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Abstract. In this paper, two Marx-Strohhicker type results are proven for a certain class of ana-
lytic and multivalent functions in the open unit disk D. The first result gives the order of multi-
valent starlikeness for multivalently convex functions of some specified order. The second result

. o Z . .
provides a lower bound over the unit disk D of 9 (f(—p) for functions f(z) that are multi-
Z

valently starlike of a given order. Relevant connections of the results presented here with earlier
results are also indicated.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES
Let J¢ (D) denote the class of all functions which are analytic in the open unit disk
D={z:z€C and |z]<]1}.
For ne N (N:={1,2,3,---}) and a € C, let
Hla,n)={f:feHD) and f(z)=a+anz" +ant12" T +-}.

We also let A, (p € N) be the subclass of (D) consisting of functions of the
following normalized form:

f(Z) = Zp +Clp+1Zp+1 +ap+2Zp+2 +"'

and write 4 = 1. The functions (mappings) in 8 C - are one-to-one and are called
normalized univalent functions in D. For more details about analytic, univalent and
multivalent functions, see (for example) [1, 5, 9].

The classes of p-valently starlike functions of order a in D and p-valently convex
functions of order « in D (p € N; 0 =« < p) are defined by

X f'(2)
8p(cx)=%fe,Ap:Eﬁ(Zf(Z§ )>(x

(z e D)
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and

JCp(a):{feeAp:.‘R(l—i—Zj{,(S))>a (zelD)%,

respectively. In the case when p = 1, we respectively have the usual classes 8 («)
and K (o) of starlike and convex functions of order @ in D. Moreover, in the case
when p € N\ {1}, we are led to p-valently analytic function classes which correspond
essentially to the classes 8;‘ and K, of p-valently starlike and p-valently convex
functions of order « in D. For simplicity, in the case when o = 0, we will use the
notations 8, and K, and write

8§*=8*=8%0) and K =X =X1(0)

in the case when o =0 and p = 1.
It is a well-known result due to Marx and Strohhécker [4, | 1] that convex functions
have the order % of starlikeness, that is, for f € 4, we have

: Zf”(Z)) (Zf’(Z)) 1
ﬁ(l—l— ) >0 (zeD) = N ) >2 (zeD). (1.1)
The function f(z) = 1ZTZ shows that this result is sharp, that is, the number % cannot
be replaced by a larger one. Let us call this the Marx-Strohhécker result of Type 1.
It was proven in [6] that this implication is not true for p-valent functions (p = 2).
Namely, it was proven that, if p € N\ {1}, then there exists f € K, suchthat f € &,
but f ¢ 8; (o) for all @ > 0, that is, there exists f € #, such that

, 2f"(2) z2f'(2)
m(1+ f/(z))>o (zeD)  and m( f(z))>o (z eD),

but the following inequality:
/
- [Zf (z)
f(2)

:|>(x (zo e D)

is not satisfied for any o > 0.

In view of the above observation, it is natural to ask the following question: If
f(z) is a p-valently convex function of order « in D (p € N\ {1}; 0 = & < p),
what is the order § of p-valent starlikeness of the function f(z)? For the case when
pT_l = o < p, this problem is solved in a sharp way (that is, the best way possible)
by Srivastava et al. [10], in which they showed that

Kp(@) C 55 (1. p)).
where
Bi(e.p) = i
2F1 (L.2(p—a):p+1:3)
is the largest number with such property. In this paper, we extend this result to the

case when 0 = o < pT_l. Unfortunately, so far we have not succeeded in proving

(1.2)
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sharpness of results which we have obtained in this investigation. There are indica-
tions that they are not sharp. However, finding their sharp versions remains an open
problem.

The analogue problem for the class of univalent functions was posed by Jack [2]:
What is the largest number f = f(«) so that K (o) C $*(B())? MacGregor [3]
determined the exact value of B(«) for each o (0 = & < 1) as the infimum over the
disk D of the real part of a specific analytic function. It has been conjectured that
this infimum is attained on the boundary of D at z = —1. Wilken and Feng in [12]
asserted MacGregor’s conjecture and obtained

1 -2«
N 22(1—a) _2 ((x # %)
B2(a) = (1.3)
1
2In2 (@=3).

We will also give a generalization for the class of multivalent functions of another
classical Marx-Strohhécker result ([4, 1 1]):

NEINCOATE NEIOAWE
Eh( f(z) ) >§ (ZE[D) = N (T) >5 (ZED). (1.4)

Let us call this the Marx-Strohhécker result of Type II. For several other investig-
ations involving the Marx-Strohhicker type results for other classes of multivalent
functions, see (for example) the earlier works by Srivastava et al. [8, Section 3] and
[7, Section 3]).

For proving the results in this paper, we will use the following Lemma from the
theory of differential subordination between analytic functions.

Lemma 1. (see [5, p. 35, Theorem 2.3i(i)]). Let 2 C C and suppose that the
function ¥ : C* x D — C satisfies Y (ix,y;z) ¢ 2 forall x e R, y < -z + x2)
and z € D. If g € ¥#[1,n] and ¥ (q(z).24'(2);z) € 82 for all z € D, then

R(g(2) >0 (z eD).
2. A MARX-STROHHACKER RESULT OF TYPE I

Our Marx-Strohhécker result of Type I is contained in Theorem 1 below.

Theorem 1. Let p € Nand 0 = B < p. Also let

L(_B
ﬂ—a(m) (0=p<%)
a=a(f.p)= 2.1)

()
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If f € Apand
z2f"(2)
N (l + Q) ) > o (z e D), 2.2)
then )
9N (ij:(g)) >B  (zeD) 2.3)

or, equivalently,
Kp(a(B. p)) C 8, (B),

that is, p-valently convex functions of order o.(B, p) in D have the B order of p-valent
starlikeness in D.

Proof. 1f we let the function ¢(z) be given by

4(2) = —— (Zm) —ﬁ),

r=B\ f(@)
then g(z) € #[1, 1]. Further, for the function
v S(p—=P) _
Y(r.siz) = rp—P)+f +r(p—p)+8B.

we find by using (2.2) that

zf"(2)
f(2)

So, by the Lemma in Section 1, for proving (2.3) or, equivalently, that
R(¢()>0 (zeD),

V(q(2),29'(2);2) =1+ eR={w:Row>a} (zeD).

it is enough to show that

Vixyia) = PO ix(p =)+ £ 2

forallreal x, y = —# (n = 1 in the Lemma in Section 1) and for all z € D. Indeed,
we have

-(%2) -8
B*+x2(p—p)?

_Pp 1
=ﬂ(1+ L p(b=3) 2 )Eso(ﬂ,p,X),

R(vix,y:2) =S| 1+

p—B B2+x2(p—P2 p-p
and from
Bp(p—B)
B2 +x2(p—p)?]

3
7 PB.p.X) = [ > (p—2B)x
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we observe that ¢(B, p,x) is a piecewise monotone function of x, which increases
for x = 0 and decreases for x <0 when 0 = 8 < % and which decreases for x = 0
and increases for x < 0 when 0 = 8 < %. So, we get

, 1( B
xgrgo¢(ﬂ,p,x)=ﬂ—5(ﬂ) 0=p<%)
¢(B.p,x) = | 4
wpro=p-3(55F)  Gzp<n)
=a(B.p). 2.4)
This evidently completes the proof of Theorem 1. 0

Remark 1. Each of the following observations is worth recording here.

(i) The value a(f, p) is well defined, that is, 0 = «(B, p) < p. In the case when
p = 1, this can be directly verified. In the case when p € N\ {1}, it follows
from the fact that a(8, p) is a piecewise strictly increasing function of 8 on
the interval [0, p) (which will be shown in the proof of Theorem 2 below).
Thus, clearly, we have

0=0a(0,p) =a(f,p) < lim a(B,p) =p <p.
B—p
(i) For p=1and B = % in Theorem 1, we obtain o = 0, that is, we obtain the
Marx-Strohhicker’s result as in the implication (1.1).

Theorem 1 can be rewritten in the following equivalent form, which gives the
Marx-Strohhécker result of Type I for multivalent functions for any « € [0, p).

Theorem 2. Let p e N,0 =« < p and

2a+p)—1- 2@+ p) -1 —l6ap (0sa<23t)

4 2
p =B p)=
20—1++/QRa—1)2+8p (p_—1<a<p)
4 2 = ‘
(2.5)
If f € Ap and
91(1+ Z]{/(g)) >a  (zeD),
then 1)
Z Z
%(f@))>ﬁ (zeb)

or, equivalently,

Kp(@) C 83 (B, ).
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that is, p-valently convex functions of order a have the B(a, p) order of p-valent
starlikeness.

Proof. For the function a(f, p) defined by (2.1), we have

“sgopr 0F<B)
—a(ﬁ p) = : (2.6)
p L. P »
+ 257 (£ <B<p)
The partial derivative in (2.6) is obviously positive in the case when % =B <p. ltis
also positive when p € N\ {1,2} and 0 < 8 < p , because

p D
=2 = <—< — l——— >0
P= P=32r7y3 2(p—p)2

Thus, «(B, p) is a piecewise strictly increasing function of B on the interval [0, p).
This means that there exist its piecewise inverse functions. Moreover, it is not difficult
to check that 8(«, p), given by (2.5), is that inverse function.

For p =1, it is easy to verify that «(8, 1) is continuous on (0, 1), concave down
on the interval (0,1) and, as stated before, increasing on (3.,1) with o (3,1) =0
and «a(1,1) = 1 Therefore, for its inverse function, we can choose the one that

corresponds to > = B < 1, that is, the inverse of § — 5 (%) which is

20— 14+ +/QRa—1)2+8p — Bl

with domain [0, 1). O

Remark 2. Theorem 2 is an extension of a sharp result from the earlier work by
Srivastava et al. [10] to the case when 0 = a < pT_l. Unfortunately, we were not
able to prove sharpness of this extension. Thus, the problem of obtaining its sharp
versions remains an open problem.

The sharp Marx-Strohhécker’s result for the case when %1 = o < pis given by
(1.2); for the case when p =1 and 0 = o < 1, it is given by (1 3). Comparing the
values of B(«, p) glven by (2.5), ,Bl(a p) given by (1.2) and ,32(05) given by (1.3),
for the case when 2~ S5 1 = a < p, we obtain the following consequences:

(1) If p=1and « =0, then

B1(0.1) = B2(0) = B(0.2) =

which is the Marx-Strohhécker’s result in (1.1);
(1) f p=1land 0 <« < 1, then

Bi(a,1) = Ba(a) > B(a.1);
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_ p—1
(iii) If p € N\ {1} and @ = 55—, then

Nmm=3ﬂmm=§,

tha is, the results are equivalent;
(iv) If p =2 and 251 <a < p, then

B, p) # Bi(a, p),
that is, R
B, p) < Bi(@. p)

due to the sharpness of Bl (o, p).

3. A MARX-STROHHACKER RESULT OF TYPE II

In this section, we state and prove a generalization of the implication (1.4) for
p-valent functions when p is any positive integer.

Theorem 3. Let p e N,0 <y < 1and

p—%(i) (0O<y<3)

-y
B=By.p) = |
5(57) G
If f € Apand
zf'(2)
( @ ) > (z D), 3.1
then
m(f(z)) >y  (zeD).
ZP

Proof. The proof of the implication asserted by Theorem 3 runs parallel to that
given in the proof of Theorem 1. It makes use of the functions ¢(z) and ¥ (r,s;z)

given by

1 (f@)

q9(2) =1 ( > —y) e #[1,1]
and
s(1—y)
Y(rs:z) = —————+p.
r(l—=y)+vy

respectively. Thus, from (3.1), we find that

2f'(z)

¥(q(z).2q'(z):2) = eR={w:%o>p (zeD).

f(@)
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Furthermore, by the Lemma in Section 1, for proving that

n (f(Z)) >y  (zeD),

Zl’
that is, that
N(¢(2)>0 (zeD),
it is sufficient to show that

. y(d=y)
W(lx’y’z)_iX(l—VHVJFMQ

forallreal x, y = —# (n =1 in the Lemma in Section 1) and for all z € D. Indeed,
we have

—(#) 1=y)y

N (X, Y, =<
(0x2) £ o g+
yQy—=1)
14 2(1—y)

:_2(1—y) y2+x2(1_y)2+p5§9(%p,x)-

Also, from

y(I—y)(1-2y)x

[2+x2(1-y2]"

we find that ¢(y, p,x) is a piecewise monotone function of x (which increases for
x 2 0 and decreases for x <0 when 0 <y < % and which decreases for x = 0 and
increases for x < 0 when % <y < 1). So, we obtain

9
8—¢>(% p.X) =
X

) Y 1
1 ’ ) B - O =
im o(y.p.x) = p 20 —7) (0<y<3)
oy, p,x) = . = B(y.p).
-y
oy, p.0)=p——— (3=v<1)

2y
O

Remark 3. The value B(y, p) is well-defined, that is, 0 = B(y, p) < p. It can be
verified by using the fact that, for 0 < y < 1, we have

1 1 1 1

> — and — > —.

2(1—y) 2 2y 2

The function B(y, p), with respect to the variable y, is continuous on (0, 1) and
has the same limit value at the end points of the interval:

lim B(y.p)= lim B(y.p) = p.
y—0+ y—>1—
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Also, from
1

iy O

%ﬂ(%p) =
22 (A<y<1),

we realize that B(y, p) is a strictly decreasing function of the variable y on the in-
terval (O, %) and strictly increasing on the interval (% 1). Therefore, for the inverse
function of B(y, p) (over the variable y), there are two choices: % (which
corresponds to 0 < y < %) and m (which corresponds to % <y < 1). Since
we are interested in the one that gives larger values, for the inverse function, we
choose the one that corresponds to % <y < 1 and gives values in the interval (% 1),
instead of the other that gives values in (0, 1), that is,

1
y(B.p)=B"'(rp) = 5
1+2(p—p)
with domain ( p— %, p) for the variable §.

We now rewrite Theorem 3 in the following form.

Theoremd. Let pe N, p—1 < B < p and

y=vy(B.p)= m
If f € Ap and
zf'(2)
"(F)=r wen
then
.‘R(f(z))>y (z € D).
zP

Upon setting p = 1 in Theorem 3 and Theorem 4, we get the following Corollary.

Corollary 1. Let f € A. Then the following assertions hold true.
(1) If0 <y < 1, then

3__1 (0<y<3)
%(zf’(z)) )2y R G %(&) >y
“\ f 3] ) “\ z '
272y (z=r<1

(ii) If 3 =B <1, then

2f'(2) f(2) 1
ER(f(z))”g = m( )>3
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All of the above inequalities correspond to the whole unit disk D.

Remark 4. Each of the following observations is worthy of mention here.

(i) Fory = % in the above Corollary, we get 8 = %, which is the well-known

Marx-Strohhicker result implied in (1.4). The same conclusion follows for
B = % in the above Corollary.

(ii) Srivastava et al. [10] studied the functions f € +,, satisfying the following

condition:

0] G+1)
(I—A)(“” (Z))+x(1+w><(p_j+l)(1+f1z)

FU-D(z) FU)(2) 1+ Bz

(ISjSpi—-1ZB<A=1),

where the symbol < denotes the usual subordination between analytic func-
tions. In fact, Srivastava et al. [10] obtained their result over

f(j —1)(1) Y
T R
but only in the case when A > 0 (see [10, p. 332, Theorem 5]). Therefore,

for j = A = —B = v =1, the results presented in this section provide an
extension of those given in [10].

4. A UNIFIED PRESENTATION OF THE MARX-STROHHACKER TYPE RESULTS

Theorem 4, when combined with the aforementioned sharp result of
Srivastava et al. [10], implies the following theorem.

Theorem 5. Let p € N and pT_l = o < p. Suppose also that

and

P

B=pi(a,p)= L Fy (1,2(p—0‘);p+1;%)

v

p_

N =

y=y(B,p)= m

If f € Ay, then
91(1+Zf//(z))>a N m(Zf/(Z))>IB . ER(f(z))>y

(@) f(@)

All of the above inequalities hold true in the whole unit disk D.
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