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Abstract. In this paper we study the modified Hadamard product properties of certain class of
analytic functions with varying arguments defined by Ruscheweyh derivative.
The obtained results are sharp and they improve known results.
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1. INTRODUCTION
Let + denote the class of functions of the form:
o0
f@=z+) ak, (1.1)
k=2

which are analytic and univalent in the open unit disc U = {z € C: |z| < 1}. Let
g € A where

o0
g(2) =z+2bkzk. (1.2)
k=2
Ruscheweyh [5] defined that

DY f@&) = =y * @ 2 =D (13)

which implies

n—1 (n)
D" f(z) = z(z nf!(z))

The symbol D” f(z)(n € No) was called the n-th order Ruscheweyh derivative of
f(z) by Al-Amiri [1]. It is easy to see that

D°f(z)= f(z).D' f(z) =zf'(2)

(© 2017 Miskolc University Press

(neNo=1{0,1,2...}). (1.4)
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D"f(x)=z+ Y 8(n.k)agz" (1.5)
k=2
where
5(n,k)=(n+,];_1). (1.6)

Definition 1. Let f and g be analytic functions in U. We say that the function f
is subordinate to the function g, if there exists a function w, which is analytic in U
and w(0) = 0;|w(z)| < 1;z € U, such that f(z) = g(w(z)); Yz € U. We denote by
< the subordination relation.

Definition 2. [2,4]ForA>0;—1<A<B<1;:0<B<Il;neNgletQ(n,A,A,B)
denote the subclass of 4 which contain functions f(z) of the form (1.1) such that

1+ Az
1+ Bz

Definition 3 ([7]). A function f(z) of the form (1.1) is said to be in the class
V() if f e Aandarg(ay) = 0 ,Yk > 2. If 3§ € R such that
Or + (k—1)8 = w(mod?2m),Vk > 2 then f(z) is said to be in the class V (6, §).
The union of V(6,8) taken over all possible sequences {6} and all possible real
numbers § is denoted by V. Let VQ(n, A, A, B) denote the subclass of V' consisting
of functions f(z) € Q(n,A, A, B).

Theorem 1 ([4]). Let the function f(z) defined by (1.1) be in V. Then
f(z) e VQ(n,A, A, B), ifand only if

(1=)(D" f(2)) + (D" *! f(2)) <

1.7)

o0
> " k8(n.k)Cr lag] < (B—A)(n+1) (1.8)
k=2
where
Cr=0+B)n+1+A(k—1)].
The extremal functions are

_ (B—A)n+1) 0k
fk(Z)_Z+We 7, (k = 2).

The modified Hadamard product of two functions f and g of the form (1.1) and
(1.2), and which belong to V' (8, $) is defined by (see also [3, 6, 8])

(f %)@ =2— Y agbpz* = (g% f)(2). (1.9)

k=2
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2. MAIN RESULTS

Theorem 2. If f € VO(n,A,A1,B),g € VO(n,A, Az, B) then
_n_ (B_Al)(B_AZ)(’H‘l)‘

f*xgeVQn,A,A*, B), where A* = 2C>8(n,2)

The result is sharp.
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Proof. Let f e VQ(n,A,A1,B),g € VQ(n,A, A2, B) and suppose they have the

form (1.1). Since f € VQ(n,A, A1, B) we have

o0
kZ ké(n,k)Cr lag|
=2
< 1
B_A, <n+
and for g € VQ(n, A, Az, B) we have

o0
k&(n.k)C |
k=2
< 1.
B_4, <n+

We know from Theorem 1 that f x g € VQ(n,A, A*, B) if and only if

o0
> k&(n.k)C lagby]|
k=2
T <n+1.
By using the Cauchy-Schwarz inequality for (2.1) and (2.2) we have

(o)
kZ k&(n.k)Ci /laxbi|
=2

V(B—41)(B—A42)

<n+1.

We note that
o0 o0
ké(n,k)Cy |agby| kz ké(n,k)Cr+/|arby|
=2

k=2 <
B—A* T V(B—A41)(B—A42)

implies (2.3). But this is equivalent to

bl _ Vl0arbi]|

B—A* " \/(B—A41)(B—A2)
or
anhr] < B—A*
V IAgOPk| = .
V(B—A1)(B—A42)
From Theorem 1 we have:

(B—Al)(n—i-l)
d|b
lag| < K1) and |by| <

kCrd(n, k)

(B—Az)(TH'l)’(k > )

2.1)

2.2)

2.3)

(2.4)
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this implies that

V(B—A41)(B—A2)(n+1)
Vlagbg| < K3t ) J(k>2). (2.5)

From (2.5) we obtain that (2.4) holds if
V(B—A1)(B—A2)(n+1) - B—A*
kCed(n. k) = V(B-ADB-4)

or equivalently

A <B_ (B—A41)(B—A42)(n+1)
- kCié(n,k)
But kCy(n, k) < (k+1)Cxy16(n,k+1),(k >2)so

_B-ANB-A)+D) _ , (B=A)(B— A+ 1)

B kCrd(n k) = 20,5(n.2) (kz2)
. (B—ANB-A)(+1)
A =5 20,5(n.2) ‘

The result is sharp, because if
(B—A)(n+1) ;g

— 2

f)=z+ 2C,8(n.2) e'1z2eVQ(n,A, A1, B)
B (B—A2)(n+1) ;9 »

gz)=z+ 2C,6(n.2) e'2z2eVQ(@n,\, Az, B)

f*xgeVQ(n,r A%, B)
and satisfy (8) with equality. Indeed,

(B—A1)(B—A2)(n+1)*

25(n,2)C, 22C2[8(n,2)]

= (B-A"n+1)

because

«  (B=ADN(B—A)(n+1)
B-A"= 2C28(n,2) ‘
O

Corollary 1. If f,g € VQ(n,A,A,B) then fxg € VQ(n,A, A*, B), where A* =
B — % The result is sharp.
Theorem 3. If f e VO (n,A,A,B1),g € VQ(n,A, A, By) then

f#g €VQ(n,A, A, B¥), where B* = A 4 B1=(B kD),

The result is sharp.
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Proof. Let f e VQ(n,A,A,B1),g € VO(n,A, A, By) and suppose they have the

form (1.1). Since f € VQ(n,A, A, B1) we have

o0
> k8(n,k)Cy |a|
k=2

< 1
B4 <n-+
and for g € VO (n, A, A, B>) we have
o0
k&(n,k)Cr b
k=2
< 1.
By 4 <n-+

We know from Theorem 1 that f x g € VQ(n,A, A, B*) if and only if

o0
kZ k&(n,k)Cy |agby|
=2

B4 <n+1.

By using the Cauchy-Schwarz inequality for (2.6) and (2.7) we have
o0
> ké(n,k)Cx /|axbi|
k=2

<n+l.
JBL-NB—A

We note that

o0 o0
Y kd(n.k)Cylagbi| Y kd(n.k)Cy+/laxbi|

k=2 < k=2
B*—A T J(Bi—A)(By—A)
implies (2.8). But this is equivalent to

|akbi| _ V0agbg|

B*— A~ \/(Bi—A)(B,—A)

B*— A
Vl0arbg| =

T V(BI—A)(Br—A)

or

From Theorem 1 we have:

(B1—A)(n+1) and |by| < (B2—A)(n+1)

= = e smn KCrd(n. k)

this implies that

- V(Bi—A)(B2—A)(n+1) -
Vlagbg| = KC3 b Lk >2).

,(k=>2)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)



402 PALL-SZABO AGNES ORSOLYA

from (2.10) we obtain that (2.9) holds if
V(B1—A)(B2—A)(n+1) - B*—A
kCi(n.k) " J(Bi—A)(B,—A)

or equivalently

(Bi—A)(B2—A)(n+1)
kCrd(n k) '

But kCyé(n, k) < (k+1)Cxy16(n,k+1),(k >2)so0:

(Bi—A)(B2—A)(n+1) <A_‘_(131—1‘1)(132—1‘1)(114-1)

B*> A+

A+ Kk Crs(n. k) = 2056(n.2) (kz2)
. (B A B Ant1)
=B =A+ 20,5(n.2)

The result is sharp, because if
(Bi—A)(n+1) ;o »

f(@)=z+ 2C58(n.2) e'1z2eVQ(n,A, A, By)
 Ba=A+1) 4o
glx)=z+ 2C8(n.2) e'2z7eVQ(n,A, A, By)

f*xgeVQmn,A A, B")
and satisfy (8) with equality. Indeed,

(Bi—A)(B—A)(n+1)*
22C2[5(n,2)]? B

28(1,2)C, (B* — A)(n +1)

because
_ (Bi—A)(Ba— A+ 1)

B*— A
2C58(n,2)

O

Corollary 2. If f,g € VQ(n,A,A,B) then f xge€VQ((n,A, A, B*), where B* =
A+ % The result is sharp.
Theorem 4. If f; € VQ(n,A,Aj,B),j = 1,s,5s €{2,3,4,...} then

(n+1)s~1 f[ (B—A4;)

(s—1)= (—1* _ p__ j=1
fix fax...x fs€VOm,A A ,B), where A = e BT

The result is sharp.

Proof. For the proof we use the mathematical induction method and suppose that
Jj» ¥ Jj have the form (1.1).

Lets =2.If f; € VOQ(n,A,A;,B),j = 1,2 then f1 % f» € VO(n,A,A*, B) where

A* =B — (B_A]i)c(fg_(ii))(nﬂ), from Theorem 2 is true.
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Assume, for s = m, that the formula displayed below holds.
If fj €eVQn,AAj,B),j =1,mme{2,3,4,...} then
fi¥ fax...x frneVO(n, )L Am=D* B where

(n+1)ym—1 1‘[ (B—A4;)
A(m—l)* —B— j=1
km=tep s o1t
Lets =m+1:if fi* fask...% frn € VO, A, A D* B) me{2,3,4,...} and
Jm+1€ VO, A, Ap+1, B) then we have to prove

m-+1
(m+1)™ T] (B—A4;)

fik fak...% fn% fins1 €VO(n, A, A™* B), where A™* = B — kmc,;nj[§(ln,k)]m

For the proof we use the result of Theorem 2:

(B—AM=D*)(B — Apy1)(n+1)

Am* <B_
= KCr8(n, k)

(n+1)y"—! ﬁ (B—A4;)

AM* < B _
= kaS(n,k)
m—+1
(n+1)™ [T (B—A4))
Am* <B— Jj=1

- kmCt[8(n, k)™
But kCyé(n, k) < (k+1)Cxy16(n,k +1),(k >2) so:

m+1 m+1
(n- )™ TT (B—4)) (1" T (B=4))
j= j=

B —merpanr =0T T mcp paoy

(k=2)=

m+1
(n+D™ ] (B—A4))

AM* — B Jj=1
2mCP [8(n,2)"

The result is sharp, because if

(B_A(S 1)*)(l’l+1) 101

— (s—1)*
f@)=z+ 2C35(n.2) 2evVQ(n, A, A ,B)
__(B=Ay)(n+1) 062
g(z)=z+ 2C2301.2) 22eVQ(n, A, As, B)

fxgeVQ(n,r, A", B)
and satisfy (8) with equality. Indeed,
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(B—AG=D*)(B— Ag)(n + 1)2

26(n,2)C, 22C22[8(n,2)]2 (B=A"")(n+1)
because -1y
5 qer_ (B=ACTDN(B—A) @ +1)
2C58(n,2)
s+1
-+ 1) T1(B=4))
j=

@B—As*:

2C3 8(n.2))
0

Theorem 5. If f; € VQ(n,A,A,Bj),j = 1,s,5 € {2,3,4,...} then
(n+1)s—1 ﬁ (Bj—A)

(s—1)= (s—1)* _ ji=1
fix fax...x fs€VOn,A A B ), where B =A+ e BT

The result is sharp.

Proof. For the proof we use the mathematical induction method and suppose that
Jj» ¥ Jj have the form (1.1).
Lets =2. If fj e VO(n,A,A,Bj),j = 1,2 then f1 % f» € VQ(n,A, A, B¥) where
B*=4+ 8 l_ﬁ)c(fg(;i))(" +1  from Theorem 3 is true.
Assume, for s = m, that the formula displayed below holds.

If f; eVQ(n,A,A,B)j),j=1,mme{2,3,4,..} then

(n+1)"—1 ﬁ (B;j—A)

(m—1)* (m—1)* _ j=1
fixfox..x fneVQn,A, A B ), where B A+k'"*1C,§"—1[5(n,k)]’"—1'

Lets=m~+1:if fi* fak...% fn € VO, A, A, B D*) e {2,3,4,...} and
fm+1€ VO, A, A, By+1) then we have to prove
m-+1
(m+1)" [ (B;—A)

fix fax...k fmx fmy1 €VQ(n, A, A, B™), where B™* = A+ kmc,;’i/[(S:(ln,k)]m

For the proof we use the result of Theorem 3:
(B~ D% — A)(B41—A)(n +1)

Bm* > A
= At kCid(n, k)
(n+1)m—1 ﬁ (B;j—A)
= (Bpi1—A)n+1
= kCi8(n,k)
m+1
(n+ D™ [] (Bj—4)
B™ > A+ /=1

kM C8(n, k)]
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But kCi8(n.k) < (k +1)Crp18(n.k + 1), (k > 2) s0 :

m+1 m+1
oo -4 Gy T -
j= j=
S T o T S R To T P L
m—+1

(n+1y" T[ (Bj — 4)
j=1

= B™ =4
T B o)

The result is sharp, because if

(BS™D*—A)(n+1) ;4

f@)y=z+ 2058(n.2) 72 evQ(n, A, A, BETV¥)
2 s
Bs—A)(n+1) ;
glz)=z+ %e’%z eVQ(n,A, A, Bs)

f*xgeVQ(n,A, A, B)
and satisfy (8) with equality. Indeed,

(BE™D* — A)(Bs— A)(n +1)2

28(n,2)Cs 22C2[5(n.2)]?

= (B~ A +1)

because
g g BED A (B — A1)
2C58(n,2)
s+1
(n+1)* [T (B; —4)
o B4 = /=1

2C3 18(n.2))°
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