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ON STRONGLY STARLIKE FUNCTIONS OF ORDER («, j)
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Abstract. We consider the class 8™ (ar, 8) of analytic functions which satisfy the condition
—np/2 <arg{z f'(z)/f(z)} < ma/2 for all z in the unit disc E on the complex plane, where
0<a<land0<pB <1. Fora =8 the class 88*(a,B) is equal to the well known class
88 (B) of strongly starlike functions of order 8. In this work we derive a sufficient condition
for analytic function to be in the class §-8*(«, B) strongly starlike functions of order (o, ).
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1. INTRODUCTION

Let 4 denote the class of analytic functions f inthe unitdisc E ={z: |z| <1} on
the complex plane C with the normalization f(0) =0, f/(0) = 1. A function f € 4
is said to be starlike of order § if

2 f'(2)
%{ f(2)

for some 0 < § < 1, Robertson [8]. We denote by §*(§) the class of functions starlike
of order §. We say that a function f* € 4 is strongly starlike of order g if and only if

()
f(@)

for some B (0 < B < 1). Let §8*(B) denote the class of strongly starlike functions of
order B. The class 88 *(fB) was introduced independently by Stankiewicz [9, 10] and
by Brannan and Kirvan [1]. In [ 1] Takahashi and Nunokawa defined the following
subclass of #A:

88*(&,,3)={f€.;%:_

}>5 (< E). (L.1)

<28 (<E).

np z2f'(z) ma

< a <—,z€lk;,
) “UE .

/(@) 2
for some 0 < @ < 1, and for some 0 < 8 < 1. We recall here the fact, that in [2] and
in [3] a similar class was studied, see also [4, p.141]. Note that §-8* (min{c,8}) C
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88*(a,B) C 8% (max{w,B}). Of course for « = B the class §8* («, B) becomes
the class 88*(B). It is easily seen that 88 (a, B) C $*(0).

2. PRELIMINARY RESULTS

Lemma 1 ([5]). Let w(z) = a + w,z" + wn+1z”+1 + -+ be analytic in [E with
w(z)#aandn > 1.If 29 Zroe“g, O0<ro<land
lw(zo)| = max |w(z)],
lzl<ro
then it follows that
zow'(zo)
w(zo) B

’

where ,
lw(zo) —al >n|w(zo)|—|a|
lw(zo)*—lal> ~  lw(zo)|+al
Theorem 1. Let p be analytic in E with p(0) = 1 and p(z) # 0. If there exist two
points 71 € E and 75 € E such that |z1| = |z2| =r <landforz € E, ={z:|z] <r}

T To
- Tﬂ =arg p(z1) <arg p(z) <arg p(z2) = - 2.1)

with some 0 < a <2, 0 < B <2, then we have

/ 1 2
z1p'(21) — im (oz—i—,B) +5 2.2
r(z1) 2 2s
and ) 5
14+¢
22" (22) i (a+ﬁ) + ’ 2.3)
p(z2) 2 2t
where
1—|al 4 (a—ﬂ)
m > ,a=itan— | ——
1+ |al 4 \a+p
and where

s=pEDP@B 1= |py) /@t

Proof. The assumption (2.1) says that the domain p([E;) lies in a sector between
two rays arg{w} = —x /2 and arg{w} = w«/2 and it contacts with the rays at p(z1)
and at p(z2). The idea of this proof is that we transform this sector into the unit disc
and then we will use the Lemma 1. We restrict our considerations to proving (2.3),
the proof of (2.2) runs analogously as that of (2.3). The function

q(z) = A{p(2)}%, (z€Ey), (2.4)

where

.n(a—ﬂ)} B _2

I | N
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maps E, onto the set g([E;) on the right half-plane Re{w} > 0. The boundary dq([E;)

is tangent to the imaginary axis at ¢(z1) and at g(z2) because dp(E,) is tangent to

the sector —7f8/2 < argw < wa/2 at p(z1) and at p(z2). Moreover, ¢(z1) lies on

the negative imaginary axis, while g(z2) lies on the positive imaginary axis,
mle—p) Pr 2 i

wglgen} =ag {4}’ = 5 -t = 0 @)

and
_ B\ _ nl—p) ar 2
aglg)} =ag{Alp@)} = 5 E e S = 0 20
with -
farglq(2)}] = |arg {4 {p(2)}"}| < T (<Ep.
This shows that
Relg(2)} = Re{4{p(2)}"} >0 (2 €Ey),
Therefore, the function
_1—q(2)
$(2) = 144() (z€ky) (2.7)
maps the [E, into the unit E disc and satisfies
lrzn‘giw(z)l = ¢z =¢(z2)| = 1. (2.8)
By logarithmic differentiation of (2.7), we have
2¢'(z) _ 2p'(x) 24Bp*(2)
$(@)  p@) 1-A2p?B(2)
For the case arg{p(z2)} = ar/2, from (2.6), we can put
ApB(zo) =ir, 0<1.
Applying Lemma 1 and (2.8), we have
22¢'(22) _ z2p'(z2) 24Bp®(z2)
¢(z2) p(z2) 1-A42p2B(z5)
_ z2p'(z2) 4it 1
~ p(z2) a+Bl+12 @9
=m
where
[$(z2) =9 O)> _ 1—[¢0)] _ 1—]a]
mz=>n > =
[$(22)2 =9 (0)]> ~ 1+1p(0)] 1+]al
and

i ” a—p
a=i anZ(a-l—,B)'
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From (2.9), we obtain (2.3) and for the case arg{p(z1)} = —am /2, applying the same
method as the above and from (2.5) and (2.8), we obtain (2.2). It completes the proof
of Theorem 1. ]

The above result is a stronger form of Theorem 1 in [7]. For @ = 8 Theorem 1
becomes Nunokawa’s lemma [6].
3. MAIN THEOREM
Our main result is contained in:

Theorem 2. Let f(2) =2+ Y neranz” be analytic in E. Assume that 0 <« <1,
0<pB<1land

_% _B(a,B) < arg{ 1+ Z;,(S)} < ? L A@p) zeE, ()
where A(1,1) =0, B(1,1) = 0, while fora + § <2
_ 1 _mla+ Bglio)cos(n/2)
B, f) = tan 2+m(a+B)g(te)sin(zf/2)’
A f) = a1 " BEto) cos(ra2)

2+m(x+P)g(to)sin(wa/2)’

1 —|al . (a—ﬂ)
m > , a=itan ,
a+p

N k2 [24adp

—n—2ﬂ<arg{2]{(,$)} <™ ek 3.2)

and where,

Then we have

2

Proof. Let us define the function

_zf'(@)

p(2)= @)

p0) =1,

then it follows that

zp'(2) . z2f"(@)
o T

If there exists two points 21,22 € E, |z1| = |z2| = r such that

p(z)+

B T
—5 = arg p(z1) <argp(z) <argp(z2) = -
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with some 0 <o < 1,0 < 8 < 1, then for all z € E,, then from Theorem 1

z19'(21) — —im (OH-,B) 1452

p(z1) 2 2s
and
22p'(z2) . (oz+,3) 1412
= =im ,
p(z2) 2 2t
where
1—|al .om (a—ﬂ)
m > , a=1Itan—
1+ |al 4 \a+p
and where

s=pEDP@B 1= |py) /@t

For the case arg{p(z,)} = amx/2, from Theorem 1 we have

22f"(22)

Zzl?/(Zz)
g { B 2TE) }

=arg{p(Zz)}+arg{l+M : }
p(z2) p(z2)

_am i a+p 1412 1
- 7+arg +im 2 2t t@+B)/2pima/2

_am a+p 1412 in(1—a)/2
_T—i-arg{l—l-m( > )(zt(2+a+ﬂ)/2)e .

Hence, if o = 1 then arg {1 + 22 f"(z2)/f"(z2)} = am/2, which contradicts (3.1)
because in this case 2 = 0. For 0 < a < 1, it easily confirm that

Ol—l-ﬁ 1+t2 it(1—a)/2
arg§1+m( 2 )(2;(2+a+ﬁ)/2)e ’

takes its minimum value when the function

1412
§0) = S Grarpilz

t >0,

takes its minimum value at 7o = /(2 +a + )/(2—a — B) and so, we have

22 f"(z2)
w142 0
> O an! m(a + B)g(to) sin(wr (1 —a)/2)
-2 24+m(a+ B)g(to)cos(m(l —a)/2)

This contradicts (3.1) and for the case arg{ p(z1)} = Bm/2, applying the same method
as the above we obtain for f = 1 a contradiction with (3.1), while for 0 < 8 < 1 we
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have
z1/"(z1) }
arg{ 1+ ———
¢ { @
__Br i m@+B)glto)sinx(1—p)/2)
-2 2+m(a+ B)g(to)cos(w(1-B)/2)°
This also contradicts (3.1) and therefore, it completes the proof. g

If « = B in the above theorem then we get the following corollary.

Corollary 1. Assume that

T W2 { zf”(z)} Ty N2
———tanm —— <argy 1+ ——-) <—+tanm ——— z €.

4 22 E f'(2) 4 227+ V2
Then we have ,

4 f(2) 4

this means that f is strongly starlike of order 1/2.

Note that

n! # =0.23....
227+ V2
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