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Abstract. In this paper we introduce r —parameter Srivastava polynomials in r—variable by in-
serting new indices. These polynomials include the Lagrange polynomials in several variables,
which are also known as Chan-Chyan-Srivastava polynomials (W.-C.C. Chan, C.-J. Chyan and
H.M. Srivastava, The Lagrange polynomials in several variables, Integral Transforms and Special
Functions, 12 (2001) 139-148). We prove several two sided linear generating relations between
r—variable and (r — 1)— variable Chan-Chyan-Srivastava polynomials. Some special cases of
the main results are also presented.
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1. INTRODUCTION

In 1972, Srivastava [21] introduced the following family of polynomials,

SN(z) —Z( )Nk nk zk (n € No=NU{0}; N e N), (1.1)

where N is the set of positive integers, {4, x} > _,
of real or complex numbers, [a] denotes the greatest integer in @ € R, and (1),,
(A)o = 1, denotes the Pochhammer symbol defined by
I'(A+v)

I'(d)
by means of familiar Gamma functions. After, Gonzdlez et al. [13] extended the
Srivastava polynomials S,{V (z) as follows:

is a bounded double sequence

Ay =

n
SN (2):= Z( Nk Apgmizk (mneNg;:NeN), (1.2
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and investigated their properties extensively. In [3], the following family of bivariate
polynomials has been introduced

n—Nk k

yo
S’;",N(x,y) Z m+nk Nk T (m,n € No,N € N),

and it has shown that the polynomials S}, N (x, y) includes many well known polyno-
mials such as Lagrange-Hermite polynomials, Lagrange polynomials and Hermite-
Kampé de Feriét polynomials (see also [20]). In [23], Srivastava et al. have intro-
duced the three-variable polynomials

. #l37] xl yk=MI n—Nk
Sy A
(x.y.2) = ];”2;) mAn kL T M1 1= N
(m,n € No; M, N € N), (1.3)

where {A,, » r } be a triple sequence of complex numbers. Suitable choices of
{Am n k) in equation (1) gives three variable version of well-known polynomials
(see also [14]). In [15], the multivariable extension of the Srivastava polynomials in
r-variable was introduced:

SN2 Ne—1 () x5, xy) (1.4)

[Nr 1}[11:/; 12} [kz} k1 xkz—N1k1 n—Ny_1k,—1

SD DD DD DY INEPRI S -
KK =24 (k= Nik ) (0= Np—tkp—1)!

ky—1=0k;—2=0 k=0
(m,n € No; N1, Na,..., Nr—1 € N),

where {Ap, k,_, ki ko....k,_, s D€ asequence of complex numbers. Recently, in [16],
two-parameter one-variable Srivastava polynomials

n
(—n)k
SARx) = Y Ay, otk X (1.5)
k=0 )

(m1, ma, n, k € No),
two-parameter two-variable Srivastava polynomials
Xk yn—k

Sr’lnl’mz(xvy) ZAml-i-mz-i-n mo+k 7, K (n k)'

k=0
(my1, ma, n, k € Ng),

(1.6)
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and two-parameter three-variable Srivastava polynomials

N n_ ] Xl k=ML ek
mi,mo, -
smimaM (. yz)—];)lZOAml+m2+nm2+kl RO

(m1, my, n, k, l e |N(), M e |N)

were introduced. These polynomials include the family of polynomials which were
introduced or investigated in [3, 13, 15,17, 19,21, 23]. In this paper we introduce
r—parameter Srivastava polynomials in r —variables by inserting new indices. These
polynomials include the Lagrange polynomials in several variables, which are also
known as Chan-Chyan-Srivastava polynomials [4]. We prove several two sided linear
generating relations and obtain various generating relations for the polynomials.

2. R-PARAMETER R-VARIABLE SRIVASTAVA POLYNOMIALS

In this section we define r-parameter r-variable Srivastava polynomials as follows:

Sm1=m2’---=m’*1’M(x1,x2a---,xr) 2.1

n kr—1 k] kz Mk, xn—k,,I

=2 2 - ZZ lev(kz—Mkl)wnr—kr_l)!’

kr—1=0k,—>=0 kr=0k;=
(I’I’ll,l/Hz,...,m,«_l,n € |N0;M € |N),

where 2 =my+may+...+mp_1+n, my+...+mp_1+kr—1, k1, mp—1 + ko,
My—p+mp_1+ks,...,m3+...+mp_1 + kr—». Note that appropriate choices of the
sequence { A, +my, mo, ki, my—1,...,m3y i1 (2.1) give the r—variable versions of the
well known polynomials.

Remark 1. The Lagrange polynomials in several variables, which are known as
Chan-Chyan-Srivastava polynomials [4] are defined by the generating function rela-
tion

H(l—x] )Y = Zg(“"“z’ “’)(xl,xz,.. xp)t"
j=1
(@ €C(=1,.r);lt] < min{|x1|—1 ,...,|x,|—1}).
The polynomials are given explicitly by
g,(f”’“z’ ) (X1, X2, Xr)

ks ka

Z Y @)k (@2 ky—ky (@ )k =k @)y

kyr—1=0 kr=0k;=0
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ki ko—k kr 1—kr—2 n—ky—1
o B Xr—1 Xr
kl! (kz—kl)! (kr—l_ r—2)! (I’l—kr_l)!

Many authors have studied the properties of these polynomials. For example, the
bilateral generating functions for these polynomials and miscellaneous properties are
given in Liu et al. [12, 18]. In [8], the orthogonality properties and various integral
representations for these polynomials are given (see also [1, 2, 5-7]). Furthermore,
these polynomials are used in approximation theory. In [11], Duman et al. investig-
ated some approximation properties of positive linear operators constructed by these
polynomials (see also [9, 10]). In [22] Srivastava et al. investigated umbral calculus
presentations of these polynomials.

Remark 2. If we set M = 1 and

Am,n,kz,...,kr_z,kr_l = (al)kz (a2)k3—k2 ---(ar—Z)kr_l —ky—»o (ar—l)n—kr_l (ar)m—n
in equation (2.1), we find that
Ay ooy 1, Moty 1 +hp_1, k1, mp— 1 ko mp 2yt K3y M3t b1 k2
= (o) iy (@2)my— +ho—ky (@3)my o +hz—ko - (Cr 1) motky — 1~k s (O )y +n—kp
= (O[Z)mr_] (a3)m,-_2~--(ar—l)m2 (ar)ml (al)kl (Olz + mr—l)szkl (Ol3 +mr—2)k3fk2
X (01 + mZ)k,.fl—k,,z (or ‘|‘m1)n—kr71
and therefore
S"lnl,mz,---,mr—l,l (X1, X040y Xp) =

(@2)m,—; @3y (Ctr— 1)m2(ar)m1g(0t1,0t2+mr 1,03 +Mp—2,.. ,ar+m1)(xl“”’xr).

Now, let recall an infinite series identities which were obtained by Srivastava et al.

[23].
Lemma 1 (see [23], Lemma 1). Let N1,N,,...,N,—1 € N, r ={2,3,...}. Then

Z Z Z A(n1 na,...,n )

n,=0n,_1=0 n;=0
o |75 [#]
Z Z ZA(ﬂl,nz—Nlnl,--- ny—Nr—_1nr—1)

n,=0n,_1=0 n;=0

and

() [N’:rl] [/‘TZ

Z Z ZA(nl ny,...,ny)

ny,=0n,_1=0 n1=0
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o0 o0 o0
= Z Z Z A(ny,nz+ Nini,n3+ NoNiny + Nano, ...,

ny,=0n,_1=0 n;=0
- r—1
ny + 1_[ Njni+ l_[ Niny+..+ Ny—1nr—1)
; =2

where {A(ny,n2,...,n,)} is a bounded r—tuple sequence of real or complex numbers.
The main result of this paper is given by the following theorem.

Theorem 1. Let { f(n)}ne, be a bounded sequence of complex numbers. Then

o0
> fmy+...+me_1+n) (2.2)
mi,...,mp—1,n=0
wi o wmrot
XSml,mz,...,mr_l,M(xl X2,.. 1 r—1 "
" Y my! my_q!
o0
= > fmy+...4+me_y +Mky)
k]amla"'smr—l=0

XAm1 +mo+..4Amp_1+Mky, mo+...4m 1+ Mk, ky, m—1+Mky,.... m3+...4+m_1+ Mk,
5 Gt My*r (xpt 4+ wp)™ (p—1t +w2)™  (Xat + wp—g)™r!
kl! ml! I’HQ! mr_l!

provided that each member of the series identity (2.2) exists.

Proof. Let the left hand side of (2.2) be denoted by ¥ (xy,...,X,). Then using the

definition of §I1M2Mr—UM (4 . xr) on the left hand side of (2.2), we have
WU(X1,.00es Xr)
o0
= Z fmi+...+mp_1+n)
miy,...myp— 15n=0
n kr—1 } 1 xkz Mk, xn ky—1 mq mr_1

wy w7
<D 2 - Z Z le'(kz—Mkl)' =k et

kr_1=0kr_2=0 kr=0k = =)t
Let define
Fr—=1):=Mky+ky+ks+..+kr_1.
By applying Lemma 1, we find
v(x1,...,Xr)
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(o, ¢]
= > fmy+...+me_y+n+F@r—1))
kla" kr 1,M1seesyp—1,n=0
k1 kr—1 _n ,, mi my—1
X1 X1 X Wy w, " MM+ tke )

XA'Q'k kgl n! my! me_q!
1! k! n! my! r—1!

where 21 =my+ma~+...+mp_1+n+Fr—1),me+...+mp—1+kr—1+F(r—
2),

ki,mr—1+ko+Mky,....m3+...+mp_1 +kr_o+ F(r—3).

Letm; —my—n,my —>my—kr—1,ms —>mz—kr_»,

W Mp—p —> My—n —k3,my—1 — my_1 —ky then

lll(.xl,...,Xr)
o0
= > fmy+ ... +me_1+ Mky)
k],m1,...,mr_]=0

X Am1 +odmp_ 1+ Mk, mo+...4Amp_ 1+ Mk, ki, mr—1+Mky,....,m3+...4+m_1+ Mk,

— —ky—
§ (xltM)k‘ Zn O(ml)(xr )n m1 Zkr —o (k'f_zl)(xr_ll)kr—lw;nz r—1

kl. m1' mz!
_ —k
221;:(1) (mr 1)(x2t)k2wmr11 2
) mr_I!
and
v(x1,...,Xr)
o0

= > fmi+...+me_1+ Mky)
ki,mi,...my—1=0
XAmy+mo+..tme_1+Mky, mot.Ame_1+Mky, ki, mp_ 1+ MKy ..y m3+...+mp— + Mk
o Cert MYV (et + wi)™ (xp 1t + wo)™2 m(xzt +wr—1)"r ! .
kl! ml! I’I12! mr_l!
Whence the result. g

Corollary 1. Let the polynomials SI"1™2Mr=t:M (v v ... xy) be defined by
equation (2.1). Suppose also that r — 1—variable polynomials P,% (xX1,...,Xr—1) are
defined by

PY (X1, Xro1) (2.3)

my—1

mr2[

Z Z Z Amyitma,ma, ki, m_i.,.

3=0 my—1 =0 k;=0
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(xRt (p)mr—1=Mkr (xgymr—2=mr—t - (x,_j)ma=ms

k1! (mr—1—Mk)! (mr—a—mr—1)!"" (mz—m3)!

Then, for a suitably bounded sequence {f(n)}ney, the following family of two-
sided linear generating relations holds true between the r—variable polynomials

Smumssmr—tM () and (r — 1)—variable polynomials
P,%(xl,...,xr_l):

0 myp—1

w™w
S St A me ) Sy M (g |
m m n=0 myl o my—y!
1seeesMyp—1,01=
2.4)
(xpt +wp)™ pM M
Z f(my+my )— P, (x12™ X0t + Wp—1, ., Xp—1t + W2)
my,mp=0 !
provided that each member of the series identity (2.4) exists.
Proof. If wesetmy_y —>mp_1—Mky,mp_3 —>mp_3—my_1,
.,my — mo —m3 in the right side of the equation (2.2) then
o0 wm1 wmrfl
Z f(m1+...+mr_1+n)S,’1""""m’*"M(x1,...,x,) L =l g
m m n=0 mylmy—y!
1seeesMyp—1,01=
Z F(m1 +mo )M
|
mi,m>=0 mi:
Mmy—o mr 1 Mk
r—
(le ) !
x Z Z Z Aml+m27m27k15mr 1seees kl'
m3=0 my_1 =0 k1= '
(x21 + wr_l)"”—l_Mk1 (X3t +wp—o)™r27Mr=1 (Xp_ gt +wp)"2T3
X
(mr 1—Mkp)! (mp—2—myp_1)! (mz—m3)!
(xrt +wp)™ M
Z f(my+my )—sz(xlt L X2t + Wp—1,eees Xp—11 +W2).
m1,m>=0 !
O

By setting t = —';C’—r‘ in (2.4), we get the following result.

Corollary 2. Under the hypotheses of Corollary I, we get the following generating
relation
o0

Z fmy+...+me_1+n)

mi,....,mp—1,n=0



386 M.A. OZARSLAN, R. SRIVASTAVA, AND C. KAANOGLU

mi my—1
w w
MyyeMp—1,M 1 r—1
x Sy r=l (xl,...,xr)—' ...—'(
mi. Myp—1. Xr

wq

)n

o0
w w w
= Y S PY (i (——M xa(——) F Wyt Xp1 (— =)+ w2).
Xr X Xr

mo=0 r

Remark 3. Choosing M =1 and

Am,n,kz,k3,...,k,~_1 = (al)kz (a2)k3—k2---(ar—1)n—kr_1 (Olr)m—n (25)

in (2.3) we observe that

Aml +mo, mo, ki, my—1,mp_2,...,mq, m3

= (al)kl (a2)mr_1—k1 (0‘3)mr_2—m,_1 -~(05r—1)m2—m3 (O‘r)ml

then
Pnl (.xl, ...,xr_l) == (Olr)mlg,(f“’az""’a"_l)(xlaXZ,---’xr—l) (2‘6)
where g,(f‘l ’az’""“’_')(xl ,X2,...,Xr—1) is the Lagrange polynomials of

(r — 1)-variables.

Hence, upon setting M = 1 and considering (2.5) and (2.7) in Corollary 2, we get

(o,]
w w w
3 gl @2 o) () (=), xo(——) Wyt e X1 (——) + w2)
n=0 .Xr Xr .Xr
(2.7)
o0

= > St me 1) (@m, @3)m (@D ms (@)my

mi,....,mp—1,n=0

mi mr—1
w w w
1,00 +mp—1,03+Mp_2,...,0,+m 1 r—1 1\n
xg @z tmr— @t mr o m) ()L Brot Bl
my! my—_1! X,

Let choose f(n) = 1in (2.7) and consider Remark 1 then we have

o0
w w w

> gl ) (g (= =), Xa (= —) F Wyt X1 (- —) Fw2)  (2.8)
xr xr Xr

n=0
ks k2

= Z Z Z Z (Olz)m,_l(a3)mr_2---(ar—l)m2(ar)ml

mi,...mp—1,n=0k,_1=0 kr,=0k1=0

X(O[l)kl (052 + mr—l)kz—kl "'(al‘—l + mZ)kr_l—kr_z (ar + ml)n—kr_l

ki ko—ky kr—1—kr—2 mi my—1
Xr—1 X Wy W (_ﬂ

n—kr—1
"
X—

kil (ka—k1)! (kr—1 —kr2)! (n—kr—1)! m1! my—1!" xp

)"
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Let @ denote the right side of (2.8). Applying Lemma 1 into the right side of the
equation (2.8) we get
o0

P = > (@), (@2 + My 1)y (@r—1 +m2),_,

X0t )my (@r—1)mo - (03)my 5 (@2) iy (0tr +111)n
(¥)x)F (F2)x2)F2 (a0 (8)x)" ™ ™t

X
k1! k2! kr—l! n! ml! mr_l!

and
> = > @) @r—1my - (@3)m, s (@2)m,

w w w
(L (Z0)x) ™ (L ()x2) ™D (L () (1)
Xr Xr Xr

w1 w't Mt
(14 (Lot M O
r

m1! mr_1!

= (1 )™ (4 (CHx2) ™ (4 (S0 ) ™ (1 () ™

X Z (@r)my (@r—1)ma - (A3)m, 5 (@2)m,
mi,....,mp—1=0
w1 w1 w1 wml wmrfl
X (1 () ™t (1 () 2 (1 () B oL
Xr Xr Xr mp!l myp_q!

= (1 (S0 ™ (1 (%) (14 (S)x) ™ (L (CH)x) ™
__m
14+ (5H)xr

[I%)
1+ (L;_rl)xr—l

Wr—1
1+ (I;C)—:)Xz

w w w
= I+ (D)) ™ (14 ()2 —wr—1) "2 (1 + (=) xp— — wp) %!
Xr Xr Xy

x(1 )y~ (1 — )= (1—

)7

w _
(14 (—)x, —wy) 7%
Xr

Corollary 3. The generating relation

o0

w1 w1 w1
E gL @ =1) () (=) xp (= —) 4 Wy 1, ey Xp—g (——) + W2)
n=0 Xr Xr Xr

w1 _ w — w1 _
= (14 (D)x) ™ (14 () —wr1) (14 (—)xp_q —wa) !
x" Xr Xr
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(a1,02,..

is given for g, "ar_l)(xl,xz, e Xp—1)-

(1]
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(3]

(4]

(5]
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(9]

[10]
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