lemma 1 as agay,
generates the R.-submodule Rgp,.
ng—1

Letge H,séj_)1 € Rgfl and wéj) eER, j=1,... Mg—1 such that 1 = Z s(]_)lw(])

Then for every x € Cr(R,),
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n _] ng
ag—1(ag(x)) = Z s, (Zr(’)xt(’_)l) wd) =

i=1

g1 ny—1
Z s(]) (Zr(’)xt(l_)lw(”) Z s(J) (Zr(’) (l_)lw(/)x) =

i=1 i=1

ng—l ne—1 ne—1
Z s(j) (Zré(f) g(,l_)l) (f)x = Z s(j) 1. w(/)x = Z s(j_)lw(/) X
i=1 j=1
=lx=x

which implies that (oeg)_1 =ag—1. For x,b € CR(R,) and ag € Ry,

ag(xb)ag = ag(xb) = (agx)b = (ag(x)ag)b = ag(x)(agh) =
ag(x) (g (b)ag) = (ag(x)ag(b))ag.
By Lemma 1, g (xb) = ag(x)ag (b).
O

Theorem 5. Let R be a first strongly graded ring. If x € Cr(R.) and g € H, then
XRg = Rgx (x centralizes Rg) if and only if ag (x) = x.

Proof. Suppose that Rg is centralized by x. Then for every ag € Rg,

ng
g (x)ag = (ngﬂng_%) Zr(’)xr(’_’la

i=1 i=1

Since tg) () ¢ R,

ag(x)ag = Zr(’) (l_)la X = (Zr(’) @ )agx = lagx =agx = xag

i=1 i=1

as x centralizes Ry. By Lemma 1, og(x) = x. Conversely, for every ag € Ry,
agx =og(x)ag = xag,i.e., x centralizes Rg O

Corollary 1. Let R be a first strongly graded ring. Then Z(R) = {x € CRr(R,) :
ag(x)=xforall g € H}.

Proof. Since R is first strongly graded,
Z(R) = (] Cr(Rg) = {x € Cr(Re) : x € Cr(Rg) forall g € H}. Note that if
geH
g ¢ H, then Ry = {0} and then Cr(Rg) = R. By Theorem 5, x € Cr(Ry) if and
only if g (x) = x and hence Z(R) = {x € Cr(R.) :ag(x) = x forallge H}. [0
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Remark 1. Also, it is nice to see that If R is a first strongly graded ring, then
Cr(R.) =

X = ngeR:xgeRg with cxg = xgc forall g € H and forall c € R,
geH

=qx= ngeR:xge(RgﬂCR(Re) forallge H

- =D (RgﬂCR(Re)).

g€eH
Note that for g ¢ H, Rg = {0} and then xg = 0.

The next result is a generalization of Corollary 1.

Theorem 6. Let R be a first strongly graded ring and X be a subgroup of H.
Then Cr(Rx) =

{l = Y 1z € R:1g € CR(R,)[ | Rg.0x(lg) = tyg,—1 forall g € H and for all x € X}
geH

= {1 € Cr(Re) :ax(t) =1t forall x € X}.

Proof. Let1 = Y 1, € Cg(Rx) where 1z € Rg. Since R, € Ry, 1 € Cr(R,)
gc€H
and then by Remark 1, g € Cgr(R,) for all g € H. Let x € X. Then for every

Sx € Ry,
Sx Y lg =Y lgSx

g€H g€H
since t € Cr(Rx). Astg € CRr(R.), by Theorem 3,
Zax(lg)s_x: Ztgs_x.
gEH geH

Since RxRg Ry—1 Ry = Ryg, forall g € H and forall x € X,

Qx(tg)sy = Ixgx—15x forall sx € Rx.

Choose ag) € Ry and bfjll € R,—1 wherei =1, .....,nx for some positive integer 7 x
such that

nx
1 = Zag)bgzl .

i=1
Then
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Ny ) Ny . )
tx(tg) = ax (1)1 = ax(tg) Y a6, =5y (1)aPp?, =
i=1 i=1

nx nx
thgx_lag)b;’l, =lygx—l Za)(j)bgzl =lygx—1-
i=1 i=1

For the converse, Suppose that t = Z tg € Rwherety € CR(Re) (| Ry and oy (tg) =
geH

t,,—1 forall g € H and for all x € X. Then for every s, € Ry,

xgx
Sxt: Zthg: Zax(tg)Sx: thgxfls’x: Zter:tsX
geH geH geH reH
which implies that t € Cr(Ry). O

Theorem 7. Let R be a first strongly graded ring such that R, is commutative. If
X is a subgroup of H such that X C Z(G) and ag(a) =a forall g € H and a € R.,
then J (\Cr(Rx) # {0} for every non-zero two sided ideal J of R.

Proof. Let J be a nonzero two sided ideal of R. Let x € X and sx € Ry. Define
Ks.:R— Rby

st(t):st Z[g :sztg_ztgs_x:zk].
geH geH geH jeEH
Note that ky = Sxte —teSx = Ux(te)Sx —leSx = teSx —teSx = 0. On the other hand,
kxg = Sxtg —tgSx € Rgx = Ryxg might be zero or nonzero. Thus the number of
elements in supp(Ky, () is less than supp(t). Moreover,

CrR(Rx)= (| Ker(Ks,).

xeX,sx€Ry

Lett = Z tg € J be a nonzero element. We may assume that 7, # 0. Otherwise,
g€eH

there exists a nonzero 1’ = Z tg, € J such that 7 # 0. So, there exists y € G such
g€H

that #;,, # 0. Also, there exists bJ(,i—)1 € Ry,—1 such that bj(j_)l ty #0wherei =1,......n,

we choose a)(,i) € Ry such that

ny .
Zaﬁ’)b;ﬁ)l =1

i=1
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and then

ny
ty=11,= Zaﬁ")b;’,)lty =0.

i=1
Hence, for every ¢ € J there exists b)(f_)lt =t = Z te in J such that#, = b)()j_)1 ty #
geH
0 and |supp(t)| = |supp(t’)| = 1. Now, we assumed that 1 = Z tg € J such that

g€eH
te 0. If t € Cr(RY), then it is done. Suppose that t ¢ Cr(Ry). Then there exists
x € X and sy € Ry such that K (t) # 0. Since K, (t) € J, we find an element in
J with smaller support. Keep on this procedure, we will stop since supp(t) is finite.

Thus, we will find an element § = Z g elJ ﬂCR(RX) such that &, # 0. O
g€eH
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