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Abstract. In this paper we study some properties of the solutions of a second order system of
functional-differential equations with maxima, of mixed type, with “boundary” conditions. We
use the weakly Picard operator technique.
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1. INTRODUCTION

Differential equations with maxima are often met in the applications, for instance
in the theory of automatic control. Numerous results on existence and uniqueness,
asymptotic stability as well as numerical solutions have been obtained. To name a
few, we refer the reader to [ -3, | 1] and the references therein.

The main goal of the presented paper is to study a second order functional-
differential equations with maxima, of mixed type, using the theory of weakly Picard
operators. The theory of Picard operators was introduced by 1. A. Rus (see [7] and
[9]) to study problems related to fixed point theory. This abstract approach is used
by many mathematicians and it seemed to be a very useful and powerful method
in the study of integral equations and inequalities, ordinary and partial differential
equations (existence, uniqueness, differentiability of the solutions), etc.

We consider the following functional-differential equation

—x"(t)y= f(t,x(t), max  x(£)), t €[a,b] (1.1)
t—hi1<&<t+h>

with the ”boundary” conditions

x(t) =), t €la—hy.a],
x(t)=y(t), t €[b,b+ hs].

The novelty of this paper lies in the fact that 'maxima’ is taken on interval
[t —hy,t + hy], where hy, hy > 0. Our results extend and improve corresponding

(1.2)
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theorems in the existing literature (see, e.g. [4-0, 8]). Also, in the end an extremal
principle for the solution is given.
We suppose that:

(Cl) hl,]’lz, aand b € |R, a < b, hl >0, h2 > 0;
(C2) f € C([a,b] xR?,R);
(C3) there exists Ly > 0 such that

| f(t,ur,uz)— f(t,v1,02)| < Lfl_rilzllleu,- —vi|,
forall ¢ € [a,b] and u;,v; € R,i =1,2;
(C4) 9 € C(la—hy.a].R) and ¢ € C([b.b + h2], R).
Let G be the Green function of the following problem
—x" =y, x(a)=0, x(b) =0, y € Cla,b].

The problem (1.1)~(1.2), x € Cla —h1,b +h3] N C?[a,b] is equivalent with the fol-
lowing fixed point equation

(), t €la—hy,da],
w(p, ¥)()+
XO=1 4G fs.x(s). max  x@)ds.tefab). 1D
s—h1<&<s+h>
w(t), t €[b,b+ hsy],
x e€Cla—hy,b+ hy], where
t— b—t
wp. )0 = 7Y () + . —p(a).
The equation (1.1) is equivalent with
x(t), t €la—hy,4q],
W(X|[a—hy,a]s X [b,b+h)) (1) +
YO=N LG e, | max | x@)ds,iefad), Y
x(t), t € [b,b + hy), o
X € C[a—hl,b+h2].

In what follow we consider the operators By, Er : Cla — hy,b + hz] —
Cla—h1,b + h;] defined by

(), t €la—hy,a],
w(p. ¥)(1)+
By (x)(1) := + [P Gt5) f(5,x(9),  max x(£))ds, t €[a,b],

<é<s+h
w(t), t €[b,b+hs],
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and
x(t), t€la—hy,4q],
W(X|{a—hy,a]> X [b,b+ro1) )+
Er(x)(1) := + [P Gt,5) fs,x(s), pmax x(£))ds, t € [a,b],

1=6=
x(t), t €[b,b+h3].

Let X :=Cla—h1,b+hz] and X 4 1= {x € X| x|[a_h1,a] =@, x|[b,b+h2] =Y}
It is clear that
X = U Xo.
¢ € Cla—hy,d]
Vv € Clb,b+h;]
is a partition of X. We have

Lemma 1. We suppose that the conditions (C1), (C2) and (Cy) are satisfied. Then
(a) Bf(X) C X(p,,/, and Bf(X(D,T/f) C X%V’;
(b) Bflxw,z/f = Ef |X<P-W'

In this paper we shall prove that, if Ly is small enough, then the operator Ef

is weakly Picard operator and we shall study the equation (1.1) in the terms of this
operator.

2. PICARD AND WEAKLY PICARD OPERATORS

In this paper we use the terminologies and notations from [7-9]. Let us recall now
some essential definitions and fundamental results.

Let (X,d) be a metric space and 4 : X — X an operator. We denote by A% =
Iy, AL = A, A"T1:= A0 A", n € N the iterates of the operator A;

We also use the following notations: Fy4 := {x € X | A(x) = x} - the fixed point
set of A;

I(A):={Y CX|A(Y)CY,Y # &} - the family of the nonempty invariant subset
of A;

We begin with the definitions of a Picard and weakly Picard operator.

Definition 1. Let (X,d) be a metric space. An operator A: X — X is a Picard
operator (PO) if there exists x* € X such that:
(i) Fa={x"}
(ii) the sequence (A" (xg)),en converges to x* for all xg € X.
Definition 2. Let (X,d) be a metric space. An operator A: X — X is a weakly
Picard operator (WPO) if the sequence (A" (x)),en converges for all x € X, and its
limit (which may depend on x) is a fixed point of A.

Definition 3. If A is weakly Picard operator then we consider the operator A%
defined by
A®: X — X, A®(x) := lim A" (x).
n—>0o0
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Remark 1. Ttis clear that A°(X) = Fq ={x € X | A(x) = x}.
The following results are very useful in the sequel.

Lemma 2. Let (X,d, <) be an ordered metric space and A: X — X an operator.
We suppose that A is WPO and increasing. Then, the operator A is increasing.

Lemma 3. (Abstract Gronwall lemma) Let (X,d, <) be an ordered metric space
and A: X — X an operator. We suppose that A is WPO and increasing. Then:
(@) x < A(x) = x < A% (x);
(b) x > A(x) = x > A®(x).
Lemma 4. (Abstract comparison lemma) Let (X,d, <) an ordered metric space
and A,B,C:X — X be such that:
(i) the operators A, B,C are WPOs;
(i) A<B<C;
(iii) the operator B is increasing.
Then x <y < z implies that A%°(x) < B®(y) < C*®(z).
Theorem 1. Let (X,d) be a complete metric space and A, B: X — X two operat-
ors. We suppose that

(1) the operator A is an a-contraction;
(i) Fp # &;
(iii) there exists n > 0 such that

d(A(x),B(x)) <n, Vx € X.

Then, if Fy = {x}{} and x5 € Fp, we have

d(xj,x;) < %

Another important notion is the following

Definition 4. Let A be a weakly Picard operator and ¢ > 0. The operator A is
c-weakly Picard operator if

d(x,A®(x)) <cd(x,A(x)), Vx € X.
For the ¢-PO; and c-WPOQO; we have the following lemma.

Theorem 2. Let (X,d) be a metric space and A;: X — X, i = 1,2. Suppose that

(i) the operator A; is c;-WPOs, i =1,2;
(ii) there exists n > 0 such that

d(A1(x),A2(x)) <n, Vx € X.
Then H(F4,, Fa,) < nmax(cy,c2).
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Example 1. Let (X, d) be a complete metric space and A: X — X an a-contraction.
Then A is 125 -PO.

Example 2. Let (X,d) be a complete metric space and A : X — X continuous and

a-graphic contraction. Then A is ﬁ-WPO.

For more details on WPOs theory see [7,9] and [10].

3. EXISTENCE AND UNIQUENESS
Our first result is the following

Theorem 3. We suppose that:
(a) the conditions (C1)—(Cy) are satisfied;
Cs) B p—a)? <1.
Then the problem (1.1)—(1.2) has a unique solution which is the uniform limit of the
successive approximations.

Proof. Consider the Banach space (C[a—h1,b+ h3], ||-||) where ||| is the Cheby-

shev norm, ||| := max |x(1)].
a—h1<t<b+hy
The problem (1.1)—(1.2) is equivalent with the fixed point equation

Br(x) =x, x € Cla—hy,b+ hs].
From the condition (C3) we have, for ¢ € [a, b]
| B (x)(1) = B ()(1)]

a—h1<E<b+h> a—hy<E<b+h>

b
= Lf/a G(t,s) |:max|x(s)—y(s)|, max x()— maxy(§)

}zs

b
<L G(t, - d
<ty [ G0 | max o xo)=yO)lds

L
<F-aylx-yl.
This implies that By is an a-contraction, with o = LTf(b —a)?. The proof follows
from the contraction principle. O

Remark 2. From the proof of Theorem 3, it follows that the operator By is PO.
Since
Bf |Xw,1/f = Ef |Xw,1/f
and
X:=Cla—hy,b+hy] = ¢UWX¢,¢, Er(Xo,w) C Xy

hence, the operator E¢ is WPO and
FE./' NXgy = {x;’w},VQD eCla—hy,a], Yy € C[b,b + hs],
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where x; v is the unique solution of the problem (1.1)—(1.2).

Remark 3. Ey is a-graphic contraction, i.e.

HEJ%(X)—Ef(x)” <« Hx—Ef(x)H, Vx € Cla—hy,b+ hs)].

4. INEQUALITIES OF CAPLYGIN TYPE

Now we consider the operators Ey and By on the ordered Banach space
(Cla—h1,b+ha], |||, <). We have
Theorem 4. We suppose that:
(a) the conditions (C1) — (Cy) are satisfied;
b Lp-a?<1;
(c) f(t,--): R? = R? is increasing, vt € [a,b].

Let x be a solution of equation (1.1) and y a solution of the inequality

—y"(1) = f(l,y(l),t_hllélga;ﬂrhzy(&)), t €la,b].

Then ify(t) < x(t),Vt € [a—hy,a]U[b,b+ hy] we obtain that y < x.

Proof. Let us consider the operator W : Cla —hy,b + hy] — Cla —hy,b + h3]
defined by

Z(Z), t e [a—hl,a],

w(z)(t) := 1 wzljg—n,,a]-2|pp+ha]) (), t € a,b],
2(t), 1 €[b.b+ha).

First of all we remark that

WY lta—hy,a) Ylib,b+ho1) < WX lja—hy,als X1 [b,b+h2))
and
w(y) = w(x).
In the terms of the operator Es, we have
x=FEg(x)and y < Er(y).

From the conditions (C1), (C2) and (C3) follows that the operator £ is WPO. Also,
from condition (c) we have that E¢ is an increasing operator. Applying Lemma 2, we
have that the operator E]E’o is increasing. From Theorem 3 we have that E¢ (X, ) C

Xoy, Yo, ¥ €R. Er|x, , is a contraction and since W(z) € X,y then

E}’o(w) = E}’o(y), VyeXpy.
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Let y < Ef(y), since Ey is increasing, from the Gronwall lemma (Lemma 3) we
get y < E2X(y). Also y,W(y) € Xy(y), so EZF(y) = E°(W(y)). But w(y) =
w(x), E}’o is increasing and E]?O (w(x)) = E}’o (x) =x.So

y<ER() = EP@() < EP@(x) = EP(x) = x.

5. DATA DEPENDENCE: MONOTONY

In this section we study the monotony of the solution of the problem (1.1)—(1.2)
with respect to ¢, ¥ and f.

Theorem 5. Let f; € C([a,b]x R2, R),i =1,2,3, be as in Theorem 3. We suppose

that:

W) f1= 2= f3

(i) f2(t,-,-,-) : R — R? is monotone increasing;
Let x; be a solution of the equation

—x/'(t) = fi(t,x(t), max x(§),t€la,blandi =1,2,3.
t—hi1<é<t+h>

Then, x1(t) <x(t) <x3(t), Vt €[a—hy,a]lU[b,b+ hy), implies that x1 < x5 < x3,
i.e. the unique solution of the problem (1.1)—(1.2) is increasing with respect to f, ¢
and .

Proof. From Theorem 3, the operators E¢,,i = 1,2,3, are WPOs. From the con-
dition (ii) the operator E, is monotone increasing. From the condition (i) it follows
that

Ey

\ = Ef, < Ep,.

On the other hand we remark that
w(xy) < w(xz) < w(x3)
and
Xi = E;lo(w(xl)), i =1,2,3.
So, the proof follows from Lemma 4. O

6. DATA DEPENDENCE: CONTINUITY

Consider the boundary value problem (1.1)—(1.2) and suppose the conditions of
the Theorem 3 are satisfied. Denote by x*(-;¢, ¥, f), the solution of this problem.
We state the following result:

Theorem 6. Let ¢;, Vi, fi,i = 1,2 be as in the Theorem 3. Furthermore, we
suppose that there exists n; > 0,i = 1,2 such that

1) le1(t) —2()| <1, Yt €a—hy,a]land |Y1(t) = Y2 ()| <n1, VI € [b,b+
h2);
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(ii) |f1(t,u1,u2)—fz(t,ul,u2)| < 7]2,Vl € C[a,b],ul,uz €R.
Then 5
8+ (b—a)n
4 t; ) ) —Xx5 t’ ) ) = )
Hxl( P1.Y1, 1) = x5 (692,92 f2)” = 8—Ls(b—a)?
where x[(t:;i, Vi, fi) are the solution of the problem (1.1)—(1.2) with respect to
@i Vi, fi.i =1,2,and Ly = max(Lys,,Ly,).

Proof. Consider the operators By, . f,,i = 1,2. From Theorem 3 these operators
are contractions.
Additionally

_a)2
8

(b
H By i, 1 (X) = Bgy .y, £ (X)H =m-+n

Vx € C[a—hl,b-i-hz].
Now the proof follows from Theorem 1, with A := By, 4. 7,. B = By, y», 5.1 =

m+m 852 and @ = & (b—a)? where Ly = max(Ly;. Ly,). -

’

In what follow we shall use the c-WPOs techniques to give some data dependence
results using Theorem 2.

Theorem 7. Let fi and f> be as in the Theorem 3. Let Sg o S Ey, be the solution
sets of system (1.1) corresponding to f1 and f>. Suppose that there exists n > 0, such
that

| /1@ ur,uz) = fo(t.ur,u2)| <1 (6.1)
forallt € [a,b],u1,us € R.

Then 5

PR )

8—Ly(b—a)?
where Ly = max(Ly,,Ly,) and H). . denotes the Pompeiu-Housdorff functional
with respect to ||-|| ¢ on Cla,b].

Hy. . (SE,, . SE,,

Proof. In the condition of Theorem 3, the operators E¢, and Ef, are ¢;-WPO and
ca-weakly Picard operators.
Let

Xoy :={x € X| X|lgq—h, ,a] = ¢ X|[b,p+hs] = V-
Itis clear that E¢, |x, , = By, Ep,lx,., = By,. Therefore,

|E2 ()= Er, (x)

‘E}z(x)—Eﬁ(x)) < 1L (b—a)?|Ep,(x)—x
forall x e Cla—hy,b+ hy].
Now, choosing

<iLp(b—a)?|Ef(x)—x

’

El

o = %Lfi(b—a)z,i =1,2,
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we get that Ef, and Ey, are c¢1-weakly Picard operators and ¢;-weakly Picard oper-
ators with c; = (1 —aq) ! and ¢, = (1 —a»)~!. From (6.1) we obtain that
” Ef (x) — Ef, (x) ”c <(b-a)*n,
Vx € Cla—hy,b+ hy]. Applying Theorem 2 we have that
2
oy
T 8—Ls(b—a)?
where Ly = max(Lys,,Ly,) and H.|. is the Pompeiu-Housdorff functional with
respect to ||||c on Cla—h1,b + h3). 0

Hy. . (SE, . SE,,

7. EXTREMAL PRINCIPLE

We consider the following differential equation with maxima
xX"@)+p)x(@)+q@) max x(§)=0 (7.1)
t—hi<é<t+h>

where p,q € C([a,b],R).

Remark 4. The function x(¢) is an eventually negative solution of equation (7.1)

if and only if y(¢#) = —x(¢) is an eventually positive solution of the equation
YO +p®)y®)+q@)  min () =0. (7.2)
t—h)<&<t+h>

From the above remark we see that the positive and the negative solution of equa-
tion (7.1) need to be discussed separately.

Theorem 8. (Extremal principle) Let p(t),q(t) <O, for all t €la,b[ and x be a
solution of (7.1). Then
(@) if max{x(t)| t € [a,b]} = x(t0) and x(t9) > O then ty € {a,b};
(b) ifmin{x(t)|t € [a,b]} = x(to) and x(t9) < O then ty € {a,b}.

Proof. (a) Let ty €]a,b[ be such that, x(¢9) > 0 is the maximum value of #g
on [a,b]. Since x € C?[a,b] we have that x(t9) > 0,x"(t9) = 0,x"(t9) < 0.
From (7.1) we have

0= x"(to) + p(to)x(t0) +q(t0) max x(§) <O0.
to—h1<E<to+h>

This is a contradiction, and therefore our assumption is wrong. So 7o € {a,b}.
(b) Let 79 €]a,b[ be such that, x(¢9) < 0 is the minimum value of zy on [a,b].
Since x € C?[a, b] we have that x (¢9) < 0,x’(t¢9) = 0,x"(tp) > 0. From (7.1)
we have
0=x"(to) + p(to)x(to) +q(to) ~ max  x(£)>0.
to—h1<§<to+h>

This is a contradiction, and therefore our assumption is wrong. So o € {a,b}.
O
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